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Abstract

In this paper we examine various sequences (X, ),en of real random variables arising
naturally in connection with certain combinatorial structures. The goal is to investigate
sufficient conditions for convergence to the standard normal distribution upon centering
and normalization. By studying signed binomial sums, Stirling numbers of both kinds,

and factorial moments, we obtain certain cancellations in the computation of centred
moments E[(X,, — E[X,])¥]. This allows us to conclude that %‘i[f&] 4 N(0,1) when
the factorial moments E[(X,,);] are rational functions satisfying some simple conditions

on the coefficients. A particular class of such random variables are those whose factorial
moments are products and quotients of falling factorials in n; we apply our result in this
situation and we discuss specific examples arising from block statistics of k-divisible non-
crossing partitions and from outdegree statistics of rooted plane trees with k-divisible
outdegrees.

1 Introduction

A very important and frequently occurring notion in probability theory is that of asymp-
totic normality of a sequence of random variables. For instance, the Central Limit Theorem
has numerous versions, involving different situations and different modes of convergence.
In this paper we will study sequences of real random variables that converge in distribution
to the standard normal distribution. Our result will be most (but not solely) applicable to
sequences of discrete random variables taking values in Z=°.

More concretely, we seek conditions on sequences of real random variables (X, ),en that

: X,—E[X,] d _ _ 2 :
imply rar(xn) — N(0,1), where Var(X,) = E[(X,, — E[X,])?]. This problem has been

studied quite extensively, with a plethora of results found in the literature. One frequently
used tool is the Janson Dependency Criterion (see [8]). For instance, in [4], Béna used it to
prove that for a fixed k € N, the normalized random variable corresponding to the number
of occurences of a 12 - - k pattern in a random n-permutation (as n — oo) is asymptotically
normal. In [3], Bobecka et al. used it to give sufficient asymptotic conditions on factorial
cumulants that ensure asymptotic normality, and derived a general technique which they
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applied to various examples. However, both approaches required rather involved manipula-
tions of the random variables and/or their moments to show that the theorems’ conditions
were indeed satisfied. The prevalent issue in the strategies for asserting asymptotic nor-
mality presented in these papers (and others) is that the key step often requires potentially
unwieldy and unintuitive calculations to verify the conditions stated in the main theorem.
The conditions derived by Gao and Wormald [7] are simpler, but still require the factorial
moments to be asymptotic to some exponential expressions. When the factorial moments
are rational (as is the case for many simple examples), a certain amount of manipulation is
required before the results may be applied.

In this paper, we take an elementary combinatorial approach to give conditions on the facto-
rial moments (involving extraction of coefficients from polynomials) that imply asymptotic
normality, and are easily verifiable in the case where they are rational functions. Our ap-
proach follows in the same spirit as Weiss, generalizing a technique used in [11]. When
expanding the centred moments in terms of the (uncentred) factorial moments, we demon-
strate cancellations in the high-degree terms. The simplicity of our result comes at the cost
of some flexibility: our conditions are stricter (they require the factorial moments to be of
a precise form, rather than asymptotic equality), and they require the factorial moments to
be functions of one variable (whereas other similar limit laws allow for additional variables,
so long as they are all asymptotically proportional).

After a preliminary section outlining elementary facts about signed binomial sums, the
difference operator, Stirling numbers of both kinds and convergence in distribution, we pro-
ceed to our results. We first prove a general theorem — which requires checking a somewhat
unpleasant condition in order to be applied — and proceed to give the following theorem
with an alternative condition, which is simpler and relatively easy to apply.

Theorem (3.2.1). Let wy,wy € C,0 € C\ {0} be constants with w1 # wa (1) and with
20(wy —wg) # —1 (1). Let (gp)p>0, (rp)p>0 be nonnegative integers satisfying

go=r0=0andq,—1,=pVpeN (2)

and for every p > 0 let fy(x), gp(x) be monic complex polynomials of degrees qp,r), respec-
tively.

For every m > 0,p > 0 define (n(p) := [z ] fp(z) and 1 (p) = [2"7"™]gp(z) (the
m™ highest coefficients of fp(x), gp(x)). Suppose (m(p), Tm(p) are polynomials in p of degree
2m with respective leading coefficients %, %Q,L VYm,p >0 (3).

Let (xn)nen be complex numbers such that nh_)rglo Xn = © (4). If (Xp)nen are real random

variables satisfying

E[(Xy)p] = 9o xn) VpeN,neN;n>p(5)

9p(Xn)

then 22=ElXsl 4 N(0,1).

v Var(Xny)

Using this result, we obtain a very useful corollary for the case where the f,(x), g,(x) are of
a “nice enough form” involving products of falling factorials (see Theorem 3.3.1). To get a
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better idea of the practicality of this theorem, one can compare it with the general result in
[7] involving factorial moments; Gao and Wormald’s theorem undoubtedly covers a wider
range of examples (because one only needs to deal with the asymptotics of the factorial
moments), but in situations where the factorial moments can be computed exactly and are
of this “nice form” (which is quite often), it is more convenient to apply our result.

We subsequently study some examples where Theorem 3.3.1 applies. We begin with a
quick verification for some simple discrete distributions (e.g. binomial, negative binomial).
We proceed to highlight a few more interesting examples arising from block statistics of
k-divisible non-crossing partitions, such as the number of blocks of size tk in a randomly
selected partition m € NC¥(n) (see section 4.3). By looking at generating functions, these
examples translate to analogous results in the context of rooted plane trees, a related struc-
ture also counted by the Catalan numbers (e.g. the number of vertices with outdegree tk
in a randomly chosen rooted plane tree 7' € T*(n) is also asymptotically normal). For
example, under this bijection, the following is a rooted plane tree and its corresponding
non-crossing partition:

T YT 1 1 |
1 2 3 4 5 6 7 8 9 10 11 12

Through these examples, we show how factorial moments can be computed efficiently using
Lagrange’s Implicit Function Theorem, and how our result can be applied easily to assert
asymptotic normality.

2 Preliminaries

2.1 The Binomial Coefficient

We recall the definition of and some useful facts about the binomial coefficient.
. _

. [ m O=h=)
Definition (2.1.1). The binomial coefficient (1) is defined by (1) = 4 0 E<0<3j.

(—DE(HEY <0<k

Remark (2.1.2). The following are elementary, well-known results.

o (1) =(,%) forallj ez ke
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o (1) =C%)+ () foralljeNkeZ
° (i) is a polynomial in j of degree k for all k € 720

e (The Binomial Theorem) (z +y)P = 3. (’;)xjyf”*j for all xz,y € R,p € Z (for p > 0,

this sum runs only for 0 < j < p since the rest of the terms are 0)

2.2 The Difference Operator

Next, we look at the theory of difference operators. The results discussed in this section,
based on [10], will allow us to express Stirling numbers of both kinds as polynomials of
a particular degree and leading coefficient in the next section, without computing those
polynomials explicitly.

Definition (2.2.1). For a sequence of real numbers (an)nen, we define the difference oper-
ator to be Aay, := apt1 — an Yn > 0.

If a, is a polynomial in n then the difference operator has some nice properties.

Proposition (2.2.2). Consider a sequence (an)nen which is a real polynomial in n of degree
d > 1 with leading coefficient o # 0, say a, = an®+ pn= 4 p(n) where p(x) is a polynomial
of degree at most d—2. Then Aay, is a polynomial in n of degree d—1 with leading coefficient
ad. Furthermore, A%, = ad! VYn € N and A% q, =0 Vn € N.

Proof. We have
Aap, = a(n+ 1% = + B[(n+ D)4 —n® Y + p(n + 1) — p(n) = adn® + p(n)

for some polynomial p(x) of degree at most d — 2. Thus Aa,, is a polynomial in n of degree
d — 1 with leading coefficient aud. By induction, it follows that AZa, is a polynomial in n
of degree 0 with leading coefficient ad(d —1)---1 = ad! (i.e. A%a, = ad!) and A% la, =0
for all n € N.

O

With some work, we can prove the converse. In particular, the overall goal of this section is
to obtain a sufficient condition on the difference operator of a sequence of numbers (a,)nen
that will imply that a, is a polynomial in n of degree d with leading coefficient «, for some
d and «. The following lemma, proved by Scheinerman in [10], shows that the difference
operator uniquely determines a sequence of numbers.

Lemma (2.2.3). Let (an)n>0, (bn)n>0 be sequences of numbers and let d > 1. Assume
ap = by, A%, = A%, =0Yn >0 and Aag = Alby V1 < j <d. Then a, =b, ¥n € N.

Using Lemma 2.2.3, Scheinerman [10] characterizes precisely when such an a,, can be ex-
pressed as a polynomial in n, and what this polynomial will be in terms of the difference
operator.
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Proposition (2.2.4). Let (ay)n>0 be a sequence of numbers. Then a, can be expressed as
a polynomial in n if and only if 3 k>0 s.t. A¥la, =0 Vn > 0. If this is the case, then

an = ag (g) + (Aap) <T> + ..+ (AFag) (Z)

Finally, by looking at the degree and leading coefficient of the polynomial expression in
Proposition 2.2.4, we get a necessary and sufficient condition on Aa, that implies a, is a
polynomial in n.

Corollary (2.2.5). Let (an)n>0 be a sequence of numbers, let d > 1 and let o € C\ {0}.
Then ay is a polynomial of degree d with leading coefficient o if and only if Aa, is a
polynomial of degree d — 1 with leading coefficient ad.

Proof. The = direction was already proved in Proposition 2.2.2. Suppose Aa,, is a polyno-
mial of degree d — 1 with leading coefficient ad. Then A%1a, = A+ (Aqg,) =0

SO a, = ag <g> + (Aag) (T) +...+ (Adao) <Z> by Proposition 2.2.4

and thus a,, is a polynomial in n of degree d with leading coefficient Ajuao by Remark 2.1.2.
Since Aa,, is a polynomial of degree d — 1, then by Proposition 2.2.2 we may see that
Ala, = A Y(Aa,) = (d — 1)!(ad) = dla, so a, is a polynomial of degree d with leading
coefficient a.

O

2.3 Stirling Numbers of the First and Second Kinds

Stirling numbers of both kinds occur throughout combinatorics. The unsigned Stirling
number of the first kind [ﬂ counts the number of permutations in S; with & disjoint cycles.
The Stirling number of the second kind {,Jc} counts the number of partitions a set of size j
into k non-empty subsets.

The Stirling numbers also appear when passing between powers and falling factorials.
Our general result is stated with conditions on the factorial moments E[(X,,)x] (because
these are easier to compute in practice), so Stirling numbers of the second kind will appear
as the coefficients when writing the raw moments E[XF] in terms of the factorial moments.
In a later section, when we investigate what sort of rational functions fit our general result,
we will go in the other direction: a falling factorial (x); can be written as a polynomial in
x, with Stirling numbers of the first kind appearing as the coefficients.

Definition (2.3.1). For j € Z=°k € Z define the unsigned Stirling number of the first kind

: i ) ,
[7] to be determined by (z); = > [1](=1) %% Vj € Z=° and by []] =0 fork > j ork < 0.

The following recurrence relation for unsigned Stirling numbers of the first kind follows
immediately from Definition 2.3.1.

Proposition (2.3.2). [/] =[["]]+ (G -]’} VeNkeZ
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Definition (2.3.3). For any j € Z2°,k € Z define the Stirling number of the second kind

, R .
{1} to be determined by a7 = kz;o {1} @) Vi € Z2° and by {1} =0 for k> j or k < 0.

The following recurrence relation for Stirling numbers of the second kind follows imme-
diately from Definition 2.3.3.

Proposition (2.3.4). { } ij} + k{jgl} VieNkeZ

We now apply Corollary 2.2.5 from the previous section in order to express Stirling numbers
of the forms [j_i] and { } as polynomials in j of a certain degree and leading coefficient.
This is the essential result from this section on Stirling numbers.

Proposition (2.3.5). For every fized © > 0, [J ‘J and {]3_2} are polynomials in j of degree

2i with leading coefficient =+ ST

Proof. Fix any i > 0 and define p;(j) = [ J Jomi() = { J Vi >o0. We will prove that
for all i > 0 by

pi(j) and n;(j) are polynomials in j of degree 2i with leading coefficient
induction on <.

Base Case: 1 =0

We have po(j) = u =1= 2010,jo = {J} = 1n0(7) so the claim holds for i = 0.

Inductive Hypothesm Suppose pi(J), m( /) are polynomials in j of degree 2i with leading

21!

coeflicient 57
Inductive Step. Define the. sequences a; = pi+1(7),b; := niy1(j) Vj > 0. Applying Propo-
sitions 2.3.2 and 2.3.4 we get the recurrence relations

i1 i1 j T 1o o
— = Z_
[j—z‘] [j+1—z'—1] L‘—z‘—l]ﬂ[j—z} Vi€

V) R PRSI RY o PRMINY RS N S

which are equivalent to a;j+1 = aj + jpi(4),bj+1 = b; + (j — )i (j) Vj € Z=°. That is,

Aaj = jpi(j), Ab; = (§ — i)mi(j) Vj € Z=°

By the Induction Hypothesis, both jpi(4) and (5 — i)m;(j) are polynomials in j of degree

2i + 1 with leading coefficient By Corollary 2.2.5, we get that aj,b; are polynomials in

21 2731
j of degree 2i + 2 with leading coefficient 2Z+2 22.1“ = m

O]

2.4 Signed Binomial Sum Identities

The key idea in the approach we will use to prove asymptotic normality is that certain
signed binomial sums are very easy to simplify. In this small section, we will give two
identities that faciliate the calculation of the leading term of E[(X,, — E[X,])*] in the proof
of the general result.



2 PRELIMINARIES 7

Lemma (2.4.1). Let p € N;m € Z=° with m < p. Then
: p p—ij/s p! me =p
Z . (_1) (])m = 0 .
—o ifm<p
where (§)m is the falling factorial j(j —1)---(j —m+ 1) with (j)o := 1.

Proof. Observe that

> (M) = 3 1) = 1P
=0 j=m

since the terms in the sum with 0 < j <m — 1 are 0

= - 1) (p=m (p —m)! —1)p—J
-2 e e UG Y
_ (P pyomm)—G-m)
> (")
:{(p)p ifm=p
(p)m(_l"i_l)pim ifm<p
_pt ifm=p
o ifm<p

by the Binomial Theorem.
O

This lemma itself is quite a useful identity. However, in the proof of the general result,
we will have signed binomial sums with some unknown polynomial in j in the place of the
falling factorial (j),,. Consequently, we will work with the following more general identity,
which is a straightforward corollary of Lemma 2.4.1 and Definition 2.3.3.

Proposition (2.4.2). Let p € N and let f(x) be a polynomial of degree at most p—1. Then

i (?)(—l)p—jjp =p! and jio <§>(—1)p_jf(j) =0.

im0 M

2.5 Extracting Coefficients

The proof of the general result relies on extracting coefficients from various polynomials.
The following result will aid us in this calculation.

Proposition (2.5.1). Let f(z) be a complex polynomial of degree d > 1 and let m > 0. If
a; := [ f(x)7 Vj > 0 then a; is a complex polynomial in j of degree at most m.
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Proof. Since f(x) is a nonconstant complex polynomial of degree d, then by the Fundamen-
d
tal Theorem of Algebra it can be factored as f(x) =0 [] (x + ;) for some (not necessarily

s=1
distinct) a5 € C and leading coefficient § € C\ {0}. But then Vj > 0, we have:

aéx]dmﬁ:m—as =5 > ﬁ[xj_mS](:B+O¢s)j_5 > H( ) :"

mi,...,mg>0 s=1 mi,...,mg>0 s=1
mi+...4+mg=m mi+...+mg=m
by the Binomial Theorem, where we sum over all tuples (my, ..., mg), including those with

some mg > j (since the corresponding binomial coefficient will be 0). By Remark 2.1.2,

o J
J—ms

ms

d .
) is a polynomial in j of degree mg. Thus each [] (jjms)as is a polynomial

s=1

every (

in j of degree ) my = m, so a; is a polynomial in j of degree at most m.

2.6 Convergence in Distribution to N(0,1)

Before discussing the main results of this paper, we must briefly recall the definition of
convergence in distribution, and also give a sufficient condition for asymptotic normality.

Definition (2.6.1). A sequence of random variables (Xy)neny with respective cumulative

distribution functions (Fp,)nen converges in distribution to a random variable X with cu-

mulative distribution function F if im F,(t) = F(t) VYt where F is continuous. We denote
n—o0

this by X, 4 x.

Definition (2.6.2). A distribution p is uniquely determined by its moments if whenever a
distribution v has moments of all orders equal to the corresponding moments of p, we have

w=uv.

The following known result, proven by Billingsley in [2], states that if a random variable X
is uniquely determined by its moments E[X*], then a sequence of random variables (X, )nen
converges to X in distribution if each sequence of moments converges to the corresponding
moment of X.

Proposition (2.6.3). Let (X,)nen and X be real random variables with finite moments
of all orders, such that the distribution of X is uniquely determined by its moments. If

lim E[X%] = E[X*] Vk € N then X, 4 X

In [2], Billingsley also shows that the standard normal distribution is uniquely determined
by its moments. Moreover, all higher-order moments of the standard normal distribution
are well-known.

K ks even
Proposition (2.6.4). Let X ~ N(0,1). Then E[X*] = {(()k/Q)mk L s odd for all k € N.
is o
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As discussed before, our goal is to find sufficient conditions on real random variables (X, )nen
that imply that Xn—E[Xn]

v Var(Xy)

conditions that imply

4N (0,1). By the results in this section, it suffices to seek

!

p .
lim E[(X, — E[X,])P] _ ) Grome D iseven
n—oo Var(Xn)P/2 0 p is odd

Vp € N.

3 The General Results

3.1 The Main Theorem

The following is the main result obtained in this paper; it states that if (X,,)nen is a
sequence of real random variables whose factorial moments are rational expressions in some
complex x, (where x, — oo) with coefficients and degrees satisfying certain conditions,

then 22—EXsl 4 N(0,1).

Var(Xy)
Theorem (3.1.1). Let w,d € C\ {0} be constants with 26w # —1 (1). Let (¢p)p>0, (Tp)p>0
be nonnegative integers satisfying

go=19=0 andqp—rp:preZZO (2).

For every p > 0 let fy(x), gp(x) be monic complex polynomials of degrees qp,ry, respec-

. . . a5t i Th—m
tively. For everym > 0,p > 1,0 < j < p define ap p(j) = [z h=1 1fite) I gn(x)
1<h<ph#j

(the m'™ highest coefficient of the expression). Suppose that a, ,(j) is a polynomial in j of
degree 2m with leading coefficient % (3), for allm > 0,p > 1.
Let (xn)nen be a sequence of complex numbers such that lim x, = oo (4). If (Xn)nen
n—oo

is a sequence of real random variables satisfying

E[(Xy)p] = 9" fplxn) VpeN;neN;n>p (5)

9p(Xn)

p! ;
hen 1 LK~ ELX ) :{WW piseven X, DX 40

50
n—oo E[(X,, — E[X,])2]P/2 0 p is odd Var(X,)

Proof. Substituting p = 1 in (5) yields the mean E[X,] = 6;1 1((;(:)). Moreover, fo = go = 1
so E[(Xy)p] = % Vp > 0,n € N. Now fix any even p € N and any n € N with n > p.
Step 1: Expand E[(X,, — E[X,])?]

Recall the definition of the Stirling numbers of the second kind. By linearity of expectation,
we may write the raw moments as linear combinations of factorial moments:

E[Xi] - Z{ 7 JEce)aviz o

—1
1=0 J
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We then expand the centered moments using the Binomial Theorem.

B0 - By = (1) c1psei “Z{j_z} X1

gn(Xn)

=0
> (O (=1 {3 A0 () 8 0w T
_j=0 =0 1<h<p,h#j—i
B g1(xn)? TI gn(xn)
1<h<p

J

S (-1 5 {14 Cutnn)

]: 1=0

D(n,p)

where D(n,p) and all C; j(n,p) are clearly polynomials in x,. In particular, the degree of

Xn in D(n,p) is e(p) := deg,, D(n,p) = pr1 + Z r, and the degree of x,, in C; ;(n,p) for

h=
any 0 < j <p,0<i<jis di(p) := deg,, Cij(n, p) (p — i) + e(p) by a straightforward
computation using (2). Observe that deg, C;;(n,p) depends only on i and p and not on j.

J .
Step 2: Compute the coefficient of xy, b/2P) ) > {jj_i}Ci,j(n,p) for each fixed 0 < j < p
i=0

Fix 0 < j <p. If i > j then {7} =0 and if i > p/2 then

di(p) = (p—1) + e(p) < (p —p/2) + e(p) = dp)2(p).

We may then see that [xy to/2(p Z {] Z}C” n,p) Z {j Z} p/2 1Ci j(n,p), so the

bounds of our sum need not depend on j. We will compute this coefficient as a poly-
nomial in j so that we can apply the signed binomial sum identity to get nice cancellations.

Recall that {f 3= o . pi(j) for some polynomial p;(z) of degree at most 2i — 1 from

Proposition 2.3.5. We will compute [, do/2(p )}Cm(n,p) for each 0 < ¢ < p/2 as a polynomial

in 7 with coefficients depending on 7 and p. By Proposition 2.4.2, we are only concerned
with the coefficients of ;™ for m > p — 2i (¥*).

Fix any 0 <14 < p/2. Observe that

Cij(n,p) =" b)) fiiln) I 9nlx)
1<h<phtj—i
has degree d;(p) = d,/2(p) +p/2 — i in xn. By definition of the ay, (), we have:
(OO ) =@ S I @ g @ ()

s1+sa+s3=5—i
51,32,53>0
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(i.e. we “lose” a factor of x5! from f1(xn)P~7, a factor of x52 from g;(x,)’, and a factor of

X2 from fi—i(xn) 11 gn(xn), for all nonnegative tuples (s1, s2,3)). Note that we
1<h<p,hsj—i
may include tuples (s1, s2, s3) that are outside the range of the corresponding degrees.

Consider the degree of j in each summand, fixing any s1, s2, s3. By Proposition 2.5.1,
[x(P=7)01=51] f, (2)P~7 is polynomial of degree at most s in p — j (so it is a polynomial of
degree at most s1 in j), and [27"1752]g; (x)? is a polynomial of degree at most so in j. Also,
s, p(J — 1) is a polynomial of degree 2s3 in j — i (so it is a polynomial of degree 2s3 in j).
Thus this summand is a polynomial in j of degree at most

Ss1+ 52+ 283 < 251 + 2589 + 253 = p — 21.

By (*), the only relevant products in the sum are for tuples where the inequality is an
equality. This only occurs when s; = so = 0 and s3 = £ — 4. Since the leading coefficient of

ag_iyp(x) is p/2 Z), # 0 by (3), we have

Sz
P24 0i(j)

dp/a(P)y ~ _ [ydi(p)—p/2+i1 .
Xn CZ, n,p)= Xn CZ, n,p ]
[ ] ]( ) [ ] ]( ) (p/2 o )

for some polynomial 7;(x) of degree at most p — 2i — 1.

p/2(p)

Step 3: Compute the coefficient of xp in the entire numerator and get some cancellations

We use our above results to compute the desired coefficient. Note that 1+ 53— # 0 by (1).

[xi‘“”(p)]f:<> sz{ } 5n.p)

=0

=

for some polynomial ori(:c) of degree at most p — 1

— (52w p/2p§/i' T éé( ) <(251w)ijp+0i(j)>

p/2

1 1
— (52 p/2 ' s
(6%w) ZZ; Wp2 =i <(25w)2.p.> by Proposition 2.4.2

p/2
2 p/2 p/2 1
= (0w p/2 i 2 ( i > 2ow)

| p/2
= (Pwyr? (1+ 1>

.

(»/2)! 20w



3 THE GENERAL RESULTS 12

Step 4: Compute E[(X,, — E[X,,])?]/E[(X,, — E[X,])?]P/? and take the limit

We will use big-O notation for simplicity, with f(n) € O(g(n)) meaning li_}m ‘]gc((z))‘ € [0, 00).

Observe that any term in the numerator of E[(X,, —E[X,,])?] where the degree of x, is higher
than d,,/5(p) will yield a polynomial in j of degree strictly less than p — 2i as the coefficient.
These will simplify to 0 when summed over j (by Proposition 2.4.2). Since the g;’s are
monic polynomials we get

| p/2 dy/2(p) dy/2(p)—1
(@ (1 gk )i o

w

E[(X, — E[X,))?] = Xe(p) N O(Xe(p)il)

In particular, we see that
2(8%w) <1 + 26110))(21(2) + 00?7

o

E[(X, — E[X,])%] =

It follows that

E[(X, — E[X,])?] _ @/ 50
E[(X, — E[X,])2]?/2 {26% <1 . 2§>]p/2xz(p)+gdl(2) N O(Xz(pwgdl(z)q)
where

dp/2(p) + (p/2)e(2) — e(p) — (p/2)dr(2)
(p—p/2) +e(p) + (p/2)e(2) — e(p) — (p/2)[(2 = 1) + €(2)]
0.

Since nh_)rgo Xn = 00 by (4), we see that nh_{r;o E][?[)((figﬁgﬁ?]?ﬂ =@ )@!P 75 as desired.

Step 5: Consider the case where p is odd

Now suppose p is odd. Note d|,/|(p) + (p/2)e(2) < dp/a(p) + (p/2)e(2) = e(p) + (p/2)d1(2)
(since d;(p) is a strictly increasing function of 7). Applying the same argument as above
thus gives a strictly lower degree for the numerator than the denominator. It then follows

that EE[(X"_]E[X"])p] =0 <L), and hence lim —olSn—EXaD"]

[(Xn—E[Xn])?]P/2 VX n=oo E[(Xn—E[Xn])?]r/?
O
Let us discuss the conditions (1) - (4) in Theorem 3.1.1. First, (1) is a technical condition
ensuring that the coefficient of Xff /2% i the numerator of E[(X, — E[X,])?] is nonzero

(to avoid computing coefficients of lower powers of y,). Asymptotic normality may still
hold when (1) is false; in fact other normality theorems do not impose such a condition.
Nevertheless, (1) will hold most of the time and the effort required to check that (1) holds
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is offset by the ease of use of this theorem. Next, condition (2) is simply a condition on the
overall degree of x;, in E[(X},)p], which is common in normality theorems.

The essential condition that makes this technique work is condition (3), which states
that the coefficients of fj(x) [[  gn(z) are polynomials in j with specific degrees and

1<h<p,h#j

leading coefficients. These pgrﬁguéjl" values yield both the cancellations of high degree
terms and the appropriate coefficients for asymptotically normal moments. However, it
may be unwieldy to calculate the coefficient of a product of many polynomials; it turns
out that there is a simpler sufficient condition on the coefficients of f,(x), gp(z) that will
imply condition (3). Finally, condition (4) allows us to cover a wider range of cases with
this theorem; however, in our examples we will only work with y,, = n.

3.2 Simplifying (3)

The following is Theorem 3.1.1 with new conditions (1), (3) and with w # 0 replaced by
wy — wa # 0 (where w came from condition (3) and now w;, w2 come from condition (3)).

Theorem (3.2.1). Let wy,wy € C,0 € C\ {0} be constants with wy # wa (1) and with
20(wy —wg) # —1 (1). Let (gp)p>0, (rp)p>0 be nonnegative integers satisfying

qo=10=0and gp—1p =p Yp €N (2)

and for every p > 0 let fp(x), gp(x) be monic complex polynomials of degrees qp,r), respec-
tively.

For every m > 0,p > 0 define (n(p) := [z 7] fp(z) and 1 (p) = [z"77™]gp(z) (the
m™ highest coefficients of the f,(x),gp(x)). Suppose (m(p), Tm(p) are polynomials in p of
degree 2m with leading coefficient %?;, %g: respectively Vm,p > 0 (3).

Let (xn)nen be complex numbers such that nh—>nolo Xn = o (4). If (Xp)nen are real random

variables satisfying

E[(X,)p] = Ph0n) e NopeNn > p (5)

9p(Xn)

4 N(0,1)

! .
then lim E[(X, — E[Xn))"] = (P/;)jw piscven 50 w
n—o0 E[(X,, — E[X,])2]P/2 0 p is odd Var(Xy)

(Note: One of w1, ws may be 0 (but not both), making the corresponding polynomial in j of
degree at most 2m — 1. This does not affect the proof.)

Proof. We clearly seek to apply Theorem 3.1.1 with w = w; — wy satisfying 26w # —1.
It thus suffices to check that condition (3) from Theorem 3.1.1 holds, where for every
. . 41y 3 rhem .
m>0,p>1,0<j<pwelet any(j) =[x h=1 Ifix) Il  gn(x). First, we
1<h<p,h#j
must deal with the product of the gp,(x)’s.
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D
. S rp—rji—e
Fix any p > 1. For every e > 0 and 0 < j < p, let 7 (j) := [zh=1 " 1 I g(o).
L<h<p.h#j
Note that the coefficients of the polynomial H gn(x) are constants. By a straightforward

induction argument based on extracting coefﬁments from the equation

[on@=g@ I o
h=1 1<h<p,h#j

and by using (3) we can prove the following claim.

(-w )

Claim: 7,.(j) is a polynomial in j of degree 2e with leading coefficient for every

fixede >0
For this same fixed p we will compute a, ,(j) as polynomials in j. For any m > 0,

P

)= Y @ T T )

s+t=m;s,t>0 1<h<p,h#j
= Z Cs(])?p,t(])
s+t=m;s,t>0

(—wg)t, .
- ¥ M) | S an)
s+t=m;s,t>0 ’ ’

for some polynomials ps(z), o¢(x) whose respective degrees are at most 2s — 1,2t — 1

- [é (7 Juwtt-u<] + o)

for some polynomial o(x) of degree at most 2m — 1

wy —w)™ .
= (m,JQm +a(j)

m

_ W oy .

where w = w; —wg # 0. Thus condition (3) holds as well, and the result follows by Theorem
3.1.1.
O

To summarize, it is sufficient to check that the coefficients of f,(z), g,(x) (namely (. (p), Tm(p))

are polynomials of degree 2m with leading coefficients of the form m, g,L respectively. This

is much simpler than computing coefficients of f;(n)  [[  gn(n ) and we will exclusively
1<h<p,h#j
use Theorem 3.2.1 in the specific examples highlighted in section 4.
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3.3 The General Result Applied to Products of Falling Factorials

In this section, we apply Theorem 3.2.1 to random variables whose factorial moments are
products and quotients of falling factorials in n and other polynomials in n of “sufficiently
small degree” (this is made precise below). This result is useful because countless real
random variables have factorial moments of this form.

Corollary (3.3.1). Letk,l € Z=° k-+l > 1, v1, ..., % V1o - - 5V €N, Bryeo o, By B -+, B €
C, at,...,op,0f,...,a;,0 € C\ {0} with
k 72 l 7,2 l k k 72 l )
//
SE YT W [[ol 2o (X2 - %) @,
s=1 ° ¢=1 1 = =1 °

Let (up)p>0, (vp)p>0 be nonnegative integers satisfying

uy =vg = 0,up — v, =p(u; —v1) ¥p € N (3) andul—vl—i—Z’ys—Z%:l (4)

and let yp(x), zp(x) be monic complex polynomials of degrees uy, v, respectively.

For everym > 0,p > 0 define by, (p) := [ "™y, () and ey (p) := [ "™ zp(z) (the m™
highest coefficients of yp, zp, respectively). Suppose by, (x), cm(x) are complex polynomials of
degree at most 2m — 1 for all m > 1.

If (Xy)nen are real random variables satisfying

k
aPyp(n) Hl(as” + Bs)y.p

l:
( ) H atn‘i_/@é)v{p

t=

E[(X,)p] = VpeN,neN,n>p (5)

,_\

then % N(0,1).

Proof. Step 1: Set-up the conditions of Theorem 3.2.1

k k .
o1l o yp() T1 (s + Ba)ap 2p(@) TT (@ + B
Let x, =nVn € N, 5_%,]"]9(;5): =1 t=1

o Zﬁlags)” = (i)

k l
and g, = up+p Zl Vs Tp = Vp+D tzl ~; for all p > 0. We clearly have gy = 9 = 0. Also, note
S= =

87 fp(n)

that fy(z), gp(x) are monic polynomials of degrees gy, r), respectively, that E[(X},),] = )

for all p > 0,n € N,n > p, and that

k ! k !
p — Tp = Up — Up +PZ’YS —PZ’% :P<U1 — U1 +Z’Ys —Z’%t) = p by (3) and (4).
s=1 t=1 s=1 t=1
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For every m, j 2 0 define Gu(j) = [09~™]f;(2), 7m(j) 1= [7/~"]g; (@),
Step 2: Compute (,,(j) as a polynomial in j for each fixed m > 0

k
We have (,(j) = Z [~ H eI M) (ozsx + Bs)ei

mo,...,mp >0
mo—+...+mr=m

Fix any such (mg, my,...,m) and determine an expression for each of the coefficients in
the corresponding summand. First, [2%~"0]y;(x) = by, (j) which is a polynomial in j of
degree at most max(2mg — 1,0). On the other hand, for every 1 < s <k and j > 0,

YsJ .
(s + Bs)y,j = [ 78] ] (=D)(asz + ﬁs)%j_e
b ez_; Vs) — €

. 1 1 s ’78] . .
= Ys)—Ms _ J— _1 €[ Ys]—Ms Ys]—€
B ]azﬂ (s + Bs)yai o ; 0 sz IR J(esz + )

Vs

%].76] = 0 whenever e > v,j and [2777™s](asx + B5)7*77¢ = 0 whenever e > mj

1S 7s) o i o vsi—e
_ o Ys]—Ms QMs—E€
=3[ 2 Jevamepee (7

since [

ozs —0 s] — € VsJ
— Z |: ’}/Sj :| . )ea;ms ;nse< ’YSJ — € >
VsJ — € VsJ] — Ms
where each [7351 e] is a polynomial in sj of degree 2e with leading coeflicient ﬁ by
Proposition 2.3.5, i.e. it is a polynomial in j of degree 2e with leading coefficient .
Moreover, by Remark 2.1.2, (WZEZZ) is a polynomial in vsj — e of degree mg — e (i.e. it
is a polynomial in j of degree ms — e). Thus each [%Vjie}( 1)ea; s ps—¢ (WZ;] s ) is a

Wlsj (a5 + fB5)+,; is a polynomial

in j of degree 2mg (corresponding to the e = mg term of the sum) with leading coefficient

polynomial in j of degree mg + e. It follows that [z =]

2m
(=1)msag™s QZme i- Thus each summand is a polynomial in j of degree

k k
max(2mgy — 1,0) + 2Zm5 < 2st = 2m,
s=1 s=0

and (,,(7) is a polynomial in j of degree 2m with leading coefficient given by the sum over
the tuples with mg = 0, namely

e s (i)

mi,...,mg >0 s=1
mi+...+mp=m mi+...+mr=m

1 1%% "
m! 282104S
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2
Is

k
Note: it is possible to have ) 1= = 0; this just means that (,,(j) is a polynomial in j of
s=1

Qg
degree at most 2m — 1.

Step 3: Compute 7,,(j) as a polynomial in j for each fixed m >0

By the exact same argument as in Step 2, we get that 7,,,(j) is a polynomial in j of degree

Lo 2\™ Lo
2m with leading coefficient % ( — % > 1’3) . As before, it is possible that ) 1o = 0.
) t=1 ¢ t=1 !
Step 4: Apply Theorem 3.2.1

o

i) #o

k ! k 2
Letwlz—%zlandwzz—%zL- By(l)wehavewl—ua:%(— 2=
=1

2R

«

»

S

All conditions of Theorem 3.2.1 are thus satisfied, and the conclusion follows.
O

Note that Corollary 3.3.1 still holds with the n replaced by x, (as in Theorem 3.2.1), but
we will not need this in the next section. Moreover, in practice it turns out that many
discrete random variables have factorial moments that are rational expressions with some
falling factorials, which fit the situation described in Corollary 3.3.1.

4 Applications

4.1 Basic Classical Applications

In [3], Bobecka et al. give the formulas for the factorial moments of some classical discrete
distributions.

e Binomial Distribution: Fix ¢ € (0,1). If X,, ~ B(n,q) then E[(X},),] = (n)p¢” Vp >0
e Negative Binomial Distribution: Fix ¢ € (0,1). If X,, ~ NB(n,q) then
p
X)) = () (151) W20

e Allocation of balls into boxes: Fix A,r € R, and sample uniformly from the distinct

ways of allocating n indistinguishable balls into An distinguishable boxes. If X, is the
(AM)p(An—1)p(n)pr Vp > (0
(n+)\n71)p(r+1> -

number of boxes with exactly r balls, then E[(X,,),] =

It is straightforward to check that all of these factorial moments satisfy the conditions in

Corollary 3.3.1 and so we get %@ 4 N(0,1).
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4.2 Lagrange’s Implicit Function Theorem and Factorial Moments

The following two theorems, discussed by Flajolet and Sedgewick in [6], will simplify the
computation of factorial moments in the examples we will discuss next.

Theorem (4.2.1). (Lagrange’s Implicit Function Theorem,)
Suppose g(u) = up(g(u)) where ¢(g) is a formal power series in g. Then
1

[u"]g(u) = ;[wn_l]qb(w)" vn € N.
Definition (4.2.2). The probability generating function of an integer-valued random vari-

able X is G(w) := E[wX] = ' i Pr(i)w’.

1=—00

Theorem (4.2.3). If X is an integer-valued random wvariable with probability generating

function G(w) then the p' factorial moment of X is given by E[(X),] = & G(w)

 dwP
w=1

4.3 k-Divisible Non-Crossing Partitions

As an example of random variables with factorial moments that satisfy the conditions of
Corollary 3.3.1, we will look at statistics on k-divisible non-crossing partitions, discussed
by Arizmendi in [1].

Definition (4.3.1). For anyn € N, a partition of {1,...,n} is a set m = {Vi,..., V. } where

0 #V; C{1,...,n} are pairwise disjoint and \J V; = {1,...,n}. V; are the blocks of .
j=1

A partition w of {1,...,n} is called non-crossing if there do not exist 1 <a<b<c<d<n

with a, ¢ in the same block V' of m and with b, d in the same block W of m where V # W.

For any k > 1, a partition w is k-divisible if the size of each block of 7 is divisible by k.

The set of k-divisible non-crossing partitions of {1,...,kn} is denoted by NC*(n).

For example, the following are a (1-divisible) non-crossing partition of {1,...,8} and a
3-divisible non-crossing partition of {1,...,6}:
]
1 2 3 4 5 6 7 8
| 1 |

|
1 2 3 4 5 6

To use the theorems in section 4.2, we first need a generating function g for non-crossing
partitions that satisfies g(u) = ug(g(u)).

oo .

Proposition (4.3.2). f(u,wi,wa,...) = > ww;(1+f(u,wi,ws,...))? is a generating func-
j=1

tion for all non-crossing partitions (of all sizes), where the weight of u is the size and the

weight of w; is the number of blocks of size j (for all j > 1).
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Proof. Consider any non-crossing partition 7 (of some size), let Vi € 7 be the block con-
taining 1 and let j := |V3] so j > 1. Observe that because of the non-crossing condition, V}
splits 7 into j disjoint (possibly empty) “pockets”, each of which is either empty or contains
a non-crossing partition of some (positive) size. For example, a non-crossing partition (of
some arbitrary size) with V; = {1,4,5,7} can be decomposed as shown below.

1 2 3 4 Y 6 7 8

—_— ~— —_— _—
pocket pocket pocket pocket
of size 2 of size 0  of size 1 of some size

Therefore a generating function for all non-crossing partitions (of all sizes) with u record-
ing the size and w; counting the blocks of size j (for all j > 1) is

f(uawlaw27 .. ) = Zu]wj(]' + f(uvwlana .- ))J
7=1

where the (1 + f)7 represent these j “pockets” (which are either empty or a copy of f),
where u/ comes from the j elements in V; and where w; comes from the block V; of size j.
O]

It follows that for a fixed k € N, the generating function for all k-divisible non-crossing
partitions is

oo
fre(u,wr,wa,...) = Zujkwjk(l + fr(u, w1, w, .. )) 7R
j=1

We want to apply Lagrange’s Implicit Function Theorem on gy (u, wi, . ..) := u(1+ fx(u, w1, ...))

[e.°]

and ¢(z) ;== 1+ > wjpa’* so that

Jj=1

gk (u,wi, . ..) = u(1+fr(u,wi,...)) = u<1—|—z wikgk(u, wi, wa, . . )3k> = ug(gr(u, wi,...)).
j=1

Proposition (4.3.3). |[NC*(n)| = ,m1+1 ((k“;l)”) = O W,k € N, which are known as the
Fuss-Catalan numbers.

Proof. Fix k € N. Note that |[NC¥(n)| is just the coefficient of u*" in fi(u,1,...). Set all
wj to 1. To simplify notation, let fi(u) := fr(u,1,1,...), let gx(u) := gr(u,1,1,...) and
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let ¢(x) :=1+ §1 2% = (1 — 2¥)~1 so that g(u) = u(1 + fr(u)) = up(gr(u)). Then

INCH(n)| = [u™"] fi(u)

= [ gr(u)
1 k kn+1
_ n n Th 421
L4441 by Theorem
1 knirq o ky—(kn+1)
= [""](1 — 2¥)
1
_ n(1 — —(kn+1)
kn+1 ") 2
1 —(k 1
_ < (kn + )> (=1)" by the Binomial Theorem
kn+1 n
1 (kn+1)+n—1
 kn+1 n
1 [((k+1)n
 kn+1 n

O

First, for any n,k € N, consider the random variable X,(Lk) (m) counting the number of
blocks of 7 (with 7 € NC*(n) chosen uniformly at random). We will compute the factorial
moments and then apply Corollary 3.3.1.

Proposition (4.3.4).

(kn +1)p(n)

E[(X{9),] = Gin ) P i, k,p € N with p < nk
p

Proof. Fix any such n,k,p. Set wjr = w Vj > 1. For a fixed w, to simplify notation, let

0 .
fk(u) = fk(u7w7w7 . ')7 let gk(“’) = gk(uvwawa e ) and let ¢($) =1 +]§1 wxjk =1+ luia;kk

so that gx(u) = u(l + fr(u)) = up(gr(u)). The probability generating function of X% s
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by Theorem 4.2.3

w=1

1 dP wxk |kt
S ad <1 + k)
CF(kn+1)  “dwP\  1-w w=1

1 X xk‘ kn+1-p l‘k p
S — (1 + ) (kn+1) ()
szk)(k:n—i-l) 1—xk P 1—:13k

__(kn+1), okn—pky (1 _ oky~(knt1)
O (kn + 1) =5
(kn+1),
O (kn + 1)
_ (kn+1), (—(lm +1)
W kn+ 1)\ n—p
__(kn+1), <(k‘n+1)+(n—p)—1>
P (kn +1) n—p
(kn +1)p(n)yp
(kn +n)p

[y"P](1 — y)~ ket

>(—1)”_p by the Binomial Theorem

We now apply Corollary 3.3.1 to get the desired asymptotic normality.

Th (4.3.5). Fi k€N, Then X0 ZEXa 4 g 1)
eorem (4.3.5). Fiz an . Then =t——=n ,1).
Y VvV Var X,(lk)
Proof. We want to apply Corollary 3.3.1 with u, = v, = 0 = degy, = degz, and with
o = yp(x) = z,(x) = 1. Note that (3) and (4) hold trivially. Next, we check condition (1)
by proving 0 < LHS — RHS of (1). We have
1212 12 1

gr = LHS = RHS of (1) = 5+ 5 = 179 = gy

Thus (1) holds. To check condition (2), we check that 0 < LHS — RHS of (2). We have

+1>0

1
R, S — RHS of (2) = (k+1)" —k g = (k+1) k(k<k+1)+ ) 0

F+1~
Therefore (2) holds as well. The desired conclusion then follows by Corollary 3.3.1.
O

Next, we consider a less trivial class of random variables on NC¥(n), namely block size
statistics. For any n, k,t € N with ¢ < n, consider the random variable Yét’k) which counts
the number of blocks of size tk in a 7 € NC¥(n) chosen uniformly at random. This is the
random variable to which we will apply Corollary 3.3.1. To do this, we first compute its
factorial moments.
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Proposition (4.3.6).

kn +1),(kn)p(n)
(kn 4+ n)petp

E[(Yn(t’k))p] = ( P Vn,k,p,t € N witht <n and p < nk.
Proof. Fix any such n,k,p,t. Set wy, = w,wj, = 1 Vj # t. For a fixed w, to simplify
notation, let frp(u) = fr(u,1,...,1,w,1,...), let gp(u) = gx(u,1,...,1,w,1,...) and let

¢(z) =1+ iwj’“r(w—l)ﬂf”“ = 7 +(w—1)2" so that gi(u) = u(1+ fi(u)) = ud(ge(u)).

Then the probability generating function of ert’k) is

1 mn 1 "
G(w) = @[uk | fi(u) = @[uk ow(u) = ®

1
kn+1

[2F7] #(2)F" 1 by Theorem 4.2.1, so

/g
BIV,) = o (ot o )| by Theorem 4:23

wP C'ék) kn+1 —
1 dr 1 kn+1
- ] (1= g + (0= D)
P (kn+1) dwP\1—aF w=1

_ (kn+1)p HFnptk) (1 — k)= (et 1)
O (kn + 1)
_ (kn+1)p Y PH (1 — y)—(lm+1—p)
O (kn + 1)
 (kn+1), (—(k:n+1—p)
0P\ n-pt
_ (kn+1), ((kn—i—l—p)—i—(n—pt)—l)
W (kn +1) n —pt
(kn + 1)p(kn)p(n)pe
(kn+n)pt4p

)(—1)"pt by the Binomial Theorem

We now apply Corollary 3.3.1 to get the desired asymptotic normality.

YR _gjy, R d

vV Var ngt’k) ~ N(07 1)

Proof. We want to apply Corollary 3.3.1 with u, = v, = 0 = degy, = degz, and with
o = yp(z) = zp(x) = 1. Note that (3) holds trivially and 1+1+¢— (1+¢) = 1 so (4) holds.
Next, we check condition (1) by proving 0 < LHS — RHS of (1). We have

Theorem (4.3.7). Fix any ¢,k € N. Then

12 12 2 @t+12 2 5 (t+1)?
gm.—LHS—RHSof(l)—?%—?%—T— FEl ok .

C2k+ 1)+ (KP4 k) k@ +2t+1)  PRT—-2k+k+2  (tk—1)?+k+1

R+ 1) Rt kkx1) Y
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Thus (1) holds. To check condition (2), we check that 0 < LHS — RHS of (2). We have
it :=LHS — RHS of (2) = (k+ 1) — &' -kt 10 gy = (B + 1) — KPgp,

(k+1)"2 —k(thk—1)2 -k -k (K+1)"2 —#2k3 + K22t — 1) — 2k

kE+1 kE+1
Observe that f(z) := (z + 2)(x + 1)z — 622 has roots 0,1,2 and is increasing for z > 2
so f(x) > 0 Vo > 2 and thus (t-§2) > t2 vVt € N. By inspecting the coefficients of k, k3 in
(k +1)"*2 we get hy, > 0 for this arbitrary k,¢ > 1. Therefore (2) holds.
The desired conclusion follows by Corollary 3.3.1.

4.4 Rooted Plane Trees

There is a natural bijection between rooted plane trees and noncrossing partitions arising
from their generating functions, which will give us other statistics to which we can apply
our result.

Definition (4.4.1). A tree is a connected undirected (non-empty) graph with no cycles. A
rooted tree is a tree with a node labelled as the “root” and edges directed away from the root.
The children of a node are its direct successors. A rooted plane tree is a rooted tree with an
ordering added to each node’s children. The outdegree of a node is the number of children.

A leaf is a vertex with outdegree 0. Let T*(n) be the number of rooted plane trees with kn
edges and all outdegrees of nodes being multiples of k.

For example, the following is a rooted plane tree with left-to-right ordering of children, with
11 edges and with the labels showing the outdegrees of each node:

In the next proposition, we give a generating function for rooted plane trees (for example,
as found in [6] by Flajolet and Sedgewick).

S . .
Proposition (4.4.2). t(v, 20, 21,...) = Y, v/2t(v, 20, 21,...) is a generating function for
§=0
all nonempty rooted plane trees, where the weight of v is the number of edges and the weight
of each zj is the number of vertices with outdegree j (for all j > 0).

Proof. Consider any nonempty rooted plane tree T' (of some size), and let the root R have
outdegree j for some j > 0. Observe that each of the j subtrees with one of the children of
R as the root is just an arbitrary nonempty rooted plane tree. For example, a rooted plane
tree with a root of outdegree 4 looks like:
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A A

R

where the triangles represent arbitrary nonempty rooted plane trees. Therefore a generating
function for all nonempty rooted plane trees with v counting the edges and z; counting the
vertices with outdegree j (for all 7 > 0) is

[e.e]
t(v, 20, 21,...) = Zvjzjt(v, 20y 21y - - +)’
=0

where v/ comes from the j edges going out from R and z; comes from R being a vertex of
outdegree j.
O

Fix k € N. It follows that the generating function for all nonempty rooted plane trees
with outdegrees divisible by k is

[e.e]
tk(va 205215 - - ) = Zvjkzjkt(v7 205 %1y - - ‘)]k
7=0

To apply Lagrange’s Implicit Function Theorem, define

o0
sk(v, 20, 21, - - -) 1= Vtg(v, 20, 21, .. .) = U<ZO + szksk(v, 205 21,5 - - )Jk)
j=1

But there is a natural bijection between s (v, 20, 21, ...) and gx(u,w1,...) given by v — wu,
2o = 1,2z; = wj ¥j > 1 (by observing that zp appearing in the above expression for s
stands for the tree with 1 node, which corresponds to the “1” in the expression for g;). In
particular, in this bijection between NC¥(n)U {0} and T%(n), edges of the tree correspond
to elements of the partition and the outdegree of the nodes corresponds to the size of the
blocks. This allows us to translate results involving trees to the context of non-crossing
partitions, as done by Dershowitz and Zaks in [5].

For example, the following is a rooted plane tree and its corresponding non-crossing
partition. To get this, note that there are 12 edges so we want a non-crossing partition of
{1,...,12}; the root has outdegree 2 and has 3 edges in its right subtree so the block con-
taining 1 is {1, 9}; recurse on the left and right subtrees of the root (i.e. on {2,3,4,5,6,7,8}
and on {10,11,12}).
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T YT 1 1 | |
T 2 3 4 5 6 7 & 9 10 11 12

Using this bijection, we get immediate corollaries of Theorems 4.3.5 and 4.3.7.

)

For any n,k € N consider the random variable X,sk
T € T%(n) (taken uniformly at random).

counting the number of edges of a

v (k) v (k)
Corollary (4.4.3). Fiz any k € N. Then wpf("k)] LN N(0,1).
Var X,

For any n, k,t € N with ¢ < n consider the random variable fﬁst’k) counting the number of

nodes with outdegree tk in a T € T*(n) (taken uniformly at random).

. ?,ﬁt”“LIE[?,St”“)] d
Corollary (444). Fix any t, k € N. Then W — N(O, 1)
Note that the random variables Yn(t’k),f/n(t’k) are only considered for ¢ > 1, since “the
number of blocks of size 0 in a non-crossing partition” is not well-defined. However, we
can still consider the number of vertices in a rooted plane tree with outdegree 0 (i.e. the

number of leaves), i.e. 17750”“). By this bijection and by Proposition 4.3.6 (with ¢t = 0), we

get the factorial moments of ?éo,k)'

Proposition (4.4.5).

(kn+1),(kn)

E[(Y,*9),] = D P \in,k,p e N with p < nk
p

-(0,k) (0,k)
Corollary (4.4.6). Fiz any k € N. Then % 4 N(0,1).
Proof. We want to apply Corollary 3.3.1 with u, = v, = 0 = degy, = degz, and with
o = yp(x) = z,(x) = 1. Note that (3) and (4) hold trivially. Next, we check condition (1)
by proving 0 < LHS — RHS of (1). We have

1212 12 k+2

:=LHS — RHS of (1) = — + — — =
I ) = T TR R T RELD

Thus (1) holds. To check condition (2), we check that 0 < LHS — RHS of (2). We have

k(k+2) 1
by ==LHS — RHS of (2) = (k+1) =K' k' ge = (k+ 1) = === == >0

Therefore (2) holds. The desired conclusion follows by Corollary 3.3.1.

>0

O]

There are various different bijections between rooted plane trees and non-crossing par-
titions which can be used to yield interesting correspondences between seemingly unrelated
statistics. Moreover, this simple procedure of determining the generating function, using
Lagrange inversion to compute the factorial moments, and applying Corollary 3.3.1 will
work effectively in many combinatorial settings beyond non-crossing partitions and rooted
plane trees.
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