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A(S)={f € C(S) : f extends holomorphically to B}.

Motivation: A conjecture of Arveson in operator theory.
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Arveson Conjecture

H? = the n-shift space (a certain Hilbert space of holomor-

phic functions on B)

S; = operator of multiplication by z; on H?

Theorem (Arveson 2002): The commutators [S;,5;] are

compact.

Conjecture (Arveson 2002): The same holds for the re-
strictions of the S; to any submodule of H? generated by
homogeneous polynomials.
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Peak point theorems (Anderson , I., Wermer (2000’s))
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Question (Douglas 2007): If A is a function algebra on the
sphere S C C" that contains the ball algebra A(S) and whose
maximal ideal space M4 is .S, and if A is invariant under the
action of the n-torus on S, must A = C(5)?

n = 1: Yes. (Wermer’s maximality theorem)

n = 2: Yes (provided A is generated by C! functions). (An

application of a peak point theorem)

n > 3: No. (Modification of an example of Basener)
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We will consider a different related question.

What about tunction algebras invariant under all
self-homeomorphisms?
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Yes for boundaryless manifolds.

Yes for more general spaces on which self~-homeomorphism
group does not act transitively (e.g., manifolds-with-boundary,

simplicial complexes).
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of X, then A = C(X).
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It suffices to assume A is invariant under the self-homeomor-
phisms f of X such that f(M,)= M,.

The zero-dimensional IM complexes are precisely the spaces

with no perfect subsets (the scattered spaces).

As a special case we recover the following:

Theorem (Rudin 1957): If X is a compact space with no
perfect subsets, then C'(X) is the only function algebra on X.
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Theorem: If X is a compact IM complex and A is a function

algebra on X that is invariant under every self-homeomorphism
of X, then A = C(X).

Proof in two main steps (both by transfinite induction):
Step 1: Show maximal ideal space of A is X.

Step 2: Prove existence of a large supply of smooth func-
tions and apply a general function algebra theorem about
approximation of manifolds.
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Suppose M is a manifold in C". When is P(M) = C(M)?

(P(M) = uniform closure of polynomials in zq,...,2,)

M must contain no complex manifold.

Better if at each point the tangent space to M contains no
complex subspace (i.e., M has no complex tangents).

The maximal ideal space of P(M) must be M (i.e., M must
be polynomially convex).

Theorem (Hormander-Wermer, etc.): Suppose M C C"

is a smooth manifold with no complex tangents and M is
polynomially convex. Then P(M) = C(M).



Theorem (Hormander-Wermer, Forneess, ... , 1.): Suppose
M4 = X and U C X is an open set that is an m-dimensional
manifold. Suppose also that each p € U has a neighborhood

V such that in some coordinate system on V

(i) 3f1,..., fin € A smooth on V with dfi A...Adf.,(p) # 0,

and

(ii) the functions in A smooth on V are dense in A.

Then A D {g S C(X) . g‘(X\U) = O}.
Equivalently, if u L A, then suppu C X\U.



Theorem (Hormander-Wermer, Forneess, ... , 1.): Suppose
M4 = X and U C X is an open set that is an m-dimensional
manifold. Suppose also that each p € U has a neighborhood

V such that in some coordinate system on V

(i) 3f1,..., fin € A smooth on V with dfi A...Adf.,(p) # 0,

and

(ii) the functions in A smooth on V are dense in A.

Then A D {g S C(X) . g‘(X\U) = O}.
Equivalently, if u L A, then suppu C X\U.

Are there noncommutative analogues of the theorems con-

cerning function algebras invariant under group actions?



