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Carleson’s corona theorem

Let H*® denote the bounded, analytic functions on the unit disk .

Theorem (Carleson 1962)
Suppose f1, ..., f, € H® satisfy

Y fi(z)? >8>0, zeD.
i=1

Then there are functions gi, .. .,g, € H* such that 7, figi = 1.
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The Toeplitz corona theorem

Theorem (Arveson-1975; Schubert-1978)

Suppose f1, ..., f, € H® satisfy
n
SN TETE > L
i=1
Then there are functions gi,...,gn € H*® so that

Zfigi =1, and ||[Tn 205 Tgn]TH < ¢t
i=1
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Operator corona problems

Suppose A is an operator algebra and A, ..., A, € A with
[A1,...,Ap] right invertible.
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Operator corona problems

Suppose A is an operator algebra and Ay, .
[A1, ..., Ap] right invertible.

There are By, ..., B, € B(H) such that [Ay, ..

For example, take B; = A¥ (374 AiAjf)_l-

.., Ap € A with

By
Al
B,
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Operator corona problems

Suppose A is an operator algebra and Ay, .
[A1, ..., Ap] right invertible.

There are By, ..., B, € B(H) such that [Ay, ..

For example, take B; = A¥ (374 AiAjf)_l-
Can we find B; in A?

.., Ap € A with

By
Al
B,
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Operator corona theorem for nest algebras

Suppose {Pny}m>0 is an increasing sequence of projections tending
strongly to /y and let A := Alg{Ppn}m>0 -

Ryan Hamilton Operator corona problems for function algebras



Operator corona theorem for nest algebras

Suppose {Pny}m>0 is an increasing sequence of projections tending
strongly to /y and let A := Alg{Ppn}m>0 -

Theorem (Arveson-1975)
Suppose A1, ..., A, € A satisfy

ZAkPmAI > 2P, for every m > 0.
k=1

Then there are By, ..., B, € A such that

n
Z ABi = Iy
k=1
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Subalgebras of H*>

If B is an algebra of operators and h a vector, let
B[h] ;= span{Bh: B € B}.

Ryan Hamilton Operator corona problems for function algebras



Subalgebras of H*>

If B is an algebra of operators and h a vector, let
B[h] := span{Bh: B € B}.

Theorem (Raghupathi-Wick 2010)

Suppose A is a unital, weak*-closed subalgebra of H>* and
fi,..., f, € A satisfy

n
Z Tf,.PLT;; Z C2PL
i=1

for every L of the form A[h] where h is an outer function.
Then there are g1, ...,gn € A so that

n
S figi=1and |[Te..... Tl < !
i=1
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The bidisk

Theorem (Amar 2003; Trent-Wick 2008)
Suppose fi, ..., f, € H*(D?) satisfy

n
S THTE) = P
i=1

for every absolutely continuous measure v on T?. Then there are
functions gi, . . ., g, € H*(D?) so that

Zﬁgi =1, and ||[Tn 205 Tgn]T” < ¢t
i=1
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Reproducing kernel Hilbert spaces

Let H be a Hilbert space of C-valued functions on a set X.
If the functionals h — h(x) are bounded, then we call H a
reproducing kernel Hilbert space (RKHS).
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Reproducing kernel Hilbert spaces

Let H be a Hilbert space of C-valued functions on a set X.
If the functionals h — h(x) are bounded, then we call H a
reproducing kernel Hilbert space (RKHS).

For each x € X there is a function k, € H such that

h(x) = (h, ks); h € H.
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Reproducing kernel Hilbert spaces

Let H be a Hilbert space of C-valued functions on a set X.
If the functionals h — h(x) are bounded, then we call H a
reproducing kernel Hilbert space (RKHS).

For each x € X there is a function k, € H such that

h(x) = (h, ks); h € H.

The Hardy space H? on the unit disk D is the canonical example.
Its kernel is the Szego kernel
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Examples of reproducing kernel Hilbert spaces

Let Q C C9 be a bounded domain and let ;1 be Lesbesgue measure
on C".

Example (Bergman space)
L2(2) := {f homomorphic on Q: [, |f[?du < oo} is a RKHS.

The kernel for L2(D) is ky(z) = m
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Examples of reproducing kernel Hilbert spaces

Let By be the unit ball of C¥ (we allow d = o).

Example (Drury-Arveson space)

H?, is the closure of d-variable polynomials on By with kernel

d _ 1
kw(2) = 1—(z,w)cd
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Examples of reproducing kernel Hilbert spaces

Let By be the unit ball of C¥ (we allow d = o).

Example (Drury-Arveson space)

H§ is the closure of d-variable polynomials on By with kernel

dy_ L
kw(2) 1—(z,w)cd

° Hg is an excellent multivariable analogue of H?
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Examples of reproducing kernel Hilbert spaces

Let By be the unit ball of C¥ (we allow d = o).

Example (Drury-Arveson space)

Hg is the closure of d-variable polynomials on By with kernel

d _ 1
kw(2) = 1—(z,w)cd

° Hg is an excellent multivariable analogue of H?

o Many function spaces embed into H2, in a natural way
(Dirichlet space, Sobolev-Besov spaces).
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Multiplier Algebras

The multiplier algebra of a RKHS H is

M(H) :={f : X — C| fh € H for any h € H}
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Multiplier Algebras

The multiplier algebra of a RKHS H is
M(H) :={f: X — C|fh€ H for any h € H}

For each multiplier f, the multiplication operator M¢ € B(H)
defined by

M¢h = fh; he H

is automatically bounded by the closed graph theorem.

Ryan Hamilton Operator corona problems for function algebras



Multiplier Algebras

The multiplier algebra of a RKHS H is
M(H) :={f: X — C|fh€ H for any h € H}

For each multiplier f, the multiplication operator M¢ € B(H)
defined by

M¢h = fh; he H

is automatically bounded by the closed graph theorem.
We always have

M}k = F(x)ks.
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Examples of multiplier algebras
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Examples of multiplier algebras

o M(H2((D))) = H*(D)
M(H?(D?)) = H>(D?)
M(L3(Q)) = H>(Q)

o M(H3) C H®(By) is the unital algebra generated by
multiplication by coordinates:

M(H3) = Alg(M,,, ..., M,,)

[M,,, ..., M,,] is the model for row contractions (Arveson
1998).

Ryan Hamilton Operator corona problems for function algebras



The Toeplitz corona theorem for Drury-Arveson space

Theorem (Ball-Trent-Vinnikov 2002)
Suppose fi, ..., f, € M(H3) satisfy

> MeMg > .
i=1

Then there are functions g1, ...,8n € M(Hﬁ) so that

n
> figi=1
=1

and ||[Mg,,...,Mg]T|| < c7 1.
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Invariant subspaces

@ Suppose A is any unital, weakly closed algebra of multipliers
on H.
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Invariant subspaces

@ Suppose A is any unital, weakly closed algebra of multipliers
on H.

@ Every invariant subspace L of A is also a RKHS, with kernel
function kﬁ = Prky.
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Invariant subspaces

@ Suppose A is any unital, weakly closed algebra of multipliers
on H.

@ Every invariant subspace L of A is also a RKHS, with kernel
function kﬁ = Prky.

@ For f € Aand g € L we have fg € L. Call this multiplication
operator M}.
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Our approach

Suppose f1,...,f, € A and let

F = [f17 ~7fn]; MF = [Mfl,...,an] : H(”) S H.

Ryan Hamilton
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Our approach

Suppose fi, ..., f, € Aand let
F:=1[f,...,f]; Mp:= [Mﬂ,---,Mf,,]:H(")—>H,

Then
Meky = F(Ai)"kx
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Our approach

Suppose fi,...,fn € A and let
F = [fl,...,fn]; Mg = [Mﬂ7"'aMf,,] : H(n)—>H,

Then
Mgky = F(A\i)"ka

and the following are equivalent

Mg M} = Z MeM; > 1y
i=1
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Our approach

Suppose fi,...,fn € A and let
F = [fl,...,fn]; Mg = [Mﬂ7"'aMf,,] : H(n)—>H,

Then
Mgky = F(A\i)"ka

and the following are equivalent
n

Mg M} = Z MeM; > 1y
i=1

((MEME — ) h,hy >0, he H
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Our approach

Suppose fi,...,fn € A and let
F = [fl,...,fn]; Mg = [Mﬂ7"'aMf,,] : H(n)—>H,

Then
Mgky = F(A\i)"ka

and the following are equivalent
n

Mg M} = Z MeM; > 1y
i=1

((MEME — ) h,hy >0, he H

[(FOWT FON)T) = &) k)] Ly > 0.
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Our approach

The same observation is true for

n
Sy >
i=1

as well, with kL instead of k.
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Our approach

Let E ={\1,..., A} C X.
Suppose the condition

(FO) FO) - )] =otes @)

implied the existence of Mge 1= [Mge, ..., M,e]™ such that
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Our approach

Let E ={\1,..., A} C X.
Suppose the condition

[(<F()\,)*7 F(\)*) — ¢2) <k§i, kﬁj)],‘(. ) >0,Le L

1=

implied the existence of Mge 1= [Mge, ..., M,e]™ such that

o gfcUA
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Our approach

Let E ={\1,..., A} C X.
Suppose the condition

[(<F()\,)*7 F(\)*) — ¢2) <k§i, kALj)] :'—1 >0,Le L

implied the existence of Mge 1= [Mge, ..., M,e]™ such that

o gfcUA
o Y fil\)gE(\) =1forj=1...k
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Our approach

Let E ={\1,..., A} C X.
Suppose the condition

[(<F()\,)*7 F(\)*) — ¢2) <kAL,_, kﬁj)] ij_l >0,Le L

implied the existence of Mge 1= [Mge, ..., M,e]™ such that

o gfcUA
o Y fil\)gE(\) =1forj=1...k
o ”MGEH < Cil.
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Our approach

This solves the operator corona problem for A!

@ The set of all such GF are contained in a weak* compact
subset.
@ Point evaluation is weak*-continuous for A.

@ Thus, the GE accumulate at some G which satisfies
Mg|| < ¢! and Sr ., figi=1.
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Tangential Interpolation

We have reduced the problem to a statement about interpolation.
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Tangential Interpolation

We have reduced the problem to a statement about interpolation.

Suppose A1,..., Ak € X, vi,...,vk € £2 and wy,...,w, € C.
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Tangential Interpolation

We have reduced the problem to a statement about interpolation.

Definition

Suppose A1,..., Ak € X, vi,...,vk € £2 and wy,...,w, € C.
A collection £ of invariant subspaces for A is said to be a
tangential family if the following statement holds:
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Tangential Interpolation

We have reduced the problem to a statement about interpolation.

Definition

Suppose A1,..., Ak € X, vi,...,vk € £2 and wy,...,w, € C.

A collection £ of invariant subspaces for A is said to be a
tangential family if the following statement holds:

There is a contractive column multiplier Mg = [My,, ..., Mg ]"
with gi € A such that (G(\;), vi)c» = w; for each i if and only if

k
(v viden = wim) (K | LE L

is positive semidefinite.
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Tangential Interpolation

We have reduced the problem to a statement about interpolation.

Definition

Suppose A1,..., Ak € X, vi,...,vk € £2 and wy,...,w, € C.

A collection £ of invariant subspaces for A is said to be a
tangential family if the following statement holds:

There is a contractive column multiplier Mg = [My,, ..., Mg ]"
with gi € A such that (G(\;), vi)c» = w; for each i if and only if

k
(v viden = wim) (K | LE L

is positive semidefinite.

When F(X;)* = v; and w; = c, this is just the previous matrix.
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Tangential interpolation implies a solution

To summarize

Lemma

Suppose L is a tangential family for A. If f1, ..., f, € A satisfy

> ME(ME)* = P, Le £
i=1

then there are g1, . ..,gn € A such that

S figi=1and |[M,..... Mg ]| < ¢}
fi=il
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Elementary spaces of operators

When does an algebra of multipliers A admit a tangential family?

Definition

A weak*-closed subspace S of B(H) is said to be elementary if
every ¢ € S, with ||¢|| < 1 can be factored as

o(A) = (Ax,y), A€ S

for some x,y € H with ||x||||ly| < 1.
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Elementary spaces of operators

Define the column space of A:
C(A) = {[Mg,...,M,]T : gi € A} € B(H", H)
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Elementary spaces of operators

Define the column space of A:
C(A) :={[Mg,...,Mg,]" : g € A} € B(H", H)

Suppose C(A) is elementary. Then {A[h] : h € H} is a tangential
family for A.
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o Let 7 ={G € C(A): (G(\),vi)ecn =0fori=1,..., k}.
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o Let 7={G e C(A): (G(Ai),vi)ecn =0fori=1,... k}.
o If H e C(A) is any column satisfying (H(x;), vi)crn = w;, then
H + G is also a solution for any G € J.
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o Let 7 ={G € C(A): (G(\),vi)ecn =0fori=1,..., k}.

o If H e C(A) is any column satisfying (H(x;), vi)crn = w;, then
H + G is also a solution for any G € J.

@ We have a contractive solution if and only if dist(H,J) < 1.
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Proof.
o Let 7={G € C(A): (G(\),vi)en =0fori=1,... k}.
e If He C(A) is any column satisfying (H(x;), v;)cn = w;, then
H + G is also a solution for any G € J.
@ We have a contractive solution if and only if dist(H,J) < 1.
@ A standard distance argument shows that

— L L k
((vis vj) = wiip) (kb kG| >0, Les

1=

implies dist(H,J) < 1 when C(.A) is elementary.
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Main Result

We say that a function h € H3 is outer if M(H3)[h] = H?.

Theorem

Suppose A C M(H3) is a unital, weak*-closed subalgebra. Then
C(A) is elementary and every p € C(A). can be factored as

p(A) = (Ah, k)

where h is an outer function.
In other words L := { A[h] : h outer} is a tangential family for A.

<
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Main result

Corollary

Suppose A is a unital, weak*-closed subalgebra of M(H3) and
f,...,fp € A satisfy

n
> ME(ME) = Py
i=1

for every L of the form A[h] where h is an outer function. Then
there are g1, ...,8n € A so that

n
> figr=1and [Mg,...,Mg]"|| <™
i=1
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Main result

Corollary

Suppose A is a unital, weak*-closed subalgebra of M(H3) and
f,...,fp € A satisfy

n
> ME(ME) = Py
i=1

for every L of the form A[h] where h is an outer function. Then
there are g1, ...,8n € A so that

n
> figr=1and [Mg,...,Mg]"|| <™
i=1

When A = M(H3), this is the Ball-Trent-Vinnikov result. For
d =1 it is the Raghupathi-Wick result.
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Additional examples

For Q C C¥ recall the Bergman space L2(Q) and its multipliers
M(L3(Q)) = H*(Q).

Theorem (Bercovici 1987)
C(H>(RQ)) is an elementary subspace of B(L2(R), [2(Q) ® £2).
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Additional examples

For Q C C¥ recall the Bergman space L2(Q) and its multipliers
M(L3(Q)) = H*(Q).

Theorem (Bercovici 1987)
C(H>(RQ)) is an elementary subspace of B(L2(R), [2(Q) ® £2).

For h € L2(), the cyclic subspace generated by h may be identified
with L2(Q, |h|?dp).
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Additional examples

For Q C C¥ recall the Bergman space L2(Q) and its multipliers
M(L3(Q)) = H*(Q).

Theorem (Bercovici 1987)
C(H>(RQ)) is an elementary subspace of B(L2(R), [2(Q) ® £2).

For h € L2(), the cyclic subspace generated by h may be identified
with L2(Q, |h|?dp).
A sufficient condition to solve the Toeplitz corona problem for these
algebras is

ME(MEY > ¢l

for the absolutely continuous measures v = |h|?1 on €.
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