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(A(Fy) is a CCBA, with pointwise multiplication.)

Fy is not amenable <= A(Fpy) does not have a bounded approximate
identity.

Question: Does A(Fy) have an unbounded approximate identity?

Yes!: Let MA(Fy) = multiplier algebra of A(Fy)

= {90 S goo(]FN) : SDA(FN) - A(FN)}

Then A(Fy) — MA(Fy), and HUHMA(IFN) < ||u||A(1FN) (u e A(Fy)).
Theorem (Haagerup, 1979)

A(Fn) has a (finitely supported) approximate identity {e, }acs such that
leallmagey) =1 (Vo € 5).

Better yet: Fy, is 1-weakly amenable [de Canniere & Haagerup,
1985]. le., can take e, s.t. [leallm a@,) =1 Va € S.
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Bialgebra structure = get compact quantum groups.

Definition (S. Wang, 1993)

Uy = (Cu(Uy), A) is the free UNITARY quantum group.
0y = (C,(O}), A) is the free ORTHOGONAL quantum group.
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(h®id)A = (id ® h)A = h(-)1¢c,(c)-

In our examples, h is actually a trace, but faithful iff G = O2+.

GNS construction: Put L?(G) := L?(C,(G), h) and let
A Cu(G) — B(L*(G)) be the left regular (GNS) representation
associated to h.

Get the reduced C*-algebra of G: C,(G) = M(C,(G)) C B(L%(G)),
and the reduced von Neumann algebra of G: L*>°(G) := G, (G)".

A drops to a (normal, faithful) coproduct

A, [®(G) = L®(G)®L>*(G), making (L=(G),A,, h) a von Neumann
algebraic CQG.

Just like A(G), L}(G) := L*°(G), is a CC Banach algebra with
multiplication (A,)..
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and
>

VN(Fy):

For N > 3, L*°(G) is a non-injective, solid /h-factor. C,(G) is
non-nuclear, simple, exact, projectionless. [Banica, Vaes, Vergnioux,
Voigt]

When N =2, O = SU_(2). [Banica]

When N =2, L*°(U,) = VN(F;). [Banica]

Many other nice connections with free probability (quant.
symmetries, asympt. freeness, ...). [Banica, Collins, Curran,
Speicher]

Questions

(Hard): Is L°°(OF), L®(U};) = VN(Fy) for other values of N > 3,

k> 27

(Easier/Related): Can we find other properties of L°(G), C,(G), L}(G)
shared/not shared with VN(Fy), C(Fx), A(F«) ?
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Theorem (B.)
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From our proof of this result, we also answer some questions of Vaes and
Vergnioux concerning the structure of L>(G), C,(G):

Theorem (B.)

L>°(Oy) and L>(U,;) have the Haagerup approximation property (HAP).
C.(0y) and C.(Uy) have the metric approximation property (MAP).
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We only consider G = Oy, N > 3. (The Uy case follows from Of plus
some free product considerations).

Recall Haagerup's arguments for A(Fp):
Let £ : Fy — [0, 00) = usual length function on Fy.

(1). For each r € (0,1), the radial function g — ¢,(g) = r’®) is positive
definite <= the maps M, A(g) = ¢-(g)A(g) are (normal) U.C.P.
radial multipliers of VN(IFy), and lim, 1 M,,, = idyy(r,) point o-weakly.

(2). Fy has the property of rapid decay (property RD) w.r.t. £. That is,
we have a Haagerup inequality:

supp(f) € Wi = {g : (g) = k} = [A(D)llvwe < (k + DIl 2gy)-

— Finitely supported truncations of the ¢,’s produce multipliers of
VN(Fy) still converging to idyy(r,), with norm-control. By duality, the
truncated ¢,'s yield the desired approximate identity for A(Fp).
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A finite dimensional unitary representation of O,ﬁ is a unitary operator
V = [vj] € My(Cu(O}y)) such that Avy = 37 vi ®@ v, Vi, j.

Just like classical compact groups, have notions of irreducibility, direct
sum @, tensor product X, subrep@entation C, unitary equivalence ~,
and the conjugate representation V for representations.

(A)ﬁ = {equiv. classes of f.d. irreducible unitary reps. of O} }.

[Banica]: Can identify 57\7 >~ Ny ={0,1,2,...}, and choose
representatives { V() },cn, for OF with

vO = le,0f): VY = U = [ujli<ij<n (fundamental rep.),
and V() = [vé-k)] € My, (Cu(O})) satisfies
VO ~ vE v gy oy gy kD) st fike SU2)1.
Peter-Weyl Theory: L2(Oy) = @yen, L{xy(On), where
L(zk)(Oﬁ) = /\h(span{v,-J(-k) 1< i,j < dk}). - coeff. space of V(K.
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Definition

A radial multiplier of L>°(O}}) is an operator

T = Z Pk € B(L2(Oﬁ))

keNy

such that T (o) = L* for some L € M*(L'(Oy)).
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K
Observe: Can find D >0s.t. 0 < 55:((13)) < D(ﬁ) - exponential decay!,
while lim¢_, Tt\Loo(om = idLoo(Om pointwise o-weakly. (yields HAP).

We can now proceed as above to get our MBAI for L*(O})).
But why is T; a U.C.P. radial multiplier?
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(<=): Let xx = (Tr@id)V®) € C,(Oy) be the character of V(K. It
can be shown that

C[—N, N] — CU(OI-\"I_)' Sk = Xk-

Thus any ¢ € S(C[—N, N]) has a H.-B. extension to some
¥ € S(Cu(Of)). Using ¢ we can form the left multiplier

Ly € MY(LHOR)); wrxw (we LHOf)).
Now, L}, € B(L>(Oy)) is UCP, but we don’t know what 1 (hence L},)
looks like!

Idea: We can “average” Lj, using the Haar trace h, to get a U.C.P.
radial multiplier. Which moreover turns out to be exactly TW\LQO(OID!

(=): Uses M. Daws' characterisation of C.P. multipliers of QGs. OJ



Work in progress.

What is the Cowling-Haagerup constant A, € [1, 00] for L>°(0})? (Is
Ow weakly amenable with constant A7)



More on averaging.

Since the Haar state h is a faithful normal trace on L°°(Oy;), and
A, : 12(0f) = L¥(04)BL¥(05)

is an injective normal x-homomorphism, 3! faithful normal
h ® h-preserving conditional expectation

E: L™(04)BL(05) — A(L¥(05).
We now average Ly, with respect to E:
L Ao Eo(kollor®id)o A, € CP,(L™(O})),

where k € B(L>(0},)) is the antipode. (A bdd. *-automorphism).

One can write down concrete formulae for E, k, L7, etc. and check that
the RHS actually equals T, !!



