SETTING UP AND CALCULATING WITH
THE FROLICHER SPECTRAL SEQUENCE

ALEKSANDAR MILIVOJEVIC

ABSTRACT. This is an expository note, based on the lectures and papers
in the references.

The sections of the exterior bundle of the complexified cotangent bun-
dle of a complex manifold naturally form a bigraded commutative alge-
bra on which the de Rham differential splits into two anti-commuting
bigraded pieces (one "holomorphic" and one "anti-
holomorphic"). Filtering this algebra in a natural way yields a spectral
sequence whose first page is the Dolbeault cohomology and whose last
page is isomorphic to the (complexified) de Rham cohomology. We will
discuss Frolicher’s original treatment of this spectral sequence as pre-
sented in his 1955 paper "Relations between the cohomology groups of
Dolbeault and topological invariants". The existence of this spectral se-
quence implies relations between the Betti numbers of a smooth manifold
and the dimensions of the Dolbeault cohomology groups of any complex
structure it may come equipped with.

The differentials on each page of the Frolicher spectral sequence can
be explicitly described, and one can wonder whether these differentials
uniformly vanish from some page onwards on a given complex manifold.
If the manifold is compact and Kéhler, or a compact complex curve or
surface, then this phenomenon happens on the first page. We will look at
some examples of non-Kéahler compact complex threefolds for which the
spectral sequence has non-trivial differentials past the first page. These
examples will come from the easy-to-work-with family of nilmanifolds,
and we will obtain explicit descriptions of each page of their spectral
sequences.

CONTENTS

1. THE SPECTRAL SEQUENCE OF A FILTERED COCHAIN COMPLEX

Before focusing on the Frolicher spectral sequence, let us consider the
more general setup of a filtered cochain complex. This material comes from
[Morgan]|; we fill in some of the easier details.

Our data is the following:
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e A bounded cochain complex C* of vector spaces, concentrated in
non-negative degrees

000 Sotberd . .oV 4o,

e A decreasing filtration F* = F*(C*) of the cochain complex, i.e. a
sequence of subspaces --- F" C F"*l C "2 C ... which satisfies
FO%(C*) = C* and F"'(C™) = {0} for all n. We require that the
differential d in the cochain complex is compatible with the filtration
in sense that d(F™) C F" for all n. In expanded notation, this is the
condition d(F™(C*)) c F*(C**1), since d(C*) C C**1. (By F™(C*)
we are denoting the intersection F™(C*) N C*.)

A filtration compatible with the differential on a cochain complex is a
powerful piece of data; it enables the following discussion, resulting in a
trigraded sequence of vector spaces called the spectral sequence associated to
the data of cochain complex and filtration. First, we note that the filtration
on C* induces a filtration on the cocycles and the coboundaries. Denote the
cycles in degree n by Z" = (kerd) N C™, and set

Fr*zm = F*C Nz = F* o™y n z™.

Note that FF1Z" = FFYCM)NZ" € FF(C")NZ" = F*Z", and we see
that [ induces a filtration on the complex Z* with trivial differential, with
the same properties as in the second point above. Similarly, denote the
coboundaries in degree n by B™ = (image d) N C™, and set

F*B" = F*(C*)n B™ = F*¥(C™)n B™.

We also obtain a filtration on the cohomology H*(C*). Namely, we have

H" = H"(C*) = imk‘fg‘:%, and we set

kerd N FkC™ Fkzn

imaged N F*C»  FkBn

Since F*1Z" ¢ FFZ" and FF¥'B™ C F*B", we have FF1H" Cc FFH™,
along with FOH" = H" and F"*'H™ = {0}.

Now, consider the associated graded vector space @Zzo ;;i(l—% of C™ ob-
FP(C™)

tained from the filtration. Note that abstractly we have C" = FrrL(Ony-

We can also consider the associated graded of H™(C*), namely B, _, Ffi(l—lé;zl)
Let us obtain a more transparent description of ;:i(l—lani) We have FPTIH™ =

Frtign

Frran, and by the second isomorphism theorem applied to FPT'B" =
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FrHizn N FPB" we have

Frrligzn  Fppn 4 prtign

Friign — =
Frtipn Frpn
Now, we have
Frz™
P H™ D 7N
FPH" FrEn ~ Frz
Fptlfn — FPB?-};PHZ” - Fptlgn + FrBn’
P BN

We would now like to form a sequence of approximations to the associated
graded of H*, starting with the associated graded of the cochain complex
itself. At each stage of the approximation, at a given total degree n and
filtration level FPC™, we will take those cochains whose coboundary lives
in some higher filtration level FP*" (i.e. the forms that are closed modulo
that higher filtration level), modulo forms in the next filtration level FP+!
satisfying this same property (that their coboundary is in FP*"), and modulo
coboundaries in F? of elements in a lower filtration, FP~"1. If we let r grow
very large, i.e. we are far along in this approximation procedure, then the
"higher filtration level" is {0} and the "lower filtration level" is all of C", and
so the corresponding "approximation" will be all closed forms of total degree
n and filtration level p, modulo closed forms of total degree n and filtration
level p + 1, and modulo coboundaries in FP. That is, this "approximation"
for large r will be exactly %, which is the piece of the associated
graded of H" considered above.

For any r (denoting how many steps of approximation we have done), we
are considering the vector space

{z € FPC" | dz € FPtC" 1}
{y c Fp+iCn | dy c Fp+rCn+1} + d(Fp—r-‘rlC’n—l) N FrCn

as our rth approximation to the associated graded % of cohomology.

Before we continue let us verify that this approximation really is starting
with the associated graded of the cochain complex itself, i.e. that for r =0

. . pCOm
this vector space is If;r—lccn Indeed, for r = 0 we have

{x € FPC™ | dz € FPC™ !}
{y € Fr+1C™ | dy € FPC™1} 4 d(FPHICn=1) N FPC™
Since d is compatible with the filtration, the numerator is just FPC", and the
denominator is FPTH(C™)+d(FPH(C™"1))NEFP. Again since d(FPT!) C FPH1
we have that the denominator is just FP*(C™), and so this vector space for

r=0Iis F};i(l—?gi) as desired.

Now, we want a way to move from one approximating vector space to
the next. First, note that in this sequence of approximating vector spaces
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indexed by r, we are keeping track of two indices: the filtration level p and
the total degree n. It will be easier to think about what follows if we write
p+q for the total degree instead of n. (Note that for p > n, the vector space
above is trivial, due to F"*1C* = {0}. We relabel the associated graded of
the cochain complex, and we define
o _ FrCOrta
0 FptiCpta’

along with the approximating vector spaces for general r,

e — {x € FPCPT | dx € FPtrCPTatl}

r {y c Frt+i(Cpta | dy € Fp+r0p+q+1} + d(pp—r+1cp+q—1) N FrCp+a’
We saw that for large r, we get the associated graded of the cohomology,
now denoted 22" We denote this by

Fr+1Hp+aq-
{z € FPC?*1 | dz = 0} FPrHP*4

P,q _

> {y € FrriCrta | dy = 0} + d(Crta-1) N FrCrta — Frrlfpta’
The EP? form our trigraded sequence of vector spaces mentioned above.
For each r, we call the bigraded sequence E* the rth page of the spectral
sequence.

To obtain some natural movement from E** to E,7,, we first note that d
induces a map on every page of the spectral sequence. Let us focus on r = 0,
ie. Fﬁ?—;iq Applying d to an element in FPCP*? gives us an element in
FrOPratl gince d is compatible with the filtration. Also, d maps FPHCPT4

into FPHICPTa+l and so d induces a map
pa _ FrCrta ﬂ) FpCptatl .
0 Fpr+1Cp+a Fr+1Qptatl o
In this new (p, q) bigrading, the induced map dy is of bidegree (0,1). Let
+ +10op+a+l
us also briefly consider EY? = {$El;i,€:cilqixfﬁngilq ! For an x in the
numerator, by definition we have dr € FPTCPT4*! and d(dz) = 0. For
y + dz in the denominator, we have d(y + dz) = dy, where y € FP*L
Therefore d induces a map
{:E c FrCprta | dr € Fp+10p+q+1} & {m c [rtiCptltg ’ dx € Fp+20p+q+2}
Fr+1Cpta  dFrCrtatl — Fprr2Cpt+ite 4 qFp+H1(Cptat2 ?
i.e. amap EP? — EPTY of bidegree (1,0).

Before we make a general statement, let us observe that the cohomology
of Ef? with respect to dy (which squares to zero since it is induced by d) is
isomorphic to EP?. Indeed, consider

Frortel rrCrte FrOptatl
KN b, ,
Fr+1(Cp+e-1 Fr+1(Cp+q Frtl(Cpt+e+1
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and consider kernel modulo image at the middle slot. The kernel of d is
{zeFP | deeFPt1} d(FPCPta—l)4prticrta
Fp+1Cp+a Fpricpta .

using that for V' C V., W/ C W, and a map V' % W that descends to a map

, and the image of d; is (Here we are

% — %, the image of the induced map is “mag;v—‘bfw) Taking the quotient
we see that
+1
Hpvq E*,* d — {xeifp"!‘ldgff‘f;p } ~U {.T 6 Fp | dx e Fp+1} — Ep7q
(Eo"s do) = Gmerra)rorices = d(FpCrta-1) 4 FrtiCrta 17
Fpr+1Cp+aq

In general, the FE,..; page will be the cohomology of the E, page with
respect to the differential d, though this is not so obvious as in the above
case of r = 0. This is the content of the following theorem.

Theorem 1.1. For any r > 0, the differential d on the cochain complex

C* induces an operator EP1 LY Eptra=rtl . (The operator is of bidegree
(r,—r 4+ 1) and squares to zero.) The cohomology of EX* with respect to d,
is isomorphic to E,.

Proof. First let us note that d induces a map EP? — EPT47"t1 i e a map

{zeFP|dzcFPTT} dr {zeFPTT |dzc FPT27}
{ye FPFH1|dyec FPFr}y 4 dFrP—7r+InFP {ye FPFT7+1|dyc FPT2r}y P+ 1InFP+T -

(We are omitting writing C?*7 and CPT971.) Note that for x in the numerator
of the left term, dx satisfies the condition to be in the numerator of the
right term, since dz € FP™ and d(dz) = 0 € FP™". A general term in the
denominator on the left is of the form vy + dz, where y € FP*, dy € FP*",
and z € FP™?" dz € FP. Then d(y + dz) = dy € dFP™ N FP*". Therefore d
indeed induces a map on E**. The map d, squares to zero since d does.
Now, let us calculate the cohomology of d, at the term EP?. First we
consider ker d,; a class [z] € EP? is in the kernel if for any representative x €
{x € FP|dx € FP™}, we have dz € {y € FPT" ! dy € FPT* } +dFPHiNFPHT,
So, dx = y + dz where y and z satisfy the listed properties. Since z € FP*+!
and dz € FP™ 2 is in the first term of the denominator on the left, and
so [z] = [z — z]. This new representative = — z has the nice property that
d(z — z) =y € FP™ 1 This is an "upgrade" from the previous dz € FP*".
So, every class [z] € kerd, has a representative in the space V' = {z €
FP | dz € FPT"*1}. Denoting kerd, = {yerH|dy€prr}+de,T+1me = %
(which is just the general form of a subspace of a quotient vector space),
and noting that our calculation above was carried out inside V' (which is the
vector space of all representatives of elements in kerd,.), we have V' C V
%

along with the fact that every element in 3 is represented by an element in
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V', Now, the map
Vv’ Vv
Viaw W
induced by the inclusion is in fact an isomorphism. Indeed, a class is in the
kernel if the image of a representative (i.e. the representative itself) is in
W since the representative is already in V’, it must be in V' NW, ie. 0 in
the quotient space. The map is surjective since for a class [v] € % we can
choose the class in % represented by an element representing [v]. Let us
now find a simpler expression for V'NW = {z € FF | dz € FF*""'}n({y €
FPldy € FP} + dFP~"1 N FP). We claim

{zeFP|da:€FP+T+1}ﬂ({y€FP+1|dy€FP+T}+dFP*T+1ﬂFP):{zeFP“|dz€FP+T+1}+dFP*T+1ﬁFP.

Indeed, the right hand side is easily included into the left. An element
on the left is of the form z for x € F? and dx € FP™*! but also of the
form y + dw, for y € FPtY dy € FPt" z ¢ FP"t! dz € FP. Since
dy = d(y + dw) = dv € FP™ ! we see that y + dw fits the description of
the right side of the equation. So, we have concluded
ket d. o {x € F? | dx € FPrt+1}
T e Frl | dz € Frrrl) 1 qFrrHi O Fr

Now we consider the image d,.(EP~"9T"1) C EP? i.e. the image of the map

{zcFP~"|dzcFP} dr {z€FP|dzcFPTT}
{ye FP—7T+1|dyc FPY+dFP—2T+1AFP—7 {ye FPT1|dyc FPF7}4aFP—T+IAFP"

Since the image lands in the kernel (and we identify the kernel with the
above quotient space under the inclusion map), we have

LAde | € FP7 de € FPY + ({z € FP™ | dz € FP7 ) 4 dFP~"+1 N FP)

image d, = {z € Fri | dz € Frtrl} 1 dFr—r+iQ Fr
dFP" N F? 4+ {z € FP™! | dz € FP 1}
" {z € Frtl | dz € Frirtl} £ dFpriin Fr
since in our usual notation {dz | x € FP™",dx € FP} = dFP~" N F?, and
dFP~"*1 N FP C dFP~" N FP. Finally, we have

{z€FP | deeFPT+1}
ker d, ~ {2€FPt! | dzeFPHr+1}4dFP—r+1NFP

image d © _dFPTTOFPH{zeFPtl | dzeFrirtl}
" {REFPFT | dzeFPH T 4 dFP—TTINFP

~ {x € FP | dx € FPTT1}
{2z € Frtl | dz € Frirtl} 4 dFr—r N Fr’

_ Psq
- ErJrl .
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2. THE FROLICHER SPECTRAL SEQUENCE

Now we apply the story in the previous section to construct the Frolicher
(also known as Hodge-to-de Rham) spectral sequence. Let M be a compact
complex manifold of complex dimension n. Denote by AP? the space of
smooth complex-valued sections of the bundle APTM & AYTM, where T M
denotes the holomorphic tangent bundle. Equivalently, one can consider
the complexification of the smooth tangent bundle, TM & C, which splits
into eigenbundles for the complexification of the endomorphism J of the
tangent bundle that determines the complex structure on the real tangent

bundle, i.e. in some coordinate Chart (21, oy zn) = (1 + 1y, .o, Ty + 1Y)
the operator defined by J% = ay , Ja‘z = —%. Denote the splitting by
J J J

TYOM @ T%' M, where T is the i-eigenbundle, and is in fact isomorphic
as a complex bundle to the holomorphic tangent bundle, and T%! is the —i-
eigenbundle, isomorphic to the conjugate of the holomorphic tangent bundle.
Then for any k we can consider the exterior bundle A*T'M ® C, which splits
as AFTM ® C = D,y APTHOM A AITOI M the space AP is then the
space of smooth complex-valued sections of APTM @ AYTOIM .

In local coordinates, an element of AP? is simply a sum of terms of the
form fdz; A--- Ndz, A dzj, N+ A d,gj , where f is a smooth function with
values in the complex numbers On the bigraded algebra @ - AP? we can

consider the operators 0 and 9 of bidegree (1,0) and (0, 1) respectlvely. The
operator d acts on a homogeneous term by

Ofdzi, A - -Ndzi Ndzj A - Nz, = Za dzpNdzi A - Az Ndzj A - Az,
2k

and similarly for 9. We can also consider the complexified de Rham exterior
derivative d on this bigraded algebra, and (as can be checked by noting that
every form is locally a sum of products of functions and one-forms, and d,
0, O satisfy the Leibniz rule) we have

d=0+0.

Note that from d> = 0 it follows that 0> = 0, 9> = 0, and 90 = —90, by
looking at the pieces of the equation in each grading.

Let us now denote AF = @p L g=r AP?. In this singly-graded algebra, d is
a degree +1 differential. The complex (A*,d) will be our cochain complex
from the previous section. Our filtration will be

rPAb= P AV

i>p,i+j=k
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We have FPA* = A*  and since the space AP is trivial as soon as p or ¢
are > n, we have F"1AF = {0} for all k.
We now translate our conclusions from the previous section into this sit-
uation. The spaces E}? are by definition
EP4 — Fp<Ap+q) _ @izp, i+j=p+q A ~ AP
0 FrH1( Ap+a) Ais

691'210+1, i+j=p+q

The map AP? — EF? induced by inclusion is an isomorphism. Consider
FP(APTT) d Fp(Ap+q+l)
Fp+i(Ap+a) = FpFi(AptaTly: An

element in the domain is of the form o + FPT1(AP™9), which under our
identification of the Ej, page is the form «. Applying d yields do + FPTL.
Writing da = da + da, and noting that da € FP*! (since O raises the p
degree by one), we have that da + FP*! = 0o+ FP*! which we identify with
Jda. So under our above identification of the E, page, the d, differential
is the O operator. That is, the class in Ejy given by [z], where z is the
unique representative determined by the identification of Ejy above, is such
that do[x] = [0z], since 0 is of bidegree (0,1) and thus sends these unique
representatives to other classes’ unique representatives. Therefore we can
calculate the cohomology of (Ey™, dy) as the cohomology of (A**,3). So, we
have (by our theorem in the previous section),
Ef’q ~ ker Q(Ap’q) _ H?’q(M),
image J(AP4—1) 9

where HZ?(M) denotes the Dolbeault cohomology. These Dolbeault coho-
mology groups are known to be finite dimensional on a compact complex
manifold (by Hodge theoretic arguments).

Now let us turn to the F, page. We know that abstractly @, =PI =
H*(A* d), just by a dimension count. The cohomology H*(A*,d) is simply

now the differential on the E, page, i.e.
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the complexified de Rham cohomology, i.e. the cohomology of the complex-
ified de Rham complex (since any form in A* is locally a sum of terms of the
form fdz;dz; for some indexing sets I and J, and complex valued function
f; expanding dz; = dx; + idy; and dz; = dx; — idy; and splitting f into
its real and imaginary parts, we have our conclusion). So, the sum of the
complex dimensions of the spaces EZ? for p+q = k is the kth Betti number
br (defined as the real dimension of the corresponding cohomology group in
the real de Rham complex). On the other hand, note that for any p, ¢, r we
have dim EP? > dim EY/,, since the r 4 1 page is the cohomology of the
page. In particular,

D dimEPT> Y dimEYY > > ) dim BB = by,

it+j=k i+j=k i+j=k
Since E7? =2 HZ?(M), denoting h?? = dim H“, we thus have the following
theorem:

Theorem 2.1. On a compact complex manifold M, for any k we have

T

pt+q=k

where hP4 denotes the complex dimension of the Dolbeault cohomology group
HEY(M), and by denotes the real dimension of the kth real de Rham coho-
mology group Hyr(M).

Remark 2.2. It should be noted that h?”? in general depends on the complex
structure, while by, is a homotopy invariant. See [Angella, Appendix A] for an
example of two diffeomorphic 6-manifolds equipped with complex structures
such that the h”? numbers generally differ. In complex dimensions 1 and 2,
it turns out that the numbers AP¢ are in fact homotopy invariants.

Example 2.3. Suppose we have a complex manifold such that for some k,
equality Zp =k M7 = by, is achieved. We can consider slightly deforming

this complex structure, in which case ker 9 can only "decrease in dimension",
and image 0 can only "increase in dimension", and so a small deformation
results in HY? decreasing in dimension (or staying the same). (The spaces
involved are infinite-dimensional, so this is just a vague guiding idea.) Pre-
cisely, h?? is an upper-semicontinuous function of the complex structure on
the underlying smooth manifold. Since Zp =k M7 = by, before deforming
the complex structure, and b, stays constant throughout the deformation
(since the diffeomorphism type of the underlying manifold is preserved),
and each hP9 stays the same or decreases, we conclude that > ., h?? = by,
remains true in a neighborhood of our original complex structure.
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We now turn to calculating the Euler characteristic of our complex man-
ifold M (a homotopy invariant) using only the numbers h??. We use only
the simple linear algebra fact that the alternating sum of the dimensions of
the spaces in a finite-dimensional complex (C*, d) is equal to the alternating
sum of the dimensions of its cohomology groups H*(C*,d) (note the inde-
pendence of the differential d), and the harder fact mentioned above that the
first page E7™ of the Frolicher spectral sequence consists of finite-dimensional
vector spaces. Consider the singly-graded complex (€D EY? dy). The
alternating sum of dimensions of its constituents is

DY (—1)kwe

k  pt+qg=k

pHq=x*

On the other hand, the cohomology of this complex is P, ,_, E5?. The
alternating sums of the dimensions of the terms of this singly graded complex
obtained by grouping the terms of the Fy page with a common total degree is
the Euler characteristic of its cohomology with respect to the d; differential.
Inductively, we conclude that the Euler characteristic of (B,,,_, £7, do)
is the Euler characteristic of (D, ,_, E%1,0), which is the alternating sum
of the Betti numbers b,, i.e. the topological Euler characteristic x(M). We
record this observation as our following theorem.

Theorem 2.4. For a compact complex manifold M, we have

Z(—l)p+th’q = x(M).

p.q

Remark 2.5. There is a symmetry among the numbers A7 on any compact
complex manifold, namely h?? = A"P"~9 where n is the complex dimension
of M. This follows from the classical Serre duality. We also note that if M
is connected, then h%° = 1 (since Hg,o is the space of holomorphic functions
on M), and so by Serre duality A" = 1 as well.

3. A VISUAL DESCRIPTION OF THE TERMS AND DIFFERENTIALS

In the bicomplex (A**, 9, ) of forms (which we identify with the Fy page)
on a compact complex manifold, we can ask for a picture of what the ele-
ments on a later page F, look like, and how the induced differential d, is
determined from this picture.

As a somewhat special case, let us first make a picture for the F; page

and the d; differential. Recall, E¥"? = {regpp lffdeﬁpﬂ}. A representative of a

class in EY? is a class ap g+ 0pi1,9-1+ - - -+ Qpigo, Where d(ay, g+ Qpi1g—1 +
oo+ Qpigo) € FPTL (The subscripts denote the bidegree of each form.)
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From here, as we saw, it follows that da,, = 0. Now, di(qpq + Qpi1 g1 +
...+ Qpiq0) s represented by

d(apg+ Opi1g-1 F - o+ Qpigo) = 0 g+ d(api1 g1+ ... + Qpigo),

which in EP*" is the class of da,,. Therefore, under our identification of
the Ey page with the bicomplex of forms, a term is on the E; page if it
is O0-closed, and its differential on the F; page is represented by O of the

representative used under the identification of Ej.

{z€FP|dzeFPT"} A
{yeFPT1|dye FPTr}+dFP—r+INFP "
representative is of the form = = o, + aprig-1 + ... + Qpygo, With the
property that d(ap g+ @pi1,9-1+- ..+ pigo) € FPT". This means that some
cancellation has to occur in order for the differential to land in the higher

filtration level FP*t".

Let us now consider an element in EPY =

f IV s ]
| AR
df.b"::' '_1 AN /

2 (A~

L|

© i /
Ayt = s

= il SREEEE oL == AN

Specifically, the following has to happen:
o day, = 0,
® Jay g+ dopy1 g1 =0,

® Japi1 g1+ 0apiog0 =0,

o ao‘4p—|—7"—2,q—7"-l—2 + aap+r—1,q—r+1 = 0.
Think of x therefore as a sum of homogeneous elements in FP, such that
the differentials applied to the terms outside of the filtration level FP*" link
together (i.e. cancel each other out) to form a zig-zag that makes its way
into FP*7,
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Now let us look at the denominator of EP?. An element in {y € FP*!|dy €
FP*} has the same description as our representative 2 above, except y €
FP*1 instead of FP. So, in EP? we can modify our zig-zag x by any such
"lower" zig-zag y without changing the corresponding class.

i

osBicakion

V

We also mod out by elements in dFP~"1 N FP, i.e. the differential applied
to elements in FP~"*! with a zig-zag that makes it way into FP causing a
cancellation of all the terms in the differential that are outside of FP”.

-

F’?’”k f— P

]

.. __.'-.
Lo o TN
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The following theorem from [CFUG]| cleans up and makes precise the
above description.

Theorem 3.1 (CFUG Theorem 1). The space EP9, forr > 2, is isomorphic
to the quotient

{ap, | O,y =0 and there exist ay,y iy i such that

80-/p,q + aO[p—‘,—l,q—l = 07 s 78ap+7‘—2,q—r+2 + 8ap+r—1,q—r+1 = 0}

{8ﬁp—1,q + 5ﬁp,q—1 | there exist Bp—27q+17 ce 75p—r+1,q+r—2
such that aﬁpfi,quifl + 85pfi+1,q+i72 =0 and a/Bpfr+1,q+r72 = 0}

P {zeFP | dzcFP+r}
Proof. Recall EP? = (EFPFL | dyeF ot} fdFs - FIAF -

phism theorem for vector spaces, we have

By the third isomor-

{z€FP | decFPt"}

{zeFpP+l | dzeFp+r}
{yeFrtl | dye Fp+r}i4dFp—r+IinFr*

{zeFpP+l | dzeFp+r}

12

20
EP

Now applying the second isomorphism theorem for vector spaces (i.e. % =

VKVW) to the expression in the denominator, we have

{z€FP | dzeFP*TT}
P o {zeFpP+l | dzeFpPtr}
ro dFp—r+1nfFp
{yeFr+l | dycFrrindFpr—r+INFP

We see that {y € FF* | dy € FPT"}NdFP~" " N FP = dFP~" 1 N FPHL since
FPTt C FP and dy = 0 for any such y € dFP~"1. So, we have
{zEFP | decFPTT}
FPa o {zeFpP+l | dzeFpP+r}

dFP—T+inFpP
dFP—TFIOFPTI

We focus now on the numerator, and note

P p+T
{ZL‘ S F | dl’ € F } o {apyq+ap+l,q—1+“'+O‘p+q,0 | d(o‘p,q+ap+1,q—1+"'+o‘p+q,0)€Fp+T}

{Z € Frtl | dz € Fp+r} {apti,q—1+Fapiqo | dlapyi,g—1+-Fapyq0)€FPTT}

Y .
= {ap,q | there exist apt1,q—1,---,Xp+q,0

such that d(ap,q+ap+1,q—1-++Qptq,0)EFPTT.

Indeed, the map from the last expression into the second-to-last expression
obtained by taking any a,114-1, ..., piq0 for a given ay, , to its class in the
quotient is an isomorphism. This is exactly the description of the numerator
we want from the statement of the theorem.
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As for the denominator term, we have

p—r+1 D
dF nr — {dﬁEde7T+l\(dﬁ)p77-+1,q+771:0 <<<<< (dB)p—1,q—1=0}
dFpr—r+1 N Fp+l {dBE€dFP=TT1(dB) p_ri1,g4r—1=0+(dB)p—1,q—1=0,(dB)p,q=0} "

As in the case of the numerator, we conclude that this is isomorphic to
the desired denominator in the statement of the theorem. (The assumption
r > 2 is used here; otherwise the indexing of the terms in the denominator
of the statement of the theorem isn’t meaningful.) OJ

Using this description we obtain a simple description of the differential on
the second page onwards. (Recall we have identified the differentials on Ej
and E;.) Note that d is compatible with the description of E** given in the
theorem, in the sense that it induces a map from the numerator of the new
description of EP? to the numerator of the new description of EP*7a—"+1

that sends the denominator to the denominator. (This follows immediately
from 0% = 9% = 90 + 90 = 0.)

Theorem 3.2. For [a] € EPY (suppose r > 2), we have
d,Ja] = [0y r—1,4-r1] € EETTTHL
where o = ay g +0pp1,g-1F  FQppr_1 g—r41t  F Qg0 18 any representative
for [a].
Proof. Consider

d(O‘p,q T Qpyr—1g—r+1 T Qpppg—r T O‘p+q,O)

= 0ptr—1,g—r+1 + A(Qprrg—r + + Apigo)-

Now, d,[a] is represented by (da)pg = 0apyr—14—r41 (since doy, -1 can be
absorbed into the denominator as Oa, .1 + 00), which satisfies the new
description of the numerator of EF*"~14~"+1 with all other forms o;; = 0
(since D0pir—14-r+1 = 0 and so we can take all the other forms to be
trivial). O

4. DEGENERATION OF THE SPECTRAL SEQUENCE

For a complex n—dimensional manifold X, we note that the space AP is
trivial if p or ¢ is at least n 4 1. So, we have E}'{, = EP4, i.e. the terms on
the n+ 1-st page of the Frolicher spectral sequence are the associated graded
pieces of the complexified de Rham cohomology. We can ask whether we
have EP? = EP for all p, q for some < n+1. Note that since EP'? decreases
in dimension as r increases, BP9 = EP9 implies BP9 = B, = ... & EPA.
Since EYf, is the cohomology of EP with respect to d,, this implies that
dy,d,y1,...are all identically 0. Conversely, 0 = d, = d,,; = --- at all (p,q)
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implies that E,. = E.,. We say the spectral sequence has degenerated at page
rif 0 =d, =d..; =---. For a complex manifold X let us denote by r(X)
the minimum such number, and we say the spectral sequence degenerates
on EP if r is the smallest number such that EP? = EP4. As we saw, r(X)
exists and satisfies r(X) < dimg(X)+1. Since Ef? is an infinite-dimensional
vector space, and EV? is finite-dimensional, we also have r(X) > 1.

Theorem 4.1. If the complex manifold X is Kdhler (i.e. there exists a
Kidhler metric for the complex structure), then r(X) = 1.

Proof. First let us see why dy = 0. The only property of Kéhler manifolds
that we will use is the d0-lemma, i.e. the property that if a form Qpq 1s d-
closed (which is equivalent to being d- and d-closed for homogeneous forms)
and 0- or d-exact, then a,,, is d0-exact, i.e. there is a form 3, 1, ; such
that 08, 141 = a,4 (Note that then we also have 99(—3) = a.) Now,
take a representative a,,, of a class in EP?; note that this means da,, = 0.
Then, as we saw, day, , represents di [y, ] in BV However, day, , satisfies
dday,,, = 0 and dda,,, = —0da,, = —00 = 0, and so there is a 3,, 1 such
that 005 = Oay, 4. In particular, daoy,, is O-exact, and so represents the 0
class in EP". We conclude d; = 0.

Now let us see that d, = 0 for r > 2 (the argument will be virtually the
same). We will use Theorems 3.1 and 3.2 for the description of elements
in £77 and their differentials. Let o, , represent a class in EP9; this means
there exist apq1,4-1, - - -, Optq,0 such that 8ozp,q+5ozp+1,q_1 =0,...,00p 1o+
Oy ir—14-r+1 =0, and d, |, ] is represented by da, 1,14 ,+1. Note that by
the same argument we used above, day,, = 093, , 1 for some 8,, ;. Then
we can replace a, 11,41 by By 41, since day, ,+008, 41 = Oy — 0y, = 0,
and we can replace ®pi94-2,...,0p+q0 by 0's. Now d,[a,,] is represented
by 00 = 0 and so d,|o, 4] = 0.

&
!
.

6_,_..-.
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Remark 4.2. The above theorem tells us that for any compact complex
manifold X satisfying the 0d-lemma property, we have

P HY(X) = Hjp(X)®C

pta=k

for all k. On a Kahler manifold, it is well-known that this splitting has
further structure, where it is known as the Hodge decomposition.

Remark 4.3. Note that any complex structure on a complex curve (n = 1)
is Kéhler (in fact any metric compatible with the complex structure will be
Kahler), and so the spectral sequence degenerates on the first page. Also,
even though not every complex surface (n = 2) is Kéhler (for example the
Hopf surface, diffeomorphic to S* x S3), it is true that r(X) = 1 for all
complex surfaces X (see [BHPV, IV.2.8]).

Let us now see that there are complex manifolds with »(X) > 2. Both
examples will belong to the class of manifolds called nilmanifolds, which we
will see are easy to work with.

Example 4.4. (Iwasawa manifold) Consider the complex Lie group G con-
sisting of upper-triangular matrices of the form

o O
O = 8
ok W

where x,y, z are complex coordinates. Consider the subgroup I' of (Gauss-
ian) integer points in this group, i.e. matrices as above with integer entries
x,y, 2. Note that left multiplication by elements in I' gives biholomorphic
maps G — G, and so the quotient X = I'\G will be a complex compact
threefold (n = 3), known as the Iwasawa manifold.

Let us see what the left invariant holomorphic one-forms on G are. For
A € G, consider the expression A~'dA; the left-invariant holomorphic forms
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will be the entries of the resulting matrix. We have
-1

1 z =z 0 dr dz
AMdA=[0 1 y 0 1 dy
000 0 0 0
1 —x zy—=2 0 dr dz
=10 1 —y 0 1 dy
0 0 0 0 0 O
0 dr dz—zdy
=10 0 dy ,
0 0 0

and so a basis of the space of left-invariant holomorphic one-forms on G is
given by {dz,dy,dz — xzdy}.

Considering G as a real Lie group equipped with a left-invariant complex
structure (namely, the one sending the vector field corresponding to the real
part of one of these complex coordinates to the vector field corresponding
to the imaginary part of that same complex coordinate), we have that the
real dual of its real Lie algebra g satisfies

g" ® C = span(dz, dy, dz — zdy) @ span(dz, dy, dz — xdy)
= span(dz, dy, dz — xdy) @ span(dz, dy, dz — zdy)

on the level of vector spaces. In fact, this splitting is also true on the level
of (dual) Lie algebras, due to the integrability of the complex structure. We
can now form the exterior product Ag*®C of g*®C (in analogy with forming
the exterior product of TM @ C = T'OM @ T%' M), and we have

Ag*®C = @ APspan(dzx, dy, dz — xzdy) A Nspan(dz, dy, dz — zdy)

ptq=k

as vector spaces. Let us denote @ = dx, f = dy, v = dz — xdy, and
note that we have daw = df = 0 and dy = —dadf (and similarly for the
conjugates). The algebra Ag*®C naturally has the structure of a differential
graded algebra where d is determined on the generators in degree one by the
above relations, and is extended over all higher-degree forms according to
the (graded) Leibniz rule.

Note that left-invariant smooth forms on G descend to forms on X = I'\G.
This map is multiplicative, commutes with the exterior derivative d, and
sends elements of bidegree (p, q) to (p,q) forms. So, p is a map of cochain
complexes that respects the filtration used in setting up the Frolicher spectral
sequence. It follows that p induces a map on every page of the ensuing
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spectral sequences. By a classical theorem of Nomizu, the following is known
about this situation focusing only on the underlying smooth manifolds:

Theorem 4.5. (Nomizu) Suppose G is a simply-connected nilpotent (real)
Lie group, and suppose I is a subgroup such that T\G is a closed manifold.
Then the map of differential graded algebras (Ag*, d) — AqL(T\G, d) send-
ing a left-invariant smooth form on G to its descended form on I'\G induces
an isomorphism on cohomology. (Here Agr denotes the space of smooth
forms.)

We note that our group G of upper-triangular matrices is indeed nilpotent
(all threefold commutators will be the identity matrix) and simply-connected
(since G is diffeomorphic to C? via the coordinates w,y,z). In general,
manifolds obtained as quotients of simply connected nilpotent Lie groups by
a discrete subgroup are known as nilmanifolds.

In our scenario of a Lie group with left-invariant complex structure (in

fact, we have more, namely a complex Lie group), Nomizu’s theorem guar-

antees that the map of filtered cochain complexes (A*g* @ C,d, FP) N

(AkL(T\G) ® C,d, F?) induces an isomorphism on the F,, page (i.e. on
the associated graded of the cohomology). In order to do calculations with
the Frolicher spectral sequence on I'\G, we would like to know that p in-
duces an isomorphism on the E; page. From here, it would follow that p
induces an isomorphism on all subsequent pages as well (since one page is
the cohomology of the previous one, and the map is compatible with the fil-
trations). Note that p cannot induce an isomorphism on the Ey page simply
for dimension reasons.

It is not known in general that such a p, mapping from a Lie group with
left-invariant complex structure to its quotient, induces an isomorphism on
E; (such maps are known as FEj-quasi-isomorphisms), but in this example
and the next, it is known to satisfy this property. An account on the state
of this problem can be found in [Rollenske].

So, let us take this result that p in our situation G — I'\G is an Ej-quasi-
isomorphism (i.e. it induces an isomorphism on Hj). This means that we
can calculate the terms in the Frolicher spectral sequence on I'\G simply by
working with the left-invariant complex forms «, 3, v, &, 3,7 which span the
degree 1 part of Ag* @ C.

The following picture shows the bigraded algebra Ag* ® C with all differ-
entials d = 9 + 0. For example, for the (1,1) form 75, we have

d(vy) = (dv)7 — y(d7) = a8y —vap,
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and so 9(yy) = —yaf and d(yy) = a5. In the picture, below, the absence
of an arrow indicates that the corresponding differential vanishes. An arrow
indicates that the destination hits the target (up to sign).

The E; page is the cohomology with respect to 9, i.e. the vertical arrow,
of this picture. Consider the (1,0) form 4. Since dy = 0, it represents a
form in E,°. Now, di[4] is represented by [af] € E;}°, which is a non-zero
class, since a3 is not d-exact. Therefore d;[y] # 0. Therefore r(I'\G) > 2.
Since there are no non-trivial "zig-zags" of differentials, by Theorem 3.2 we
conclude that dj, for k > 2 are all trivial, and so r(I'\G) = 2.

Example 4.6. Now we consider an example of a real 6-dimensional nil-
manifold with complex structure X such that r(X) = 3. Take G to be the
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simply connected nilpotent Lie group consisting of matrices of the form

1 -z —32% =z
0 1 x Y
0 0 I x|’
0 0 0 1

and I' to be the subgroup of such matrices with Gaussian integer entries.
Note that G is indeed a complex manifold, despite the peculiar coordinates;
namely it is covered by a single chart homeomorphic to C? via the coordi-
nates (z,y, z). However, G is not a complex Lie group, as the multiplication
is not holomorphic. Indeed, in terms of coordinates, the map C* — C3 given
by left multiplication by (x,y, z) is given by

1 _:E —%i’2 z 1 _i,/ —%i’/Z Z/
coon_ 0L T oy|fo 1y
(ZL‘,:I/,Z) (a:,y,Z)— 0 0 1 x 0 0 1 @
o 0o o 1/ \o o0 0 1
1~ -7 —ia?—zr -1 s —my -l 42
10 1 T+ Y +zz’ +y
“lo o 1 7'+
0 0 0 1

= (' +a,y + 72" +y, 2 — Ty — 1T+ 2),
which is not complex-linear.

As in the previous example, we calculate A~'dA for a general element
A€ G,

1 & —32% jax’—azy—z\ [0 —dz —zdz dz
1,4 |0 1 -z T — Yy 0 O dr dy
ATdA = 00 1 —x 0 0 0 dz
00 0 1 0 0 0 0
0 —dz 0 dz+zdy— 32%d
10 0 dz dy — zdx
10 0 0 dx
0O 0 0 0

The multiplication is not holomorphic, so we can only conclude that
dr, dy — zdx, dz + Tdy — %:Z‘de span the space of left-invariant smooth
complex-valued (1,0)-forms, and their conjugates span the space of (0,1)
forms. (Even though not all the conjugates appear in the above expression
A7'dA, we can conclude that they are left invariant by writing each coor-
dinate as a sum of a real and an imaginary coordinate.) Denote o = dz,
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B = dy — xdx, v = dz + xdy. We have da = 0, df = —drdr = —aa,
dvy = dzdy — zdzdx = dz(dy — Zdx) = af, with the differential on the conju-
gate forms @, 3,7 determined by dij = dn. The map sending a left-invariant
(p,q) form on G to its descended form on I'\G turns out to be an Ej-quasi-
isomorphism as in the previous example. We can therefore calculate the
spectral sequence by studying only the complex (A*span(a, 3,7, @, 3,7), d)
as before.
We have the following picture of the bicomplex as before:

1= - I .,
3 *“__ a1 ﬁli o
-« A o
o BE+—> i
. r.: i T ok
g o | | as

Note the zig-zag involving the terms 37, aya, 8%, o33, and that 9(375) =
0. By our description of the terms and differentials in the spectral sequence
from the previous section, we see that 57 induces a non-zero class in Eg 2 and
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that dy[37] = [aBB] # 0. Therefore 7(I'\G) > 3. All the differentials on the
subsequent pages F3 and F, are trivial; indeed, any zig-zag corresponding
to a differential on those pages terminates in a trivial class. For example,
there is the long zig-zag involving the terms a7¥, af«, 33, aa, ary, though
J(ary) is the zero class and so d3[ay] = 0. So, r(I'\G). We will see in the
next section that this is the maximum possible value of r(X) for a compact
complex threefold (namely, r(X) < n for a compact complex manifold n of
dimension n).

5. A STATIC VIEWPOINT OF THE SPECTRAL SEQUENCE

Instead of considering the spectral sequence as a "moving" iteration of
pages, to address questions of degeneration it is useful to also have a "static"
picture in mind. For any bounded double complex (A9 0,d'), i.e. a bi-
graded vector space P, , A (such that AP = {0} for all but finitely many
(p,q)) with maps 0 and 0’ of bidegree (1,0) and (0, 1) respectively, satisfying
0?=0,0%=0,00 + 39 =0, we have the following structure theorem (see
[Stelzig|):

Theorem 5.1. A bounded double complex (AP?,0,0") can be uniquely writ-
ten/displayed as a direct sum of "shapes" of the following forms:

I .

| L—\_,1

A qpe % k! Ak | .
_;__1,__.’"_______;’

::'hj'mj.s

S e i
# ;I !|, L—di_‘ 11
e M 088 i

h:'\-l [I."' i L8 "'I"{'I-\. '1

1i —
2 9
(degenecsie BGHH')

Here, an arrow denotes an isomorphism between one-dimensional spaces.
The absence of an arrow denotes that the corresponding differential is trivial.

Modulo squares, only finitely many such shapes appear in this decomposi-
tion. Note that there is no assumption of finite-dimensionality on the vector
spaces AP1,
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Remark 5.2. Zigzags of type 1 correspond to non-trivial differentials in the
spectral sequence. Zigzags of type 2 correspond to cohomology classes (i.e.
terms in the E, page) represented by the top-left corner in the associated
graded of cohomology. Zigzags of type 3 and 4 are not detected by the
spectral sequence.

We now consider the implications of this theorem for the bounded double
complex of forms (A7, 0, ) on a compact complex manifold X.
First of all, we note that the pairing AP? @ A""P"~4 — C given by

@B [ ans

is non-degenerate. Indeed, for any «, its (conjugate) Hodge star xa will pair
with a non-trivially. We can define a dual complex DA to (A**,0,0) by
setting (DA)P? = (A" P"~9)* and setting the (1,0) and (0, 1) differentials
to be the graded duals of 9 and 0 respectively (namely, for ¢ € (DA)P9, set
¢ = (—=1)PTt1p o 9). Tt follows that the map AP? — (DA)P4 which sends
a form o to the functional [, o A — is a map of complexes (A**, 0, 9) —
((DA)**,9*,0%) and so induces a map of the associated Frélicher spectral
sequences. Serre duality then tells us that this map induces an isomorphism
on Dolbeault cohomology, i.e. it is an Ej-quasi-isomorphism. By [Stelzig,
Lemma 1.24] it follows that every zigzag that appears in the spectral se-
quence for A** also appears in the same place in the spectral sequence for
(DA)**. Since every zigzag in A** certainly appears in (DA)** after a cen-
tral reflection through the middle of the bicomplex (|5 ]), ([ 5]), we have the
following conclusion.

Proposition 5.3. The direct sum decomposition of the double complex of
forms on X, modulo squares, has a central symmetry.

Similarly we can associate to A** a conjugate double complex Conj(A)P? =
AP with differentials 0 (of degree (1,0) here) and @ (of degree (0,1)).
Then conjugation gives us an FEjy-quasi-isomorphism of double complexes
(A**,0,0) — (Conj(A)**,0,0), i.e. an isomorphism of vector spaces that
evidently preserves the grading and filtration. Therefore, we also have the
following;:

Proposition 5.4. The direct sum decomposition of the double complex has
a conjugation symmetry.

As an easy corollary, we will now see that for a compact complex n-fold,
r(X) < n (improving on the upper bound r(X) < n +1).

Proposition 5.5. For a compact complex manifold X of complex dimension
n, we have r(X) < n.
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Proof. We note that there are at most two possibly non-trivial differentials
on E*. Namely, the differential E2>" — E™! and the differential E>"~1 —
E™0. By the conjugation symmetry (or, in this case equivalently by the
central symmetry) we see that all differentials of one type are trivial if and
only if all differentials of the other type are trivial. So let us show that
every differential E%"~! — E™0 is trivial. Indeed, suppose there are form
Qon—1+ Q-2+ ...+ an_10 such that d(ag -1+ a1pn2+ ...+ @n_19) =
a € A™0. In particular, « is d-exact; let us write o = df3 for brevity. If we
locally write o = fdzy, for some smooth complex-valued function f, we have
aa = |f|*dz;dz;. Integrating over the manifold, noting that da = doa = 0,
and applying Stokes’ theorem we have

nga@—/d(ﬁa)—o,

from where we conclude f =0 and so a = 0. O

Remark 5.6. It is known that for any n, there is some compact complex
manifold whose Frolicher spectral sequence degenerates after page n (see
[BR]); the examples provided in [BR| are of dimension 4n — 2. Currently
there are no known compact complex n-folds, n > 4, for which r(X) = n.

If one knows the decomposition of the double complex from the above the-
orem, it is immediate to read off at which page the corresponding spectral
sequence degenerates; namely, one looks for a zig-zag of type 1 of longest
possible length. Given a compact complex manifold, the problem is de-
termining what the decomposition is; even though one can draw zig-zags
corresponding to some basis of complex forms, this basis is not necessarily
the correct one for this decomposition.
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