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Learning a Metric from Class-Equivalence Side Information

We have seen in many cases that it may be possible to obtain a small amount of infor-
mation regarding the similarity of points in a particular data set. We learned how such side
information can be used to learn a new metric.

In this approach, given a set of t points, {xi}t
i=1 ∈ Rn, we identify two kinds of class-

related side information. The first is a set of pairs of similar or class-equivalent points (they
belong to the same class)

S : (xi, xj) ∈ S if xi and xj are similar

and the second is a set of dissimilar or class-inequivalent pairs (they belong to different
classes)

O : (xi, xj) ∈ O if xi and xj are dissimilar

We then wish to learn a matrix A that induces a distance metric D(A) over the points

D(A)(xi, xj) = ‖xi − xj‖A =
√

(xi − xj)T A(xi − xj)

where A º 0.
We define the following loss function, which, when minimized attempts to minimize the

squared induced distance between similar points and maximize the squared induced distance
between dissimilar points
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L(A) =
∑

(xi,xj)∈S
‖xi − xj‖2

A −
∑

(xi,xj)∈O
‖xi − xj‖2

A

The optimization problem then becomes

min
A

L(A)

s.t. A º 0

Tr(A) = 1

Prove or disprove that matrix A obtained by this technique is always rank 1. (i.e., the
data are always projected onto a line).

Note: This approach follows [1]. In that work Xing et al. use side information identify-
ing pairs of points as “similar”. They then construct a metric that minimizes the distance
between all such pairs of points. At the same time, they attempt to ensure that all “dissim-
ilar” points are separated by some minimal distance. By default, they consider all points
not explicitly identified as similar to be dissimilar. They proof their algorithm results in A
always being rank 1. You may want to read their paper (provided on the course web page)
and get some idea.
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