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Quantum walk

I G (V ,E ) finite graph

I H is an associated Hamiltonian

I For us H = A + Q where Q is a diagonal matrix describing
the potential

I Study evolution of

U(t) = exp(itH)

I 1-excitation subspace of a spin network
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State Transfer vs Fractional Revival

I State transfer: u, v ∈ G , at some time t one looks for
|U(t)(u, v)| = 1.

I Motivation: quantum information is transferred from u to v .

I Fractional revival: u, v ∈ G , at some time t one looks for

U(t)|{u,v} =

(
a b
b a′

)
= Z

where |a|2 + |b|2 = |a′|2 + |b|2 = 1 so Z is unitary.

I Motivation: at this time nodes u, v are in an entangled state
given by Z .

I Note: state transfer is the special case of a = a′ = 0.
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Fractional Revival in subsets

I Let S ⊂ G be a set of nodes.

I The Hamiltonian H has S-fractional revival at time t if

U(t) =

[
Z 0
0 Z ′

]
where Z is an S × S unitary matrix.

I This is clearly a generalization of fractional revival between
two nodes.

I Can be used to generate entanglement among more than 2
particles.
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Pretty good?!

I Asymptotic version? PGFR!

I Consider the closure of {U(t)|S : t ∈ [0,∞)}.

I Is there a unitary matrix in the closure?

I Caveat: identity matrix is always in the closure!

I Need a matrix with ≥ 2 distinct eigenvalues.
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In summary...

Definition (PGFR)

We say that a set of nodes S ⊂ V (G ) has pretty good fraction
revival if

cl{exp(itH)S×S : t ≥ 0} ∩ U(S) 6⊆ {ρ IdS×S : ρ ∈ C}

Caveat:
Would a diagonal block be interesting? .... No!

But it turns out, for connected graphs, it never happens!
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Partitioning the spectrum

I Eigenvectors of H =⇒
eigenvectors of Z

I exp(itλ) ≈ ρ
I Identical restrictions

I Partition Π0,Π1, . . . ,Πs of
the spectrum of H. It is
independent of Z .

I Generated by the eigenvalue
support Φ:

(λi , λj) ∈ Φ⇔ EiDSEj 6= 0
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Non-degenerate partition

I To have PGFR we need a non-degenerate partition:

1. Unit complex numbers ρ1, . . . , ρs that aren’t all the same.
2. A sequence of times at which exp(itλ)→ ρj for all λ ∈ Πj

I s-Kronecker condition: the partition is non-degenerate if and
only if ∃1 ≤ r1 < r2 ≤ s such that there is no sequence of
integers lj for which

1.
∑

ljλj = 0
2.
∑

j∈Πr
lj = 0 for r 6= r1, r2

3.
∑

j∈Πr1
lj = 1 and

∑
j∈Πr2

lj = −1.
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Kronecker proof I

If ρ1 6= ρ2 then the system is unsolvable for r1 = 1, r2 = 2.
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Kronecker proof II

If the system is unsolvable for r1 = 1, r2 = 2 then there is a good
subsequence for which ρ1 6= ρ2.
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Kronecker proof II

If the system is unsolvable for r1 = 1, r2 = 2 then there is a good
subsequence for which ρ1 6= ρ2.
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Field-trace method

I How to verify the Kronecker condition?

I The only method we know: field trace

I Required setup:

1. Find polynomials P1, . . . ,Ps such that the roots of Pj are
exactly the elements of Πj .

2. Find a field in which these are irreducible.
3. Find two values r1, r2 so that

trPr1

degPr1

6= trPr2

degPr2
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Z -cospectral subsets

How to find such polynomials? Cospectrality!

Definition
The subset S is Z -cospectral if there is an orthonormal basis
ψ1, . . . , ψ|G | of eigenvectors of H such that the restrictions of these
to S are all eigenvectors of the S × S matrix Z .

Remark
I The “strong” analogue would be to require this for every

eigenvector, not just a basis.

I For Z =

(
0 1
1 0

)
we recover the classic notion.
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Equivalent characterizations

Let S ⊂ G ,H,Z as above. The following are equivalent:

1. S is Z -cospectral.

2. ZH̃k = H̃kZ for all k.

3. ZẼi = ẼiZ for all j .

4. Fj Ẽi = ẼiFj for all i , j .

5. For any v ,w eigenvectors of Z belonging to different
eigenvalues, the subspaces 〈Hk v̂ : k = 0, 1, . . .〉 and
〈Hk ŵ : k = 0, 1, . . .〉 are orthogonal.
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The case of simple eigenvalues

I When Z has only simple eigenvalues, the theory becomes very
useful. Important: Z does not have to be symmetric, only
normal!

I The relative minimal polynomials of the eigenvectors of Z
become the Pj polynomials.

I Adding a generic diagonal potential to the subset preserves
cospectrality and makes the polynomials irreducible.

I All that remains is to verify the trace/degree condition.
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What happened to “parallel”?!

I |S | = 2

I Larger S?

Theorem
The eigenvalue support Φ is the same as pairs of roots of the Pj

polynomials.
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2-vertex

I These examples were first found by computer search.

I They can be easily verified using the minimal polynomial
approach.

I Due to their nature, degree and trace are easily computable.

n

2
− 2

n

2

k k

Figure 2: Two families of graphs with cospectral pairs

8 Graphs with Fractionally Cospectral Nodes

The combinatorial characterization of two fractionally cospectral nodes has the nice property that it can be
quickly confirmed. Recall that we only need to verify that exists a c such that the equalities

(Mk)u,u = (Mk)v,v + c(Mk)u,v (1)

hold for powers up to n− 1, where n is the number of vertices in the graph. This allows us to to find graphs
and families of graphs with fractionally cospectral pairs both by hand and by a computer search.

8.1 Combinatorially Verifiable

Two families of graphs that have an easy combinatorial verification are shown in Figure 2. Take n to be
the number of vertices in the graph, there are not many walks between the verticies of length less than n.
Additionally, until the walk length approaches n, each vertex only sees a path extending from it. So until
the walk length become close to n, it is obvious that (Mk)u,u = (Mk)u,u and (Mk)u,v = 0 In the graph on
the left, we only really need to verify the walk count condition for steps n − 3, n − 2, n − 1. In case, we have
that c = 2 in Equation (1). For the graph on the right, we only need to very for steps n− 5 to n− 1. In case,
we have that c = 3 in Equation (1). It is a straightforward, though messy, computation to verify that we
have the desired equalities at each step.

8.2 Computer Search

From the characterization of fractional cospectrality in Equation (1), we have a relatively fast way to de-
termine if a graph has any cospectral vertices. We simply need to calculate the first n − 1 powers of the
adjacency matrix. Then for each pair of vertices u and v, we compare the entries at each step to verify
Equation (1). The walk counts should be equal for k less than the distance between u and v. Once k is equal
to the distance, we have a candidate for the coe�cient c. At this point we need to check if the condition
holds with the candidate for c for the remaining powers of M up to n − 1. If we find one such k where (1)
does not hold, we know the vertices are not fractional cospectral.

This method is much more e�cient than using the eigenvector characterization of fractional cospectrality.
If we use symbolic computation to find the exactly value of the eigenvectors, this can be quite slow. If we
use a numeric eigensolver, then we are limited by the precision of our solver.

8.3 Quotients of Graphs

Many of the graphs found in the computer search can be grouped into families. In Figure 3, we see one such
family. From a theorem in [10], we can simplify this family by means of a quotienting operation over an
equitable partition, a kind of partition of the graph defined below. Assigning certain weights to the edges of
quotient graph, we can maintain the proportion transferred to each class of vertices at every time.

Definition 8.1. An equitable partition of a symmetric matrix M is a partition P = P1, ..., Pk of its index
set V (M) such that for any Pi, Pj ∈ P and any v1, v2 ∈ Pi,one has

�
u∈Pj

M(v1, u) = �
u∈Pj

M(v2, u)

11

Figure 2.3.3: Two families of graphs with a fractionally cospectral pair

2.3.1 Combinatorially Verifiable

Two families of graphs that have an easy combinatorial verification of fractional cospectrality

are shown in Figure 2.3.3. Take n to be the number of vertices in the graph, until the walk

length approaches n, the self walk counts will only detect the path graph extending from

each fractionally cospectral vertex. So for small k, (Ak)u,u = (Ak)u,u and (Ak)u,v = 0. In the

graph on the left, we only need to verify the walk count condition for steps n�3, n�2, n�1.

We get that that c = 2 in the fractional cospectrality characterization in Equation (2.3.1).

For the graph on the right, we only need to verify for steps n� 5 to n� 1. We get that that

c = 3 in Equation (2.3.1). It is straightforward to verify the necessary equalities at each

step.

2.3.2 Computer Search

As noted before from the characterization of fractional cospectrality in Equation (2.3.1),

we have a combinatorial method to test cospectrality just involving matrix multiplication.

Thus, there is a relatively fast way for a computer to determine if a graph has any cospectral

vertices. We simply need to calculate the first n � 1 powers of the adjacency matrix. Then

for each pair of vertices u and v, we compare the entries at each step to verify Equation

(2.3.1). The walk counts should be equal for k less than the distance between u and v. Once

38
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Zp-symmetry

I How to get examples of PGFR on bigger subsets?

I Currently our only examples are graphs with a Zp symmetry.

I Fractional cospectrality is easy to verify with respect to the
ADCp , the adjacency matrix of the directed cycle graph. This
is non-symmetric, but normal, and has simple eigenvalues.

I We need
trP1

degP1
6= trP2

degP2

Since trace always contains the transcendental Q, it’s enough
to have different degrees, or different traces if the degrees are
equal.
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Examples with different degrees
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Examples with different traces
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Further directions

Problem

Is there a way to determine the trace/degree of the Pj

polynomials? A useful combinatorial theory is still lacking!

Problem

Find examples without automorphisms for |S | ≥ 3.
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The End

Thank you!
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