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p-Series Revisited

oo oo
Recall: We know that > - converges while > X diverges.
n=1

n=1

We also know thatif 1 < p < 2, then

converges.

Key Idea: There is a close relationship between series and improper
integrals.



Integral Test

Assume that f is continuous, decreasing and f(x) > 0 on [1, co). For
each k € N, let

ap = f(k) and S, = Z ax
We claim 1

n+1 n
/ f(x)de < S, < aq +/ f(z) d.
1 1
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6 n-1 n
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Integral Test
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Integral Test

Theorem: [The Integral Test]

Assume that f is continuous on [1, co),
f(z) > 00n|1,00),
f is decreasing on [1, c0), and
Then ax = f(k).

1) If Sp = > ax,thenforalln € N,

n+4+1 n
/ f(z)dr < Sn §a1+/ f(z) dx.
1 1

kzl ax converges if and only if [ f () da converges.

If Z a converges, with S = Z a, then
k=1
[Tr@ar <y a <ot [T r@a
and de < S§— 8, < dx.
/n+1f(w) v < < [Tt de



Integral Test

Note:
1) We have already established that

n+1 n
/ f(z)dx < Sn §a1+/ f(=x) dz.
1 1

2) If > ax converges, then

k=1 nt1 R
| @<y a
1 k=1

forallm € N, so oo
/ f(x) de
1

converges by the Monotone Convergence Theorem for Functions.

If [ f () da converges, then

Zak < a1 —I—/oof(:c)dcc
k=1 1

oo
D ax
k=1

converges by the Monotone Convergence Theorem.

forallm € N, so



Integral Test

Note:
3) If > ay converges, with S = > ag, then
k=1 k=1
n+1 n n
lim f(z)dx < lim ar < a; + lim / f(x)dx
n—oo [4 n—)oo’;l n—oo Jq ( )
Hence

/;of(w)d:cggakSal—i—/loof(w)dw.



Integral Test

AQn+1 *Anpspt@peztAneg tooc 2 _[f(X)dx

nyr|@ne2|@nss3|@neaf oo |l | t]q]

Finally

oo

fle)yde < S-S, < /oof($)dcc

n+1 n



Integral Test

Qn+1|@n+2|Anss

An+i +tQpi2+tAns3tdpeg *o0e

< 7700 dx

Dot | 000 [ooo

n n+1l  n+2 n+¥3  n+4

Finally

oo

n—+1

fle)yde < S-S, < /oof($)dcc

n




p-Series Test

Key Observation : The function f(x) = wip satisfies the conditions of
the Integral Test for p > 0 and

* 1
/ — dx
J1 xP

converges if and only if p > 1.

Theorem: [p-Series Test]
The series
oo
> =
n=1 np

converges if and only if p > 1.



Example

Example: Determine whether the series

— 1
7;2 nlIn(n)

converges.

Observation: Let f(z) = mln(m) andleta, = f(n) =
f is continuous, positive, and decreasing on [2, 00).

Hence -
D an
n=2
converges if and only if
| r@aa

converges.

1
nln(n)

. Then



Example

Example (continued): We compute

S | b g
/ dxr = lim / dx.
J2  xln(x) b—oo Jo xIn(x)

Make a change of variable © = In(x), and so du = % dx and

b 1 In(b) 1
lim / de = lim —du
b—oo o xIn(x) b—oo Jin(2) U

y . In(b)
= JHm (@)

= bli)rgo In(In(b)) — In(In(2))

which diverges to co. Therefore
> 1

Zz nln(n)

diverges by the Integral Test.



Example

Example:

o0

Show that nZ::Z m converges.
Observation: Since f(x) = m is continuous and decreasing
with f(x) > 0 on [2, oo), the Integral Test can be used to conclude that
2 1
7;2 n(ln(n))?

converges if and only if

fwdw

converges.



Example

Example (continued): To evaluate fzb m dx, use the substitution
u = In(x), du = d?m to get

oo 1 b
—————dx = lim ——dx
/z z(In(z))? b—>°°[z z(In(z))?
In(b) 1
= lim —du
b—oco 1n(2) u2

. 1 )
= lim T |ln(2)

b— oo
1 1
= @) W)
1
= In(2
oo

Since f2 W dx converges, so does X:: m
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