
Eigenpalytapes



Let X be a graphen n vertices
.
Assume O is an

eigenvale of A-AC)
,
with multiplicity do

16 4 be an ned matrix whose columns form an

orthogonal basis for theoeigenspace.

Then
sa (U = Ed

(b) Al-PU



Further
nutau - unt

and so

12 Un represents projection onbe the

O- eigenspace ,

We set to uut, it is the spectral idempotent

belonging to a.



Assume VCX = El, 13· We define 1: 10: eU.

The convex hull of Shi : isyn3 is the

&- eigenpolytope .

Lemma Oui-E []

Lemma Each automorphism ofX induces an automorphism of

each engenpolytope.

Proof. PeAul(Y)E PATAp . So Pfixes each eigenspace.
I



AsB Sate : EYU ,
we have

(4 = Eau , up(

and so the inner products <n, 101 , U
, Cr1) , for all ,

determine (A) for all b.

Theorem If/ is distanceregular , \uico , up/rs) is

determined by disty(ii). G
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Lemma IfX is walkregular , Gui, U: 10 - want

Lemma 1) X is -walk regular with valency hand inj, then

cosinefast

Proof Asup),
we have

Pr [4: (8) ,U1)=Chico - L <Mu:2

and the result follows. O
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4) Knesergraphs Klub) : R-subsets of 11. ....23 , adjacent if

disjoint.

A coclique in K(vK) is a collection of mosets
, any twoof

which have a point in common

Theorem (ERR) Assume Usabi. The maximum sige of a

zoolique in 1/h) is (h) .
This bound is tight and ita

collection meets this bound
, it consists of the lesets on a point on



Theorem (Radio bound) If X is a boregular graph on n us with

last eigenvalue + ,
thenx)-Th ·

IS is a

coclique of this size ,
with characteristic restor g,

thengo is an eigenvector of 6 with

eigenvalue.



Proof
1) A subset S of U$) with than vectory is a coclique

if I only if goty -o.

(2) If X isl- regular on nuxs with leas eigenvalue i, they

A-- is positive semidefinite Exer

(3) &zYA-cFobAs Sund

4) IfM 30 andMy =0 , then My = 0. 18 equality, then

(A-[-1z = 0)



e.g.
Petersen, ala ((5) tight

no 10
,
=3,= de

In general Knik) has valency 6) .
Its least eigenvalue

is . (b · Consequentlya
I

↓ (K(u)S
,Try Tony=

characterization
This establishes the bound in the EKD theorem. to come



A Clique Bound

Lemma Assume X is Iwalk regular with valencyI on

a vertices
,

with least eigenvalue -
.

Then w(X) 1 E
.

Proof. Assume the vertices 1..... form a clique in .

and letn,
be the images of was in 2 in the Greigenspace,

set = mini. Then if ivy , c)= and the
Gram Matrix of Upon is 11)·



Since Gram Matrices are positive semidefinite
,
the row

sams of It (5-1) are Non-negative .
So

& < 1 + 261

and hence (-14k . G



Faces of Eigenpolytopes

Leb 6 be the polytope generated by the rows of U.

Assume U is red
.
16 he

,
then Uh is a function

on the rows of U. The indices : such that Ihh;

is maximal from a face of 6.



🔗

The indices i such that luhs; is minimal also form a face.

Claim Each face of f arises in this way. #

If the columns of H are a basis for an eigenspace,

the Uh is an eigenvector for each h . To faces of

eigenpolytopes arise from eigenvectors.

https://app.goodnotes.com/documents/?anchor=cGFnZS1CRUUyRTQ5Qy0yOEExLTQ1NjYtQTZFQi1FMkJEQzczNkU4MzM%3D#QkFBMzI1NzEtMEIwNS00RkI3LUIzOUYtMjc3NkY2Qzk1RThB


The 1-skeleton of a polytope O is the graph with the

vertices of O as its vertices, with vertices now

adjacent it suit is a face of P.

Theorem (Balinshil 1) D is a polytope with dimensiona ,

then the 1-skeleton of P isa connected. 6)

(322 Zieglen)



Example Consider Pete . Its least eigenvalue is -2 , with

multiplicity four . Hence the 1-skeleton of the

Ext-eigenpelytope is 4-connected
.
Since Pete is

distance transitive , it follows that the t-skeleton is Ko.
neighbourly



🔗

Let Wil be the incidence matrix forsets vs. bosets.

Lemma The column space of Wh is an invariant

subset for A (K(, b).

(6) The column space of Wit is the sam ef (1)

and the t-eigenspace. [

https://app.goodnotes.com/documents/?anchor=cGFnZS01QUFFRDY2NS1FMkM3LTQ5NjEtODc1Ny02NUQ5NDc0MTVEMTM%3D#QkFBMzI1NzEtMEIwNS00RkI3LUIzOUYtMjc3NkY2Qzk1RThB


Corollary IfS is a colique in KNG) of sige (2) with

characteristic vector ,
then ge col (wisl .

The vertices ins

form a face in the polytope generated by S , as do the

vertices not Si E

Our problem new isko determine the faces

of the polytope generated by the rows of We



Let & be the polytope generated by the news of Wi.

Theorem The faces of O are the jets

5) = 58 : 855)
,
Iskb] · E

&Lambeck
,
Ph.D., 1999)



Theorem (EKR) Acodique in Klnk) of size) consists

of all hosebs containing a point.

Proof
. Suppose 9 is a crelique of size (). Then

S is a face of 8 and so there exist subset B
,

C such that

9 = 18 : 85BCC)

18 8* the size of simplies that101-1
,
we're done. It 00,

then C is set ofallsubsets of C.



Since any two elements ofS have a vertex in common,

1) I < ab-1 and therefore 151s( =)
,
which leads

to a contradiction. (2) :Mis)

) i

A similar polytopal argument works for intersecting

permutations.



1. Skeletons of Distance: Regular Graphs



Assume X is distance -regular with diameter of a eigenvalues

8-h > 0
,
3 .. 38 . We ask when the --skeleton of the

peigenpelytope is isomorphic toX . We assume memult so,.

Lemma If h >m
,
Y is not isomorphic to the 1-skeleton of

the 2,-eigenpoly tope. E



Cosines Assume X is distance regular as before. The cosine sequence
of X is given by
↳

We note that we aMy As X is connection
,
wis1.

Lemma : The cosine sequence of the -eigempolytope
is non-increasing.

orthogonal , polynomials



If 22E(X) then

(n+m ,
4

,
) = 1+w

,
=
<4, +2012

and,
if it /1

,
3,

Ju, 4 , 4; 7 = <HU)+UesU] & W,

It follows that 11,3 is an edge in the eigempolytope.

With more work, we obtain the following



Theorem Assume X is distanceregular and P is its

o eigonpelytep .
Then X is isomorphic to the Asheleton Cfp

ifa only if it is one of

(a) 5(r, h) (f) icosahedron

(b) H(n
, g) (g) dodecahedron

1) halved nabe Ihs ok

(d Schlafli (i) cycle.
(e) Gosset graph



Gosset!

· is t inhea

↓ /(8) ((kg)



Determining faces is hard.

Lemma The edges in a regular graph y on vertices form a

face in theO,eigenpolytope of LKn); this face is a

facet if & only if Y is connected a not bipartite o

Lemma Assume X is strongly regular and X is an eigenvalue, not

the valency . Led o be the Seigenpolytope. 16 : = 2 - a -116+

the 1,Skeleton ofP is complete; 18 bi) <(i) , every triple in a face.
-



For the Shrikhande graph, the f -vectors of the τ and 
θ eigenpolytopes are

f (Pτ ) = (1, 16, 120, 528, 1440, 2464, 2608, 1622, 
524, 64, 1),

f (Pθ) = (1, 16, 96, 236, 272, 144, 28, 1).

For L(K4,4) the f -vectors of the τ and θ 
eigenpolytopes are

f (Pτ ) = (1, 16, 120, 528, 1392, 2176, 1968, 978, 240, 
24, 1),

f (Pθ) = (1, 16, 48, 68, 56, 28, 8, 1).

From Brendan Rooney's Ph
.
O

. thesis: Two sugs with parameters (10,6;2,2)

↳ shelbou not
& C- complete

S
& 8



Problems

c) for which distance- regular graphs is the

opolytope complete! Strongly regular?

12) Investigate the T-eigenpolytopes of distance- regular graphs

13) Describe the G-eigenpolytope of Jalubs, the

Grassmann graph.



The End(s)


