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The Stone-von Neumann theorem

Let G be a locally compact group. The Stone-von Neumann
theorem says that

Co(G) %, G = K(La(G)) ]

More precisely, if M : f — M is the canonical representation of
Co(G) on L2(G) and X is the left regular representation of G,
then (M, )\) is a covariant representation of (Co(G), G, T)

(i.e., Ms = X(s")MA(s) for all f € Co(G) and s € G), and

M > X\ Co(G) X G— B(Lg(G)),
f € Co(G. Co(G)) — / Moy A(s) ds
G

is a faithful irreducible repn of Co(G) %, G with range K(L2(G)) .



The Stone-von Neumann theorem

It seems that the name “Stone-von Neumann Theorem” can be
traced back to the title of the paper “G. W. Mackey, A theorem of
Stone and von Neumann, Duke Math. J. 16 (1949), 313 - 326.”

Cf. J. Rosenberg, A selective history of the Stone-von Neumann
theorem, Operator algebras, quantization, and noncommutative
geometry, 331-353, Contemp. Math. 365, AMS, 2004.



The Stone-von Neumann theorem

In the terminology of actions of locally compact quantum groups
on C*-algebras, we have

Ci(G) xr Co(G) = K(L2(G))

where C3(G) is the reduced group C*-algebra of G.

Note that in the setting of C*-algebraic locally compact quantum
groups, the C*-algebra C;(G) is the dual of Cy(G).

We consider a possible quantum group version of this theorem.



Recall: von Neumann algebraic LCQGs

Let G = {M,T, ¢ ¥} be avon Neumann algebraic locally
compact quantum group (Kustermans-Vaes 03).

That is,

@ M is a von Neumann algebra

o [: M — MM is a co-multiplication (i.e., [ is a normal
and unital *-homomorphism satisfying (I' ® id)l = (id ® I')[")

@ © and ¥ are respectively normal semifinite faithful left and
right invariant weights on (M, )



Recall: von Neumann algebraic LCQGs

Example. Let G be a locally compact group. Then
G = (Le(G).T 0. ¥)
is a LCQG with the co-multiplication
[ Lo(G) — Loo(G)®L(G)
given by (the adjoint of the convolution on L{(G))
F(f)(s.t) = f(st) (f€Llo(G), s teQq)

and ¢ and ¥ are the left and right Haar integrals over G



Recall: von Neumann algebraic LCQGs

For general G = {M.T, ¢, ¥},

o  Lo(G) =M, Li(G) =M., L(G):=H,

@ L{(G) is a completely contractive Banach algebra under

* = I L1(G)BL(G) — Ly(G)

@ For L(G), * is the convolution on L1(G)

@ For VN(G), * is the pointwise multiplication on A(G)



Recall: the reduced C*-algebraic LCQG Cy(G)

Co(G) := the reduced quantum group C*-algebra of G

@ Cy(G) is a w*-dense C*-subalgebra of L (G)

o Gis compact if Co(G) is unital; G is discrete if G is
compact, or equivalently, L(G) is unital
@ Cy(G) is two-sided introverted in Lo(G) = L1(G)*

o Recall: for a Banach algebra A, an A-submodule X of A*
is left introverted if A** X C X



The quantum measure algebra M(G)

@ The two Arens products on Co(G)* coincide

@ The co-multiplication ' on the C*-algebraic LCQG Cy(G)
induces directly a completely contractive multiplication *
on Co(G)*

@ All the three products on Cy(G)* are the same
M(G) = (Co(G)*, %)

@ M(G) is a dual Banach algebra

@ L4(G) is canonically a closed ideal in M(G) via f — f|¢(c)



The LUC-space associated with L{(G)

LUC(G) = (Loo(G) x L1(G))

o Co(G) C LUC(G) C M(Co(G)) C Lx(G)
o LUC(G)* is a Banach algebra; 3,(LUC(G)*) is defined
e LUC(G)* = M(G)® Co(G)t; M(G) C 3,(LUC(G)*)
@ This holds for left introverted Co(G) € X C M(Co(G))

@ Similarly, RUC(G) := (L1(G) x Loo(G)), ------



The convolution algebra (T(L2(G)), >)

Let V € B(L2(G) ® Lo(G)) be the right multiplicative unitary of G :

MNx) = V(x®1)V* (x € Loo(G))

@ V induces on B(L2(G)) the co-multiplication
B(L2(G)) — B(L2(G))®B(L2(G)), x — V(x @ 1) V*
and hence induces on T(Lz(G)) the multiplication
> 1 T(L2(G))®T(L2(G)) — T(L2(G))
@ (T(L2(G)),») is a completely contractive Banach algebra

For G = L. (G), this algebra was introduced by Neufang



The convolution algebra (T(L2(G)), )

® (T(L2(G)).») — L1(G), w — wl (c) s a surjective and

completely contractive algebra homomorphism so that

(Li(G).#) = (T(L(G)).»)/ Lwo(G)L

@ (T(L2(G)),>) is seen as the right lifting convolution algebra

of L1(G) via the right fundamental unitary V of G

@ The left lifting convolution algebra (T(L2(G)), <) is defined

via the left fundamental unitary W of G



The LUC - space associated with (T(L2(G)), »)

We simply use T(L2(G)) to denote (T(L2(G)),>)

@ Recall: LUC(G) := (Loo(G) » L1(G))

Q@ (B(L2(G)) > T(L2(G))) = (Leo(G) > T(L2(G))) = LUC(G)

Q (B(L2(G))r T(L2(G)))* = LUC(G)* as Banach algebras




c.b. right multipliers of (T(L2(G)), >)

For u € RM(T(L2(G))), we have u* : B(Lx(G)) — B(Lx(G))

and p*(Loo(G)) C Lo(G). Then

M BM(T(L2(G))) — BM(L1(G)), p+— (| (@))+

The map 1 defines a completely isometric algebra isomorphism

RMcb( T(LZ(G))) = RMcb(L1 (G))




c.b. right multipliers of (T(L2(G)), >)

The representation theorem

0, Loo(G)

AMo(L1(G)) = CB ™

(B(L2(G)))

by Junge-Neufang-Ruan (09) (Neufang-Ruan-Spronk (08) for
commutative and co-commutative cases) can be formulated as

0, Loo(G

RMeo(T(L2(G))) = C€B] =" (B(Le(G)))
or

CB] e (B(L2(G))) = CB ="(B(Le(G))) J
It is natural to know when we have

CB o (B(L(@)) = CB 7 (B(Le(G))



The right (T(L2(G)), >)-module action on B(L2(G))

0 Lo(G), Co(G) are (T(L2(G)), »)-bimodules. In particular,
o (Co(G)r T(L2(G))) = Go(G)

° (Lo(G) > T(L2(G))) = (B(L2(G)) » T(L2(G))) = LUC(G)

@ However, K(Lz(G)) is not a (T(Lz2(G)), »)-submodule of
B(L2(G))

(K(L2(G)) > T(L2(G))) = Co(G)

@ This shows the C*-algebra Cy(G) can be recovered from
the convolution >. We will see more on this.



Left T(Lo(G))-module action and regularity of G

@ For the left multiplicative unitary W of G on Lx(G) ® Lo(G),
C(W) = {(t®w)(ZW):w e T(L(G))} C B(LAG))
where X is the flip map on Lo(G) ® Lx(G).

o Gisregular if K(Lx(G)) = (C(W)) (Baaj-Skandalis 93).

@ Kac algebras, in particular, Lo (G) and VN(G), are regular.

All compact and discrete quantum groups are regular.

@ There exist non-semiregular G (Baaj-Skandalis-Vaes 03).



Left T(Lo(G))-module action and regularity of G

° (K(L2(G)) > T(L2(G))) = Go(G) # K(L2(G))
We will see that (T(L2(G)) » K(L2(G))) # K(L(G)), Co(G)

»K(L2(G)) = (T(Lo(G)) > K(L2(G))) )

~

»K(L2(G)) = UC(W)U™ = (Co(G)Go(G))

where U =JJ is a unitary operator on Lo(G)




Left T(Lo(G))-module action and regularity of G

»K(L2(G)) = (T(L2(G)) > K(L2(G)))

Corollary

Q@ .K(L2(G)) is a C*-subalgebra of B(Lx(G))

Q@ Gisregular <= K(L2(G)) = +K(L2(G))




Recall: action and reduced crossed product

A (continuous, left) action of G on a C*-algebra Bis a
non-degenerate *-homomorphism

a: B — M(Co(G) ® B)
with (1 ®@ a)a = (A®t)a and (a(B)(Co(G) ® 1)) = Co(G) ® B

~

Then (a(B)(Co(G) ® 1)) € M(K(L2(G)) ® B) is a C*-algebra

Co(C) % B := ((B)(Co(C) ®1)) J

Taking (B, o) = (Co(G),T), we have

Co(G) = Go(G) € M(K(L2(G)) ® Co(G))



A Stone-von Neumann theorem over LCQGs

Q@ Go(G) x Co(G) = LK(L2(G)) = (T(L2(G)) > K(L2(G)))

@ Co(G) %, Co(€') = Ki(Le(G)) = (K(L2(G)) a T(La(G)))

In particular, if G is regular, then

!

Co(G) % Co(G) = K(La(G)) = Co(G) x, Co(G)

o Cx Co(G) = Go(G) = (K(L2(G)) > T(L2(G)))

° Co(G)x,C = Co(G) = (T(L(G)) < K(L2(G)))



Invariance problems, |

The representation AMg(T(L2(G))) = CB:'L(Z;G)(B(LZ(G)))
also has the following form:

0.6K(Lp(G))

CB ey | (B(L2(G))) = CB 2% (B(L2(G)))

Here, (-K(L2(G)), T(L2(G))) and (Co(G), Co(G)) are related by

K(L2(G)) = Co(G) x Co(G)
Co(G) = (oK(L2(G)) b T(L2(G)))



Invariance problems, Il

T.FA.E.
@ cB ) (B(La(G) = CB] ~"(B(L(G))
@ L(G) ¢ cB; 27 (B(L(G)))
O (T(L(G))> K(L2(G))) = K(L2(G))
QO (T(L(G))> Go(G)) = Co(G)
@ > is w*-continuous on the left
Q G isregular




The separate w*-continuity of >

T.FA.E.
@ (T(L2(G)),v) is a dual Banach algebra

@ the product > on T(Lx(G)) is w*-cont on the right
Q the map T(L2(G)) — M(G), w — wlcy(c) is w*-w™ cont
Q GCo(G) C K(L2(G)) canonically

@ G isdiscrete




One-sided ideal problems

T.FA.E.
Q T(L(G))r T(L(G))™ <€ T(L(G))

Q LMu(T(L2(G)))° = RMe(T(L2(G))) in CB(B(L2(G)))

© G is compact

T.FA.E
Q T(L(G))™ > T(L2(G)) € T(L2(G))

Q AMy(T(L2(G)))° = LMep(T(L2(G))) in CB(B(L2(G)))

Q G isfinite (i.e., Lo (G) is finite dimensional)




Strong Arens irregularity of (T(L2(G)),>), |

Let A be a Banach algebra. The left Arens product [1 on A** is
canonically defined when A is considered as a left A-module:

fora, be A, f € A*, and m, n € A**, we have
(f-a b) = {(f ab), (nOdf,a) =(n,f-a), (mdn, f) = (m, nOf)

Similarly, the right Arens product > on A** is canonically defined
when A is considered as a right A-module

@ Both O and { extend the multiplication on A

@ Ais said to be Arens regular if 0 and > coincide



SAl of (T(La(G)), ), Il

@ (A*™,0) is aright topological semigroup under w*-top:

for any fixed m € A**, n— ndm is w*-w* cont.
@ Similarly, (A**, {) is a left topological semigroup.
@ The topological centres of (A**, ) and (A**, <) are
3i(A™,0) = {me A : n— mOn is w*-w* cont.}
3:(A*, ) = {me A : n— ndm is w*-w* cont.}

called the left and right topological centres of A**



SAl of (T(L2(G)), ), Il

0 AC 3(A™.0O) C A", A C 3(A™, Q) C A

0 3(A™,0) = A" = AiSAR <= 3(A™ O) = A

@ Ais said to be left strongly Arens irregular (left SAI)
if 3;(A**,0) = A (Dales-Lau 05).

Similarly, A is said to be right SAl if 3;(A™, ) = A

o left SAl <& right SAl (Dales-Lau, Neufang, etc.)



SAl of (T(L2(G)),»), IV

For x € B(L2(G)) and n € B(Lx(G))*, we say that x supports n
if (n, x) #0.

Lemma

Let G be non-compact. For any w € L (G), supported by some

Xo € Loo(G) and n € Cy(G)* supported by 1 (they exist),

m=wvne€ Ly(G)\ T(L2(G))




SAl of (T(L2(G)),>), V

Lemma

Let v € [RUC(G) U »K(L2(G))]* be supported by some

Yo € Loo(G). Then for all v € T(L2(G)) supported by 1,

U=vryE€ Lo(G)r\ T(L2(G))

Such functionals v € B(L2(G))* exist if G is regular satisfying

max{dense(RUC(G)), dense(Co(@))} < dense (Loo(@))

which is the case if G is compact and infinite.




SAl of (T(L2(G)),>), VI

For a Banach algebras A, there are 12 natural topological centres:

G3:(A™,0), 63(A™,0) C 3(A™.D)
S3(A™, Q). B3(A™. Q) C© 3:(AT. Q)
S3:((A"A)") S 3((AA))., 3((A"A) )¢

S3:((AAT)7) C© 3:((AA")"). 3:({AA")"),

Various Arens irregularity properties and their interrelationships
have been be studied. We found that these new topological centres
happen to be the hidden pieces that are responsible for some
asymmetry phenomena occurred in topological centre problems.



SAl of (T(L2(G)), ), VII

T.FA.E.

Q (T(L(G)),r)is SAl
Q 3(T(LA(G))™. &) = T(La(G))
Q 3(T(LA(G))™ &) = B3:(T(L2(G))™ <)

Q@ G isfinite




Recall: AR and SAI are opposite properties

For a Banach algebra A, we have
A C 34(A™, Q) C A
Ais AR = 3{(A™, Q) = A™

Aisright SAl <= 3;(A™, o) = A



Arens regularity of (T(L2(G)), >)

For a class of co-amenable locally compact quantum groups G
(e.9., G = L(G), or VN(G) with G amenable), we have

L1(G) is Arens regular <= G is finite

Note that if (T(L2(G)),>) is Arens regular, then so is L1(G),
since L{(G) is a quotient algebra of (T(Lz(G)), )

So, for this class of &, we have

(T(L2(G)),») is Arens regular <= G is finite

Therefore, as seen below, we get a natural class of Banach
algebras associated with LCQGs, for which AR and SAl are
surprisingly equivalent.



AR and SAl of (T(L2(G)), >) are often equivalent

Let G be a co-amenable locally compact quantum group such that

either G is commutative,
or G is co-commutative,

or G is amenable with L{(G) separable.
TFEA.E.
Q@ (T(L2(G)),v) is strongly Arens irregular
Q@ (T(L2(G)),v) is Arens regular

© Gisfinite




Regular quantum groups and regular semigroups

As above, (T(L2(G)),>) is simply denoted by T(Lx(G)).
@ The topological centres of T(L»(G)) can be defined:
3(T(L(G))) = {7 € T(La(G)) : w— woyis w-cont }

352)(7(1—2(@))) = {y€ T(L2(G)) : wr y>wis w*-cont}

Proposition

Q@ T(L2(G)) isright regular <= G is regular

Q T(L2(G)) is regular <= G is discrete




The commutative and co-commutative cases

o Forall G, Loo(G). C 3\(T(La(G))) # {0}

For 352)(T(L2(G))), we have the following dichotomy proposition.

Let G = Ls(G) or VN(G). Then

T(L2(G)) if Gis discrete
3(T(L(@)) = {

{0} if G is non-discrete




