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Simplicial complexes

V' = Finite set

X c 2V is called a simplicial complexif: A€ X — VBC A, Be X
Aset A € X is called a simplex (or face) of X

The dimension of a simplex A4 is |A| — 1

The dimension of the complex X = the maximal dimension of a simplex in X
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Simplicial complexes

Geometric interpretation:

X ={0,{1},{2}, {3}, {4}, {1,2},{1,3},{2,3},{1,4},{1,2,3}}

We can study the
topology of a simplicial
complex
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Homology

~ k-dimensional reduced homology group of X, with
Hy, (X ) — real coefficients

~

Informally: dim(H (X)) counts number of k-dimensional “holes” in X

Example:

Counts number of
connected components
(minus 1)

R
H 1 (X) ~ Rg Counts number of

“unfilled” cycles
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Homology

One more example:

Triangulation of a sphere

Hy(X)=R
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High dimensional Laplacians
Aassume: V = [n|={1,2,...,n}

X(k) = k-dimensional simplices of X
For o € X (k) we define

deg(a) — Number of (k+1).—(1imensional
simplices containing O

deg(o) = 3
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High dimensional Laplacians
k-dimensional Laplacian of X: Lk (X) c R|X(k)| X |X(k)|

4 T
deg(o)+k+1 it o=7 &

O
if [cN7|==k and

Lip(X = _1)¢lo)
KX)o < (=1) ocUt ¢ X(k+1)

. O otherwise
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High dimensional Laplacians

zero-dimensional case: Let G=(V,FE)=(X(0),X(1))

(deg(u) +1 if u=v N Kdeg(u) it u=v A
LO(X)u,v = < 1 if {uy U} §é ) L(G>u,v :< —1 if {’LL,?}} cF
L 0 otherwise AN L 0 otherwise Y,
LO(X) — L(G) —+ J Spectrum of L(G): 07)\27... 7)\n
\ Spectrum of Lo(X): A9, -+, A,,1n

All-ones matrix
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High dimensional Laplacians

Some important properties:

Ly, (X ) is a positive semi-definite matrix

Simplicial Hodge Theorem (Eckmann ‘44): Ker(L; (X)) = Hp(X)
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Let G=(V,E) be a graph.
The clique complex of G: X(G) — {U C V : U is a clique in G}

G= X(G) =

The independence complex of G:

I(G) ={U C V : U is an independent set in G} = X(G)
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Some notation

If M is an nxn symmetric matrix, we denote its eigenvalues by

M(M) < A5(M) < -+ < AL(M)

or

A(M) > X5(M) > -+ > X (M)
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Laplacian eigenvalues of independence complexes

ﬂl‘heorem (Aharoni, Berger, Meshulam ‘o5): Let G=(V,E) be a graph on n Verticesx

P ANLU(X (@) > (k + DAYL(G)) — kn

Equivalently:

. M(Le(1(G))) 2 0 — (k+ DA{(L(G))

Corollary: If )\% (L(G)) <

/

n

T then H.(I(G)) = 0.
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Proof idea - Garland’s method

For gb c RX(k) and u € V , define ¢u - RX(k_l)

Torufuy  fudTad 7U{u} € X
(¢U)T —

0 otherwise

by

properties: Y _ ||¢"]1”> = (k + 1) ¢||°

ueV

k¢TLe(X)¢ > Y (6") L1 (X)9" — n|¢]|?

ucV
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An improved bound for independence complexes of graphs

Notation: Let M be an nxn symmetric matrix with eigenvalues )\1 e e )\n
0 __I-th smallest 1 __ i-thlargest
S (M) — elementin s,(m) S (M) — elementin s,(M)

Theorem (L ‘23+): Let G=(V,E) be a graph on n vertices. Then

N (Li(1(G)) 2 n = Sy ,(L(G))
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An improved bound for independence complexes of graphs

Corollary (L 23+): Let G=(V,E) be a graph on n vertices. Then
dim(H,(I1(G))) < A € Spa(L(G)) : A = n}]

In particular:
k+1

it 3 AHL(G)) <nthen Hy (I(G)) = 0.

We recover ABM bound:

n

It M(L(G) < == then F,(I(G)) = 0
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LetV be a vector space.
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Additive compound matrices

LetV be a vector space.

Exterior product: v1 Avo A -+ NV for vq,..., v, €V

(au+ Pv) ANw = alu ANw) + B(v A w)

uNvV=—vNu
Vr(1) A Un2) A=+ A Un(iy = sg0(m)v1 Avg A=+ A vy,

: UNUVANW=vNwANAu
Exterior powers:

/\k |/ = the k-th exterior power of V
~ vector space spanmed by U1 A\ U2 A\« -+ AU for V1,...,0; € V.
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If €1,---,€n isabasis ofV, then
{67;1/\67;2/\"'/\62'11c 1 Sll <’i2< <Zk§n}

is a basis of AF1/. So dim(A*V) = (Z) .

Let A:V — V be alinear operator. Define A[k] . /\kv — /\kv by

k
Ay A A ) =D o A AN A A Ay
1=1

§ k-th additive compound of A (Wielandt ‘67) }
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Additive compound matrices

Properties:

If A has eigenvalues )\17 e \,, - then the eigenvalues of A[k] are

Matrix representation of A[k] . ol
- ZA T.j
i1 it O = 7T 7
[k‘] 1€E0 \
Aaﬂ_ — < (_1)6(07)142.3. if loN7t|l=k—-1,c\7={i}, 7\o=1{j}
O otherwise
N\
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Additive compound of Laplacian matrix

Kdeg(u) + 1 if u=v
Lo(X(G))u,v =< ] it {u,v} ¢ FE
0 otherwise

o,T (—1)6<0’T)

.0

/
Zdeg(v)+k+1 it o=r71

it |oNn7|=Fk and
oAT & E

otherwise
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Zdeg(v)JrkJrl it o=7

([J]_i"i—l] :< (_1>6(0,T) if ’0‘ M 7" — k and
oAT ¢ E

\ () otherwise

Lo(X(G))
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Additive compound of Laplacian matrix (k irﬁzt:i&il)

Zdeg(v)JrkJrl it o=7

if ]cfﬂﬂ:k and

oAT ¢ E
otherwise
X (k) x X (k)
it O=T matrix

if |jon7|=k and
oAT ¢ E

otherwise
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Additive compound of Laplacian matrix

~S

L - Principal submatrix of L (X (G ) ) k1 obtained by removing all
rows and columns except those corresponding to simplices in X(G)

Diagonal matrix with elements

Lk(X(G)) — E —|— R R, , = deg(o Zdeg

—> N(Li(X(G))) 2 S (Lo(X(G))) — kn

—— N(LI(@)) 2 n - S}, (L(G))
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An additional application of additive compounds

Proposition (L 23+): Let G=(V,E) be a graph. Then

k
ij(L(G)) <2-max [{e€ E: enc # B}

oe( )

k
o LS A(A(G)) < max [{e € B [eno] = 1}]
1=1

o€(%)



An additional application of additive compounds

Proposmon (L 23+): Let G=(V,E) be a graph. Then

2:)\i )< 2- max]{eEE eNo # 0}
JE( )
Adjacency l, L
matrix g S )\ < I11ax ’{GEE ‘eﬂcf‘ —].}’

oe(y)

Proof idea: Apply Gersgorin’s theorem on k-th additive compound of
matrix.
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Some open problems

-Can we use additive compounds (or some variant) to relate between
k-dimensional Laplacian spectrum to (k-1)-dimensional spectrum of a clique
complex? (this is known for results using Garland’s method)

-The Garland-like argument of ABM can be extended to “generalized clique
complexes” (L ‘18). Can we use additive compounds to obtain improved results in
this setting?



Thank you for listening!




