A new (weak* limit) proof of spectral synthesis
for singletons

Colin C. Graham
Department of Mathematics, University of British Columbia
Mailing address: PO Box 2031 Haines Junction, YT YO0B 1LO0,
Canada.
email: ccgraham@alum.mit.edu

August 3, 2011



abstract

That singletons obey spectral synthesis has been known for more
than 75 years. (That is, if f € A(G) has f(x) = 0, then there
exists f, € A(G) with f, = 0 in a neighbourhood of x and

||f — fal| — 0). A new proof of this result is given, using a striking
lemma of Varopoulos. The lemma, which deserves to be better
known, raises an interesting question.

From joint work with Kathryn Hare
(Interpolation and Sidon sets for compact groups, C.M.S.Books
in Mathematics)
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Notation

A(X): restriction of the Fourier algebra to X

HfHA(X) the norm
PM(X): the dual space of A(X)

B(F): restriction of the Fourier-Stieltjes algebra to F
|fllz(F the norm

G,I: compact abelian group; its dual group;
e, 1 their respective identities
[: the Bohr compactification of I
Gy: the discrete version of G

e: the identity of G

1: the identity of
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Spectral synthesis

A closed set X C G is a set of spectral synthesis for A(G) iff

whenever f € A(G) vanishes on X and € > 0,

there is g € A(G) such that ||f — g|lag) < € and

g = 0 in a neighbourhood of X.
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Two lemmata

It is not hard to show that spectral synthesis for singletons follows
from

Lemma 1. Let H C T be finite with 1 € H and € > 0. Then there
exists a compact e-neighbourhood U C G such that, for all v € H,

11 — 6, || aquy < e (1)

The key step in the proof of Lemma 1 is:

Lemma 2.[ Varopoulos 1965/Bourgain 1987] For every finite
FCGand~vyerT,

Hgl - SVHA(F) < (”/2)“31 - S’YHEOO(F)‘ ()



Proof of Lemma 1 using Lemma 2, |

We let ¢ > 0. Choose an e-neighbourhood U; such that
|25\1 - gv(x)] < ¢e/m for x € Uy and vy € H.
We shall find an e-neighbourhood U C Uj such that
81 Bullay < /251~ 8 ey

holds.



Proof of Lemma 1 using Lemma 2, |

We let ¢ > 0. Choose an e-neighbourhood U; such that
|61 ()]<5/7rforX€Uland’y€H
We shall find an e-neighbourhood U C Uj such that
81 Bullay < /251~ 8 ey )

holds.

By Lemma 2, |1 -4 YllaFy < €/2 for all finite sets F C Uy. For

each such F, let ur € El(l') = M(T) be such that ir =1 — (57 on
F and ||pr|| < e/2.
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Proof of Lemma 1 using Lemma 2, 1.5
Then {uufF : F C Uy is finite} is a bounded net in M(T).
Let i1 be any weak-* cluster point of that net.
That is the “weak*" part of the proof.
fleo is a function on Gy - that's G with the discrete topology.

floo May not be continuous (or even measurable).
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Proof of Lemma 1 using Lemma 2, |l

Repeating,
[tosllmry = Il B(6y) < €/2 and Fiog =1 =65 on Us.

We now make [io, smooth near e.

Let h € A(G) be such that

» h=1in an e-neighbourhood U.
» Supp h C Uy and
> [lAlla) < 2.

Then hiieo =1 — & on U.

Since hiis is continuous on G, hiioo € B(G) = A(G). Hence,
11— 0y[la(w) = [1hEicolla(u) < e O
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Proof of Lemma 2, | (rephrasing the Lemma)
Lemma 2 (again) For every finite F C G and y €T,

161 =0yl agry < 37/4[181 = 5 | o -

For finite sets F C G,

lillacey = sup{| [ 0] v € MCF) o) < 1.

In particular,

161 = 6, [l acr) = sup{|2(1) = 2(7)| : v € M(F), [Pl < 1}
= sup{|f(1) = F()[ : f € Cr(N), [[fllcc <1JI-
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Proof of Lemma 2, Il (related to spectral synthesis)
A.) Claim: [|1 — ™| grr) < 7 for 0 <7 <.

We use Bernstein's Lemma: if S € PM([—7,7]), then
1(5) Moo < 7lISlloc- [Essays, p. 418].

Then _ )
1~ ¥ ary = sup{{1 — €%, 5)| : S € Ball PM([7,7])}.

But
(1 €™, 8)| =15(0) - (1)

=|(5)'(¢t)| for some 0 < t < 1, so
< 701Sloe = IS lpmr

Therefore ||1 — e"XHA([,Tﬁ]) <.
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B.) For 0 < ¢,

1- e =" e if [0] < h < 7/2, where Y |ci| < (1+¢€)h.
keZ kez
(3)

Suppose v € [ satisfies sup,cg |1 — 7(x)| = 2sin(7/2), where
0 < 7 <. Then for each x € F we may write y(x) = e, where
0] < .

By (3) we have
L—7(x) =Y ar(x¥). (4)

kEZ
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Elementary ideas for a proof

It's enough to prove when p is a sum of unit point masses.

The Card E = 2 case, noted above, is essentially in Varopoulos,
1965.

How to get from 2 to 3 point masses???

Varopoulos (1965), not Bourgain (1987), not Rodriguez-Piazza

Lust(-Piquard) 1987



Thank you.
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