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-
Some background results

Theorem

For each Banach space E below the lattice of closed ideals of the Banach
algebra B(E) is of the form:

{0} € K(E) & B(E)

where
e E = (? (Calkin, 1941)
@ E=cyorE=1(P, 1< p< oo (Gohberg, Markus and Feldman, 1960)

o We identify (isomorphically) ¢y with C([0,w]).

o Bessaga and Pefczyriski classified the spaces C([0,w“"]), a < wy as
all the isomorphic types for the spaces C(K), where K is countable.

e the Banach algebra B(C[0,w“]) has the unique maximal ideal
consisiting of weak Banach—Saks operators

@ the cases 2 < o < wy remain unravelled...
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-
The work of R. Loy and G. Willis

Recall that neither the James space J; nor C([0,w1]) is isomorphic to its
square.
Theorem (Loy and Willis, 1989)
Let E = J, or E = C([0,w1]). Then
e the Banach algebra B(E) has an ideal M of codimension 1;
@ the ideal M has a BRAI;

@ each derivation from B(E) into a Banach B(E)-bimodule is
continuous. |

For E = J, we have M = W(E), the ideal of weakly compact operators.
If E = C([0,w1]), then M has a much more complicated description. We
call J the Loy—Willis ideal in honour of its discoverers.
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N
Operators on C([0, 0])

Each ordinal o, the ordinal interval [0, o](= ¢ + 1) is a compact Hausdorff
space which is scattered (contains no perfect subsets).

e Foreach a <o and T € B(C([0,0])), the evaluation functional
f — (Tf)(«) is continuous and has the form

Z Ta,ﬂ f(ﬂ),

B<o
where B — T, g is a scalar-valued, absolutely summable function
defined on [0, o].
@ We assiociate with each T the (0 + 1) x (o + 1)-matrix [T, gla,s<o-

@ The composition ST of operators S and T corresponds to the
“usual” matrix multiplication:

(5T)as = San Trs: a,B<o.

v<o

Tomasz Kania (Lancaster University) Uniqueness of the maximal ideal of B(C[0,w1] 6 August 2011, Waterloo 4 /13



-
Operators on C([0, wq])

For an operator T on C([0,w1]) and a < wy, we denote by r] and k] the
ath row and column of T, respectively.

Proposition (Loy and Willis)

Let T be an operator on C([0,w1]). Then:

()
171 = s (3 17l

asw B<wr

(ii) the function k[ is continuous whenever o = 0 or v is a countable
successor ordinal;
(iii) the function k[ is continuous at wy for each countable ordinal «;

(iv) the restriction of k] to [0,w1) is continuous, and lima_., k! (a)

exists.
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The Loy-Willis ideal

Let
M = {T € B(C([0,w1]): k., is continuous (at w1)}
which is a subspace of codimension one in B(C([0,w1])) (Prop. (iv)).

It is also an ideal of B(C([0,w1])) as well, therefore a maximal ideal, the
Loy—Willis ideal.

It is straightforward to verify that every operator on C([0,w1]) not
belonging to M has uncountably many non-zero rows and columns.
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N —
The results

Let W, X and Y be Banach spaces. An operator T: X — Y fixes a copy
of W if there is an operator U: W — X such that the composite operator
TU is an isomorphism onto its range.

If in addition we can arrange that the range of TU is complemented in Y,
then we say that T fixes a co-complemented copy of W.

Theorem (Ka. & Laustsen, 2011)
(i) The Loy-Willis M is the unique maximal ideal of B(C([0,w1]));

(i) An operator on C([0,w1]) belongs to M if and only if it does not fix
a co-complemented copy of C([0,w1]).
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N
Sketch of the proof of ii)

e Take T ¢ M and observe that it is enough to find a projection P in
the ideal (T) with range isomorphic to C([0,w1]).
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N
Sketch of the proof of ii)

e Take T ¢ M and observe that it is enough to find a projection P in
the ideal (T) with range isomorphic to C([0,w1]).
@ We reduce the proof to the case er1 = kle =1,
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N
Sketch of the proof of ii)

e Take T ¢ M and observe that it is enough to find a projection P in
the ideal (T) with range isomorphic to C([0,w1]).
@ We reduce the proof to the case er1 = kle =1,
e We put ap = min{a: kI # 0}, & =10 = 0 and
& = (supsupp(kay)) +w, m = (sup | supp(rd)) + w.
as&tw

Suppose that o > 1 and for all 7 < ¢ the numbers &, and 7, are
already chosen.
If o =7+ 1 for some 7 < w1, then we define

& =sup( | supp(k]))+&+1,mo = (sup | ) supp(rd))+ nrtw.
asn: a<éstw
Otherwise, that is when o is a limit ordinal, we define
& = sup&r and 1, = (sup U supp(r,)) + (supn;) + w.
T<Oo T<Oo
a<{s+w
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N
Sketch of the proof of ii) continued...

o Define y = J, ., [§0, &5 +w] U {w1} and note that y is closed and
order-isomorphic to [0, w1].
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N
Sketch of the proof of ii) continued...

o Define y = J, ., [§0, &5 +w] U {w1} and note that y is closed and

order-isomorphic to [0, w1].

@ Structure of the matrix of SY:

b tw Lo tw

0
, N

w

wi b

\
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N
Sketch of the proof of ii) continued...

@ Put x={ny:0<wi}and

m fora=0

ox(a) =< net1 if @ € (N5, N541] for some o € [0,w;)
wq for a = wq
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Sketch of the proof of ii) continued...

@ Put x={ny:0<wi}and

m fora=0

ox(a) =< net1 if @ € (N5, N541] for some o € [0,w;)
wq for a = wq

@ Associate with x the composition operator R*: f — f o

m 2 73 No w1
0r I s
m I
2
13
No l
w1 b -
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N
Sketch of the proof of ii) continued...

@ The operator P = SY TR* (possibly after cutting off countably many
its rows) is the desired projection. Thus
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N
Sketch of the proof of ii) continued...

@ The operator P = SY TR* (possibly after cutting off countably many
its rows) is the desired projection. Thus

e (T) D (P) = B(C([0,w1])), since the identity operator factors
through the range of P.
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N
Sketch of the proof of ii) continued...

@ The operator P = SY TR* (possibly after cutting off countably many
its rows) is the desired projection. Thus

e (T) D (P) = B(C([0,w1])), since the identity operator factors
through the range of P.

Question
o Can we omit the adjective “co-complemented” in the statement of
(ii)? More precisely, does every copy of C([0,w1]) inside C([0,w1])
contain a complemented copy of itself 72

We know that there are uncomplemented ones.
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Further results on operators with separable range

It is not difficult to spot that the ideal X'(C([0,w1])) is properly contained
in M. Furthermore, we have

Theorem (Ka. & Laustsen)

The following four conditions are equivalent for an operator T
on C([0,w1]):

(b) T factors through C([0,c]) for some countable ordinal o;
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Further results on operators with separable range

It is not difficult to spot that the ideal X'(C([0,w1])) is properly contained
in M. Furthermore, we have

Theorem (Ka. & Laustsen)

The following four conditions are equivalent for an operator T
on C([0,w1]):

(b) T factors through C([0,c]) for some countable ordinal o;
() T e X(C([0,wl));
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Further results on operators with separable range

It is not difficult to spot that the ideal X'(C([0,w1])) is properly contained
in M. Furthermore, we have

Theorem (Ka. & Laustsen)

The following four conditions are equivalent for an operator T
on C([0,w1]):

(b) T factors through C([0,c]) for some countable ordinal o;
() T e X(C([0,wl));
(d) T does not fix a copy of cp(w1).

Tomasz Kania (Lancaster University) Uniqueness of the maximal ideal of B(C[0,w1] 6 August 2011, Waterloo 12 /13



N —
References

o

2]

J. W. Calkin, Two-sided ideals and congruences in the ring of
bounded operators in Hilbert space, Ann. Math. 42 (1941), 839-873.

I. C. Gohberg, A. S. Markus, and I. A. Feldman, Normally solvable
operators and ideals associated with them, Am. Math. Soc. Transl. 2
61 (1967), 63-84 (Russian original in Bul. Akad. Stiince RSS
Moldoven 10 (1960), 5170).

T. Kania and N. J. Laustsen, Uniqueness of the maximal ideal of the
Banach algebra of bounded operators on C([0,w1])

R.J. Loy and G.A. Willis, Continuity of derivations on B(E) for
certain Banach spaces E, J. Lond. Math. Soc. 40 (1989), 327-346.

W. Rudin, Continuous functions on compact spaces without perfect
subsets, Proc. Amer. Math. Soc. 8 (1956), 39-42.

Tomasz Kania (Lancaster University) Uniqueness of the maximal ideal of B(C[0,w1] 6 August 2011, Waterloo 13 /13



