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1 Learning a Metric from Class-Equivalence Side In-

formation

Given a set of t points, {xi}t
i=1 ⊆ Rn, we identify two kinds of class-related side information.

The first is a set of pairs of similar or class-equivalent points (they belong to the same class)

S : (xi, xj) ∈ S if xi and xj are similar

and the second is a set of dissimilar or class-inequivalent pairs (they belong to different

classes)

O : (xi, xj) ∈ O if xi and xj are dissimilar

We then wish to learn a matrix A that induces a distance metric D(A) over the points

D(A)(xi, xj) = ‖xi − xj‖A =
√

(xi − xj)T A(xi − xj)

where A º 0.
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We define the following loss function, which, when minimized attempts to minimize the

squared induced distance between similar points and maximize the squared induced distance

between dissimilar points

L(A) =
∑

(xi,xj)∈S
‖xi − xj‖2

A −
∑

(xi,xj)∈O
‖xi − xj‖2

A

The optimization problem then becomes

min
A

L(A)

s.t. A º 0 (1)

Tr(A) = 1

The first constraint (positive semidefiniteness) ensures a valid Euclidean metric. The

second constraint excludes the trivial solution where all distances are zero. The constant in

this constraint is arbitrary and changing it simply scales the resulting space.

This objective will be optimized using standard semidefinite programming software and

so it must be converted to a linear objective. Expanding the loss function

L(A) =
∑

(xi,xj)∈S
(xi − xj)

T A(xi − xj)−
∑

(xi,xj)∈O
(xi − xj)

T A(xi − xj)

each squared distance term must be converted. We start by observing that vec(XY Z) =

(ZT ⊗ X)vec(Y ), where vec() simply rearranges a matrix into a vector by concatenating

columns and ⊗ is the Kronecker product. Note that (xi − xj)
T A(xi − xj) = vec((xi −

xj)
T A(xi−xj)) because the left-hand side is a scalar. Using this and the fact that (aT⊗bT ) =
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vec(baT )T , we can rewrite the squared distance terms as

(xi − xj)
T A(xi − xj) = vec((xi − xj)

T A(xi − xj))

= ((xi − xj)
T ⊗ (xi − xj)

T )vec(A)

= vec((xi − xj)(xi − xj)
T )T vec(A)

= vec(A)T vec((xi − xj)(xi − xj)
T )

The linear loss function is then

L(A) =
∑

(xi,xj)∈S
vec(A)T vec((xi − xj)(xi − xj)

T )−
∑

(xi,xj)∈O
vec(A)T vec((xi − xj)(xi − xj)

T )

= vec(A)T


 ∑

(xi,xj)∈S
vec((xi − xj)(xi − xj)

T )−
∑

(xi,xj)∈O
vec((xi − xj)(xi − xj)

T )




This form, along with the two constraints from (1), can be readily submitted to an SDP

solver to optimize the matrix A1. Aside from this convenient form, this formulation has other

advantages over that used by Xing et al., especially with respect to the side information we

can convey. Xing et al. require at least one dissimilar pair in order to avoid the trivial

solution where all distances are zero. The constraint on the trace that we employ means

that do not place any restrictions on pairings. There can be only similar pairs, only dissimilar

pairs, or any combination of the two, and the method will still avoid trivial solutions.

Furthermore, in the absence of specific information regarding dissimilarities, Xing et al.

assume that all points not explicitly identified as similar are dissimilar. This information

1we use the MATLAB SDP solver SeDuMi [1]

3



may be misleading, forcing the algorithm to separate points that should in fact be similar.

The formulation presented here allows one to specify only the side information one actually

has, partitioning the pairings into similar, dissimilar, and unknown.

2 Multiple-Attribute Metric Learning with Class-Equivalence

Side Information

In some cases, one may have more than one distinction to capture in data (e.g., glasses vs.

no glasses and male vs. female). The method just presented can be extended to construct

a distance metric using multiple sets of side information, each corresponding to a different

criterion for similarity. Multiple metrics can be learned, one for each kind of side information,

and then be combined to form a new distances metric.

Suppose there are k different sets of side information over the same set of points. Using

the optimization described above, k transformations, A1, · · · , Ak can be learned. From each

Ai, the dominant eigenvector vi can be taken and a new matrix assembled where each column

is one of these eigenvectors

Ā =

[
v1 · · · vk

]

This combined matrix defines a rank k linear subspace onto which we can project the

data. Applying singular value decomposition to Ā, one can form a matrix U from the k

eigenvectors corresponding to the largest eigenvalues. The final distance transformation is
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then Â = UUT , which is an orthonormal basis combining the distinctions drawn by each

kind of side information.
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