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Convergence for Series

Definition: [Convergent Series]

Given a sequence {a,} = {a1, a2, as, ...}, we define the kth partial
sum, Sy, of the series

D an

n=1

by k
Sk, =a1+az+---+ar= Zan-
n=1

oo
We say that the series Y a,, converges if the sequence of partial sums
n=1

{Sk} converges. In this case, we write

oo

E a, = lim S.
k—oco

n=1

Otherwise, we say that the series diverges and the sum has no defined
value.



Divergence Test

Problem: Does Z "7 converge?

Observation: Assume that > a., converges to L and that

n=1

k
Sk=a1+az+---+ak=zan-

Then
k41
Sk+1 — Sk = Z an — Z an = Qk41.
n=1
It follows that
lim ar = lim Art1 = lim Sk+1 — Sk = lim Sk+1 — lim Sk
k— oo k— oo k— oo k— oo k— oo
= L—-L=0.
Ifan = %5, thenan — 1 # 0, s0 Zl g diverges. <
n



Divergence Test

Theorem: [Divergence Test]

oo
Assume that > a,, converges, then

n=1

lim a, = 0.
n— oo

In particular, if lim a,, does not exist or

n— oo

lim a,, # 0,

n—r oo

oo
then > a,, diverges.

n=1

Question: Does the converse hold? That is, if klim ar = 0, does
—00

oo
>~ a, converge?

n=1



Divergence Test

Example: Consider > 1. 1 1 1 1
n=1 S. = S _ _ _ _
8 4+5+6+7+8
2 1 1 1
Sl — 1 =— 4 8 8 8
s, — 141_3 > SHi i+
2 2 5
1 1 1 = —
Sa = 14+ o+ 2

Observation: Foreach j € N

4
> 1+1+(g+1)
pu— - . . 2
2 4 ngz%—)oo.



Divergence Test

We have shown that for Z , the sequence {Si } of partial sums is

unbounded and therefore dlvergent Hence,

IS

n=1

:\H

even though

lim — =0.
n—o0 N

Definition: [Harmonic Series]

The divergent series
oo
>
n=1 e

is called the Harmonic Series.



Harmonic Series

Problem: How long would it take your computer to add up enough terms

in the series
oo
n=1

SR

so that
S > 1007
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