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Convergence of Taylor Series

Recall: We have seen that cos(x) and sin(z) have Taylor series
centered at x = 0 as follows:

oo w2k

cos(z) ~ ’;)(_1)’“ (2k)!

and oo 2k+1
sin(z) ~ I;(—l)km

Question: Does oo 2k

cos(z) = k;)(_l)k (2k)!

and oo 2k+1
sin(z) = Z(—l)km?

k=0



Taylor Series
Key Observation: Suppose that f is a function for which £(™) (a) exists
for each n and hence with Taylor series

= f™(a)

fl@)~>

n=0

(x—a)”
Then the k-th partial sum of the Taylor Series is

Tk,a(w)—Z n(“)( —a)

n=0

which is the k-th degree Taylor polynomial for f centered at x = a.

Hence

f(mo) = Z T;(a) (zo —a)" = lim Tj,q(z0)

n=0

if and only if
lim Ry q(xo) =0
k— oo



Convergence of Taylor Series

To,0(z)=T1,0(x)=1

2 4
Ts,0(x)=Ts,0(x)=1—%+37

_2/ . 0 j &2

—0.5 1 f(x)=cos(xz)

2
T2,0(x)=T3,0(x)=1—%




Convergence of Taylor Series
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Ty1,0(x)=T2,0(x)=2
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Ts,0(v)=2— %5+ 55
f (z)=sin(x)
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Taylor Series

Key Tool to Use:

Recall that the Ratio Test showed that for any ¢ € R, we have

. M|350|k
Iim —— =

0



Convergence of Taylor Series:

Examples: Show that for each « € R,

cos(x) = Z( 1)* (2k)'
Note: If f(x) = cos(x), then

@) = cos(a)
FEHD (@) = sin(z)
FED () = —cos(x)
FEE () = sin(x)

Therefore, for each o € R and each k € NU {0},
|F ® (o) <1
By Taylor's Theorem, if xo € R,

|f(k+1)(ck)|| |k+1 |II:0| .

|Ri,0(x0)| = k+1)! S e+ 1)

Hence by the Squeeze Theorem

kli)rr;o|Rk,0($0)| =0 and cos(z) = Z( (2k:)'




Convergence of Taylor Series

Theorem: [Convergence Theorem for Taylor Series]

Assume that f has derivatives of all orders on an interval I containing
x = a. Assume also that there exists an M such that

| f® () IS M
for all k and for all z € I. Then
= (a)

fz) & Z

n=0

(z —a)”

forallz € I.

Proof: We know that the Taylor series converges at x = a and that

> () (q
Z f n'( )(a—a)n:f(a)+0+0+0+"‘:f(a)

n=0



Convergence of Taylor Series

Proof (continued):
Choose xo € I with o # a. Let k € N U {0}. Then Taylor’s Theorem tells us
that there exists a ¢, between a and x¢ so that

|£ Y (en)
(k+ 1)!

k+1

|f(z0) = The,a(z0)| = |zo — al

But since
| FETV (er) I< M
we have that
|:B0 _ a|k+1
< — o < e ] B
0 < [f(wo) = Tha(wo)| < M- =2 =50

Since k+1
lim M. 1Zo—al"

the Squeeze Theorem shows that
lim |f(x0) — Tk,a(xo)| =0
k— oo

=0

and hence that

>  p(n)
F(wo) = lim Tia(wo) = 3 fT.(a)(wo —a)”
n=0 :



Convergence of Taylor Series

Example: If f(x) = sin(x), then
| F® (=) 1< 1
foralx € Randk =0,1,2,....

Hence
p2k+1

sin(x) = Z(_ )k(2k+1),

forall z € R.



Convergence of Taylor Series

Example: Let f(x) = e and I = [-M, M], M > 0.
If 2 € [—M, M], then

| FP () |= e < eM

Hence

3

m&l
I
)8
S | 8

S

I

o
3

forallx € [—M, M].

Since the above is true for all M > 0,

3

m&!
I
]38
S | &

S

I

o
3

forall z € R.



Convergence of Taylor Series

Important Remark: The Taylor series can fail to converge back to f(xo)
if the derivatives f(¥)(zq) grow very rapidly as k — oo.
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