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Basic De�nitions

De�nitions
1 The right (left) annihilator of an algebra A is de�ned as
Ar (A) = fx 2 A : Ax = 0g (Al (A) = fx 2 A : xA = 0g). Note that
these sets are in fact two-sided ideals of A.

2 An algebra A is called preannihilator if Ar (A) = Al (A) = 0.

3 A is called proper if Ar (A) = 0.

4 A right (left) ideal I of A is essential if I \ J 6= 0 for each non-zero
right (left) ideal of A.

5 The right (left) socle of A is the sum of all minimal right (left)
ideals in A, and it is denoted by Sr (A) (Sl (A)).

6 If Sr (A), Sl (A) exist and Sr (A) = Sl (A), then the resulting
two-sided ideal is called the socle of A and it is denoted by S(A).
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Basic De�nitions

De�nition
Let A be an algebra.

7. A left (right) multiplier on A is a linear mapping T : A! A such
that T (xy) = T (x)y (= xT (y)) for all x , y 2 A.

8. T is called a two-sided multiplier (or simply, a multiplier) on A if it
is a left and a right multiplier.

We will denote byMl (A) (Mr (A)) the set of all left (right)
multipliers on A and byM(A) the set of all multipliers on A. Note
thatM(A) =Ml (A) \Mr (A).

We will denote by L(A) the algebra of all linear operators on A.
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Basic De�nitions

Remark. M(A) is a subalgebra of L(A). The same holds forMl (A)
andMr (A).

Let x 2 A; the function lx given by

lx (y) = xy , x 2 A

is an operator on A.

Due to the associativity of multiplication on A, lx is a left multiplier. We
can de�ne rx , the right multiplier associated to x , in a similar way.
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Our Results

Theorem
Let A be a preannihilator algebra. Then:

1 The mapping

L : A!Ml (A)
x 7�! lx

de�nes an algebra monomorphism which identi�es A with a
subalgebra ofMl (A).

2 A is a left ideal of the algebraMl (A).
3 If B is a subalgebra ofMl (A) such that A � B , then I \ A 6= (0)
for each non-zero right ideal I of B.
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Our Results

Proof.
(1) Since the left multiplication satis�es the relations l(x+λy ) = lx + λly
and lxy = lx � ly for every x , y 2 A and λ 2 C, we get that L is a
homomorphism.

If L(x) = 0, then lx (y) = 0 for all y 2 A. Namely, xy = 0 for all y 2 A.
By hypothesis, x = 0 and L is �nally a monomorphism.

(2) Under the identi�cation x � lx , we only have to show that A absorbs
multiplication on the left: If x 2 A and T 2 Ml (A), then, for each y 2 A,
we have Tlx (y) = T (xy) = T (x)y = lT (x ) and therefore Tlx = lT (x ).
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Our Results

Proof.
[Proof (Cont.)] Let us suppose that A\ I = 0. On one hand, since A is a
left ideal inMl (A), we have IA � BA �Ml (A)A � A.

On the other hand, since I is a right ideal in B, we have IA � IB � I .
Therefore IA � A\ I = 0.

Now, if T 2 I and x , y 2 A, we have
0 = (T � lx )(y) = T (lx (y)) = T (xy) = T (x)y , that is, T (x)A = 0,
which implies that T (x) = 0. Then I = 0.
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Our Results

Corollary
Every preannihilator algebra A is an essential two-sided ideal in its
multiplier algebraM(A).

Corollary

Let A be a preannihilator algebra. If B is a subalgebra ofMl (A) which
contains A, then Sl (A) is a left ideal of B and Sl (A) � Sl (B).
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Our Results

Proof.
(Second Corollary): Clearly A is a left ideal in B.

It is known that Socl (A) = Socl (B) \ A; therefore Socl (A) � Socl (B)
and B (Socl (A)) = B (Soc(B) \ A) � B Soc(B) \ B A �
Soc(B) \ A = Soc(A) so that Socl (A) is a left ideal in B.
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Basic De�nitions in Topological Algebras

De�nitions
1 A topological algebra over C is an associative algebra which is a
topological linear space and the ring multiplication is separately
continuous.

2 A locally convex algebra is a topological algebra A which is a locally
convex space. In this case its topology can be given by a family
fpα : α 2 Λg of seminorms such that for each α 2 Λ there exists
β 2 Λ such that
(1) pα(xy) � pβ(x)pβ(y)
for all x , y 2 A.

3 A locally convex algebra is said to be multiplicatively convex
(shortly m-convex) if every seminorm is submultiplicative i.e. (1) can
be replaced by
(2) pα(xy) � pα(x)pα(y)
for each α 2 Λ and all x , y 2 A.
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De�nitions in Topological Algebras.
The Arens-Michael Decomposition.

Let (A, (pα)α2Λ) be a complete locally m-convex algebra and let
ρα : A! A/ ker pα

.
= Aα

x 7�! ρα(x) = x + ker pα
.
= xα, α 2 Λ

be the respective quotient maps.

Then kxαkα
.
= pα(x), x 2 A and α 2 Λ, de�nes a norm on Aα, so that Aα

is a normed algebra and the morphisms ρα, α 2 Λ are continuous.

Let fAα, α 2 Λ, denote the completion of Aα with respect to kkα.
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De�nitions in Topological Algebras.
The Arens-Michael Decomposition.

Λ is endowed with a partial ordering by putting α � β if pα(x) � pβ(x)
for all x 2 A.
Thus, ker pβ � ker pα and hence the continuous onto morphism

fαβ : Aβ ! Aα

xβ 7�! fαβ(xβ)
.
= xα (α � β)

is de�ned.

Moreover, fαβ extends to a continuous morphismefαβ : fAβ ! fAα

Thus, (Aα, fαβ) (respectively (fAα,efαβ)), α, β 2 Λ with α � β, are
projective systems of normed algebras (respectively, Banach algebras) so
that:

A �= lim � Aα
�= lim � fAα (Arens-Michael decomposition)

within topological algebra isomorphisms.
Lourdes Palacios (Banach Algebras 2011) On the Multiplier algebra Waterloo, August 2011 12 / 29



De�nitions in Topological Algebras.

Note that the projective limit algebra lim � fAα can be realized as a

subalgebra of the direct product ∏α2Λ
fAα and therefore the canonical

maps fπβ : ∏α2Λ
fAα �! fAβ (for β 2 Λ) can be restricted to lim � fAα.

A �= lim � fAαfπβj
.

fπαj
&fAβ �� ����� � ! fAαef

α,β
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De�nitions in Topological Algebras.

De�nition
A projective system f(Aα, fαβ)α,β2Λg of topological algebras is called
perfect, if the restrictions to the projective limit algebra

A = lim � Aα = f(xα) 2 ∏α2Λ Aα : fαβ(xβ) = xα, α � β in Λg
of the canonical projections πα : ∏α2Λ Aα �! Aα, α 2 Λ, namely, the
(continuous algebra) morphisms

fα = πα jA=lim �Aα : A �! Aα, α 2 Λ,

are onto maps.

The resulting projective limit algebra A = lim � Aα is called a perfect
(topological) algebra [Haralampidou, 2003].
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Multipliers in m-convex algebras
Our results

De�nition
An approximate identity on a topological algebra A is a net feδgδ2∆ in A
such that

xeδ �!
δ
x and eδx �!

δ
x

for each x 2 A.

Theorem
Let (A, (pα)α2Λ) be a complete locally m-convex algebra with an
approximate identity feδgδ2∆. Suppose that each factor Aα = A/ ker pα in
the Arens-Michael decomposition of A is complete. Then each (two-sided)
multiplier T of A is continuous, i.e.,M(A) is a subalgebra of L(A).
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Proof.
Let T be an element inM(A), and α 2 Λ. Take x 2 ker pa. For ε > 0,
there exists an index δ0 2 ∆ such that pα(T (x)� T (x)eδ) < ε whenever
δ � δ0.

We have: pα(T (x)) = pα(T (x � xeδ0 + xeδ0))
= pα(T (x)� T (xeδ0) + T (xeδ0)) �
� pα(T (x)� T (xeδ0)) + pα(T (xeδ0))
= pα(T (x)� T (x)eδ0) + pα(xT (eδ0)) �
� pα(T (x)� T (x)eδ0) + pa(x)pα(T (eδ0)) < ε.
Since this is true for an arbitrary ε > 0, we conclude that pα(T (x)) = 0,
that is, T (x) 2 ker pα.

Then the initial multiplier T : A! A has projections Tα : Aα ! Aα, where
Tα(x + ker pα) = T (x) + ker pα, multipliers of the proper normed algebras
Aα, which by hypothesis, are Banach algebras for every α 2 Λ.
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Proof (cont.)
By de�nition we have Tα � ρα = ρα � T , where ρα : A! Aα, α 2 Λ, are
the canonical quotient maps. Moreover, fαβ � Tβ = Tα � fαβ for all α � β
in Λ. Here fαβ (α � β) denote the connecting maps of the projective
system. Namely, (Tα)α2Λ is a projective system of maps with respect to
f(Aα, fαβ), α � βg in Λ, so that T = lim � Tα.

Denote by fα the restrictions of πα : ∏α2Λ Aα ! Aα to the projective
limit lim � Aα. Since fα � ϕ = ρα, where ϕ is the topological algebra
isomorphism identifying A with lim � Aα, we set fα = ρα.

Since multipliers on proper Banach algebras are bounded (equivalently
continuous), Tα is continuous on Aα. Therefore Tα � fα is continuous, as
well. Since Tα � fα = fα � T for all α 2 Λ, T is continuous.

Lourdes Palacios (Banach Algebras 2011) On the Multiplier algebra Waterloo, August 2011 17 / 29



Basic De�nitions in Topological Algebras

De�nitions

1 A seminorm p on the �-algebra satis�es the C �-condition (or it is a
C �-seminorm) if p(x�x) = p(x)2 for each x 2 A.

It is known that such a seminorm must be submultiplicative and
�-preserving.

2 A locally C �-algebra is a complete, locally m-convex, �-algebra
(A, (pα)α2Λ) such that each pα (α 2 Λ) is a C �-seminorm.
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Multipliers in m-convex algebras
Our results

Corollary
Let A be a locally C �-algebra. Then the algebra of multipliers of A is a
subalgebra of the algebra of continuous linear operators on A.
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Some Results.

Suppose (A, fqα : α 2 Λg) is a locally C �-algebra. Then [Joi̧ta, 2005]
Ml (A) becomes a locally convex algebra with respect to the family of
seminorms feqα : α 2 Λg de�ned as follows: for Tl 2 Ml (A),

eqα(Tl ) = supfqα(Tl (x)), x 2 A and qα(x) � 1g.

Theorem (Joi̧ta, 2005)

Let A be a locally C �-algebra. Then we have:

1 Ml (A) is a complete locally m-convex algebra.
2 If A = lim � Aα and the canonical maps gα : A! Aα are all surjective,
then the locally m-convex algebrasMl (A) and lim �Ml (Aα) are
isomorphic.
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Our Results.

Theorem
Let (A, (pα)α2Λ) be a complete locally m-convex �-algebra with
continuous involution and such that the respective projective system is
perfect. Moreover, suppose that A can be turned into a locally C �-algebra
under a weaker locally convex topology than the initial one, denoted by
(A, (qα)α2Λ). Then:

Ml ((A, (qα)α2Λ)) �= lim �Ml (Fα),

within an isomorphism, where Fα, α 2 Λ, are the normed factors in the
Arens-Michael decompostion of A under the new topology.
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Proof.
By hypothesis, (qα)α2Λ is the family of seminorms de�ning the weaker
locally convex topology on A (equivalently, ker(pα) � ker(qα), α 2 Λ).

This topology is actually a locally m-convex one. Put Fα � A/ ker(qα).
The factor normed algebras Fα, α 2 Λ, in the Arens-Michael
decomposition (under the new topology) are C �-algebras and henceeFα = Fα. Take the respective analysis

A �= lim �Aα

with respect to (pα)α2Λ.
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Proof (Cont.)
By hypothesis, each canonical projection map fα : lim �Aα ! Aα is onto.
Denote by

gα : lim � Fα ! Fα

the respective projection maps corresponding to the family (qα).

Since ker(pα) � ker(qα) there is an induced surjective map
φα : A/ ker(pα)! A/ ker(qα) given by φα(x + ker(pα)) = x + ker(qα). It
is easily checked that φα � fα = gα (here we use the identi�cation fα = ρα).
Thus the gα are onto as well.

The assertion follows from Joi̧ta�s result.
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De�nitions in Topological Algebras

De�nition (Haralampidou, 1993)

A locally m-convex H�-algebra is an algebra A equiped with a family
(pα)α2Λ of Ambrose seminorms in the sense that pα (α 2 Λ) arises from a
positive pseudo-inner product <,>α such that the induced topology
makes A into a locally m-convex topological algebra.

Moreover, the following conditions are satis�ed:
For any x 2 A, there is an x� 2 A, such that

< xy , z >α=< y , x�z >α

< yx , z >α=< y , zx� >α

for any y , z 2 A and α 2 Λ.
Note that x� is not necessarily unique. But in the case that A is proper,
then x� is unique and � : A! A, x 7! x� de�nes an involution in A.
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Some Results.

Let (A, fpα : pα 2 Λg) be a proper complete locally m-convex H�-algebra.

Then A can be turned into a locally pre-C �-algebra (that is, not necessarily
complete) de�ning the family fqα : α 2 Λg of C �-seminorms on A by

qα(x) = supfpα(xy) : pα(y) � 1g, α 2 Λ,
so that

qα(x) � pα(x) for each x 2 A and α 2 Λ.

Then the induced topology on A is weaker than the given one.

Moreover,
pα(xy) � qα(x)pα(y) for each x , y 2 A and α 2 Λ. [El Kinani, 2002].
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Our Results.

Corollary

Let (A, (pα)α2Λ) be a complete locally m-convex H�-algebra with
continuous involution such that the respective projective system is perfect.
Endow A with the locally m-convex topology previously de�ned and let eA
be its completion. Then:

Ml (eA) �= lim �Ml (Fα)

within an isomorphism, where Fα, α 2 Λ are the normed factors in the
Arens-Michael decomposition of eA.
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Our Results.

Proof.
Since � is an involution, A is a proper algebra. By the comments
preceeding the statement, (A, (qα)α2Λ) is a locally pre-C �-algebra. Hence
its completion, eA, is a locally C �-algebra; so the previous Theorem yields
the assertion.We note that the factors of eA are given by
Fα = (eA, eqα)/ ker eqα, where eqα is the extension of qα, α 2 Λ, to eA.
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