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Problem

Let h € L*°(u). Is it possible to define in a reasonable sense the
value h(x) for [u] a.e. x € X?
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@ Y -the spectrum of L>°(u)
@ [*°(u) ~ C(Y) by Gelfand transform:

L®(n) > h— he C(Y)
@ We define a mapping I : Y — X as follows:
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@ There is a unique regular probabilistic measure ji on Y

such that
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for h e L*°(p)

If h € L>(w) then there exists an open dense subset U, of Y
with fi(Up) = i(Y) such that h is constant on N~ ({x}) N Uy, for
all x € X.
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Disintegration of measures

@ X, Z - topological compact spaces
@ v - a regular complex Borel measure on X
@ P: X — Z-ameasurable mapping

We define P(v) on Z as follows:
P(v)(E) :== v(P~'(E))

for E C Z, E Borel or [u] measurable, so that

/th(y):/(hoP) dv, he C(2).
Z X
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Theorem

There is a measurable family of reqular complex measures v,
onZ such thatv = [,v,dP(v) ie.

/ hdv = /Z ( / h(x)duz(x)> dP(v)(z) for he C(X).

Each measure v, is supported on the fiber P~1({z}).
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Sketch of the proof

Let for f € C(X)
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Sketch of the proof

Let for f € C(X)
d(P(fv))
91 =
d(P(lv]))
Let Y be the spectrum of L>(P(]v|)). Using Banach limit we
define for any z € Z a linear bounded functional of norm 1:

1 -
C(X) > f— &,(f) := Lim ———— [ grd(P(lv]))
et (P(\um(E)/E f

where

Uy = {N~(N(V)): V C Y,V closed-open, z € N(V)}.
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Sketch of the proof

Let for f € C(X)
d(P(fv))
91 =
d(P(lv]))
Let Y be the spectrum of L>(P(]v|)). Using Banach limit we
define for any z € Z a linear bounded functional of norm 1:

1 -
C(X) > f— &,(f) := Lim ———— [ grd(P(lv]))
et (P(\um(E)/E f

where
Uy = {N~(N(V)): V C Y,V closed-open, z € N(V)}.

Hence for each z € Z there exists a regular complex Borel
measure v, on X such that

&, (f) :/fduz for fe C(X), vzl <1

Marek Kosiek Fibers of the L°° algebra and disintegration of measures.



Fora e N~'({z}) N Uy, we have d,(f) = gi(a).
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For a e N~'({z}) N Uy, we have ¢,(f) = gs(a).

Then for f € C(X),
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Forae N~'({z}) N Uy, we have ®,(f) = gi(a).

Then for f € C(X),

/fdl/—/gfd (Iv]))

/ Gr d(P())) = / Gi(a) d(P(])(a)
14 YUy,

:/mugf ®ria() d(’;(\"’/‘))(a):/ On(a) (1) d(P(])(a)

:/Zcbz(f) d(P(|v)))( /(/fduz> P(lv]))(2)-

For v non-negative, h € C(Z), denoting f := ho P we get
gr = h, and hence ®,(f) = h(z) which implies that P(v;) is the
point mass 1 measure ¢ at z, proving that v, is carried by
~1({z}) . The general case follows almost immediately from
the case of non-negative v.

Marek Kosiek Fibers of the L°° algebra and disintegration of measures.



Using the disintegration formula to the result on f € L>°(u) we
get:

Theorem

For each f € L>°(u) there is a family {vx}xcx of Borel regular
measures on the spectrum of L>*(p) such that the Gelfand
transform f of f satisfies the disintegration formula

[#di= [ ([ 1)) dut

and f is constant [v] a.e. on N=1({x}) for [1] almost every
x e X.
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Using the disintegration formula to the result on f € L>°(u) we
get:

Theorem

For each f € L>°(u) there is a family {vx}xcx of Borel regular
measures on the spectrum of L>*(p) such that the Gelfand
transform f of f satisfies the disintegration formula

[#di= [ ([ 1)) dut

and f is constant [v] a.e. on N=1({x}) for [1] almost every
x e X.

Remark. Roughly speaking, we can say that f is almost
constant on almost every fiber N="({x}).
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THANK YOU!
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