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I do analytic number theory, computational number theory, and arithmetic statistics. Within these areas my
interests are broad.

Section 1 presents [Cow24d| and [Cow25a|. I use analytic techniques to study the phenomenon of “murmu-
rations” which has been of great interest ever since it was discovered empirically by data scientists three years
ago. My work connects murmurations to the field of random matrix theory, the first time this connection has
been made in the literature. In [Cow24d], I leverage existing results in random matrix theory to prove murmu-
rations in many cases. In [Cow25a], I give more general constructions which explain several key properties of
murmurations, and develop strong bounds in a couple auxiliary problems to prove murmurations “from scratch”
in an important case.

Section 2 presents [Cow25c¢], technically challenging analytic work in which I use the spectral theory of auto-
morphic forms to study the correlation between generalized divisor sums of integers a fixed distance apart. Such
“shifted convolutions” are a cornerstone of modern analytic number theory with many applications. Existing
general treatments of the problem all made simplifying assumptions which exclude the case I study. Determin-
ing the asymptotic value of this divisor sum correlation required an adaptation of a little-known theoretical
technique, and the error term I obtain is unusually small. This work was the subject of a topics course I taught
at Harvard; notes in the form of video lectures are available on my website and on YouTube.

Section 3 presents a selection of papers of mine in arithmetic statistics: [Cow24b| on the distribution of con-
ductors of elliptic curves, [CM24, CFM24] on moduli spaces of genus 2 curves with prescribed real multiplication,
and [Cow20] connecting statistics of points on elliptic curves and continued fractions.

Section 4 presents [Cow22a] on the design and implementation of an algorithm for generating a database of
modular forms: complicated and mysterious objects of fundamental importance in number theory. The database
I generate is 200 times larger than the one before it, and is available on the widely-used L-functions and Modular
Forms Database (LMFDB) so as to be easily and readily accessible to number theorists broadly.
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1. MURMURATIONS

A collaboration of data scientists [HLOP24] recently observed experimentally that the number of points on
an elliptic curve mod p, when averaged over a set of elliptic curves of fixed rank and similar conductor, oscillates
as p varies. (Le., let a and b be integers, and consider the cardinality of the set of pairs (z,y) € (Z/p)? which
solve the equation E,p : y* = 23+ ax +b. When this cardinality is averaged over over (a,b) € Z? appropriately,
the resulting function of p appears to oscillate and enjoy other peculiar characteristics. This is very surprising.)

These oscillations, called murmurations, hadn’t been observed previously, and it’s unclear what causes them.
Manifestations of the phenomenon have since been observed empirically in many other settings [Sut22]|, but
theoretical results remain elusive: prior to [Cow24d, Cow25al, only five cases [Zub23, Wan25, LOP25, BBLLD23,
BLLD™"24] had been established, with the latter three assuming GRH. These results use trace formulas, and
the underlying mechanism remains mysterious.


https://www.math.uwaterloo.ca/~a2cowan/topics2023f/
https://www.youtube.com/playlist?list=PL-eBxy63BhGuU5HvaXeqm8xAZilOGsMyU
https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/?level_type=prime&level=10000-&weight=2
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In [Cow24d] I connect murmurations to distributions of low-lying zeros in families of L-functions and random
matrix theory. This approach for studying murmurations hadn’t appeared outside of my short note [Cow23],
and leads to results in a wide variety of settings, notably including that of elliptic curves. Previously it was
unclear how to predict anything at all about the nature of murmurations, even heuristically. Six examples are
given in [Cow24d]: one unconditionally, two under GRH, and three under additional conjectures from random
matrix theory.

Applying [Cow24d]’s method in the simple and computationally tractable case of a family F, of even real
primitive Dirichlet characters x4 — for a given d the function x4 evaluates to 1 for squares mod d, and —1 for
non-squares — yields roughly
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Figure 1.4 visualizes (1) in the case F, = {d : 95,000 < d < 105,000, d a fundamental discriminant}. See
[Cow24d, Thm. 1.2, Thm. 2.4] for more precise statements, including error terms and their provenance.
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Figure 1.1. For T =900 and € = 0.1, the left and right hand sides of (1) in blue and gold respectively, as well
as their difference in grey, as functions of x. The integral in (1) is approximated by Riemann sum evaluated at
180,000 equally-spaced points. In this example #F, = 3038. My code is available at [Cow24c]|.

The behaviour of the quantity on the left hand side of (1) is surprisingly structured. Instead, one might have
imagined that the values yq(p) would behave as if they were “randomly” +1 or —1 with equal probability. If
this had been true, the left hand side of (1) would either converge to 0 or diverge almost surely, and certainly
not possess the regular structure that’s visible in figure 1.4.

Murmurations of elliptic curves were the initial catalyst for the study of the topic in general [HLOP24]. Prior
to [Cow24d], there were no predictions at all for the precise way in which the average value of the number of
points mod p oscillates, how many curves needed to be averaged for the oscillations to appear, the range in
which oscillations were visible, etc.

Let Fs(H) denote the family of elliptic curves

(2) Fe(H)={? =a®+ax+0b:31a,24b, |a| <Hs,|b| <H?,p*|a = p°1b}.

Roughly speaking, Fs(H) consists of elliptic curves with height less than H and good or “pretty good” reduction
at 2 and 3. For a given E = E, ;, € Fs(H), let o, and @, be the complex conjugates of norm 1 such that

Vp(ap +ap) =p —#{(z,y) € (Z/p)* : y* = 2° + az + b}.
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Theorem 1.2 (Murmurations of elliptic curves [Cow24d, Thm. 1.1]). Let Fs(H) be the family (2) of elliptic
curves ordered by height, let w € {£1}, and let Fs(H)¥ = {E € Fs(H) : wg = w}. Assume that |[Cow24d,
(7), (8)] and the ratios conjecture [DHP15, Conj. 3.7 hold with Fs(H) replaced with Fe(H)¥. For any H,y,T,e
such that 0 < e < § and (Hy)%""S < T < Hy,

1
- +a logp
e > T > (o
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where A(a, ) is the product over primes defined in [Cow24d, Def. 3.2|, and Fx () is the approximation defined
in [Cow24d, Def. 3.9] to the cummulative distribution function of conductors among E € Fg.

C(25)A(5 — 5,5 — 3),

One of the most striking characteristics of murmurations is their “ N/p-invariance”, where N can be taken to
be the analytic conductor of the arithmetic object’s L-function. This scale-invariance can be seen in theorem 1.2,
manifesting as the absence of any dependence on H in the (oscillation-producing) first term on the right hand
side.

Determining Fy above, the distribution of the conductors of elliptic curves in Fg(H), is an interesting and
difficult problem, and was the subject of the separate paper [Cow24b| motivated by theorem 1.2. The analogue
of Fiy for the family of all elliptic curves over Q is the function ® from theorem 3.1 below. Both Fy and ® are
plotted in figure 3.3.

[Cow25a] further broadens the method of [Cow24d], and explains how to obtain murmurations from approx-
imate functional equations, in many ways akin to passing from [CS07] to the more general [CFK'05]. Several
universal characteristics about murmurations are explained, e.g. the source of the N/p-invariance, as well as the
peculiar normalization in which the Dirichlet coefficients have size \/p in e.g. [Zub23, SS25|.

[Cow25a] goes on to implement the generalized method to exhibit murmurations of quadratic twist families
of GL; automorphic representations unconditionally. Let x be a primitive Dirichlet character of conductor ¢
and let ¢ be a real number. Let g, :=4q if 2 || ¢ and g, = g otherwise. Fix 1 < Dy < D and ¢ € (Z/q.)*, and
set

F = {Do <d< D : da fundamental discriminant, d = £ mod q*}.
Let x4 denote the Kronecker symbol (4) For any d € F, define

EEESVEL) T(\/E) (qf) xa(q)x(d),

where 7(x) is the Gauss sum. (The value of wr is independent of the choice of d € F.)

Wr =1

Theorem 1.3 (Murmurations for quadratic twists of a GL; automorphic representation [Cow25a, Thm. 1.1]).
Let 3 <8 < 1. In the range (¢D)' ¢ < z < (¢D)*¢, D¢ < #F < D°F¢, t < D'707¢,
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Figure 1.4. Real parts of the left (blue) and right (gold) hand sides of theorem 1.3 as functions of x, with ¢t = 2,
x mod 7 sending 3 H;%‘/g, and F = {99,000 < d < 101,000 : d a fundamental discriminant, d = 1 mod 7}.
The vertical grey line indicates the value of gD /7. The right hand side was estimated with a Riemann sum over
[Im(s)| < 1,000 sampled at 200,001 evenly spaced points, and the products over primes truncated at p < 30,000.
In this example, #F = 89.

The proof of theorem 1.3 involves generalizing and sharpening results on statistics of quadratic characters
of Jutila [Jut81] and Stankus [Sta83|, and the use of a variation of the approximate functional equation which
dynamically rebalances error terms to obtain a power savings.

As an intermediate result, the mean values of L-functions in families of quadratic twists (for fundamental
discriminants of size D > 0 in a narrow slice of an arbitrary arithmetic progression) of GL; and GL5 automorphic
representations are determined roughly in the ranges s < D? and s < D3 respectively. The previous best was
the much smaller s < D3 [VT81] for the trivial representation on GL; and all fundamental discriminants less
than D.

2. SPECTRAL THEORY OF AUTOMORPHIC FORMS AND DIVISOR SUM CORRELATIONS

The classical additive divisor problem [Mot94] asks about the correlation between the number of divisors of
n and the number of divisors of n + 1 via the study of the sum }, _y oo(n)oo(n + 1), where og(n) == 34, 1
is the number of divisors of the positive integer n. Many generalizations of the additive divisor problem are
studied, both because they’re inherently interesting and because they have important applications, e.g. to the
growth of L-functions on vertical lines [Mic07]. One natural generalization comes from replacing o¢(n) in the
classical additive divisor problem with

n~oas(n, X) ZX d)d**.

The normalization above is natural in light of a functional equation s — —s. In [Cow25¢] I prove the following
theorem for “sufficiently generic” Dirichlet characters x, ¥ and complex numbers u, v.

Theorem 2.1 (Correlation of sum-of-divisors functions [Cow25c, Thm. 1.1]). For any fized shift k € Zso,
the correlation (as m varies) between the shifted values n™"oq,(n, x) and (n + k) Voa,(n + k, 1) of generalized
sum-of-divisors functions is given by

ZU2U UQU(n+k w) Xu+v+c X u— v+O<X|Re(u)|+\Re(v)|—B+6)
U(n 4 k)
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as X — oo, with

L(1 4 2u, X)L(1 + 20,%) 0_1_24—2,(k, x¥) 7(x¥)) x¥(k)

Cy =

L(2 + 2u + 2v, 1)) 1+u+w (%) 7 ()
o = L(l - QU,X)L(l - 211,1@ 0—1+2u+2v(k7 Xw)
T L(2—2u—2v, )W) l—u—w

and

5= 1+ 2|Re(u)| + 2|Re(v)]
" 3+ |Re(u +v)| + [Re(u —v)|’

Theorem 2.1 is proved using spectral methods in automorphic forms. The sum on the left hand side is
encoded in the Fourier coefficients of a function defined on a hyperbolic manifold. This function (a product
of non-holomorphic Eisenstein series) is in turn expressed as a linear combination of eigenfunctions of the
manifold’s Laplacian. Then, with difficulty, the analytic properties of these eigenfunctions and the coefficients
of this linear combination are understood sufficiently well to yield theorem 2.1. This overall approach is similar
to the ones taken in e.g. [VT84, Jut96, DFI02, Mic04].

Previous work on shifted convolutions have always included extra simplifying assumptions imposed on x, 1,
u, and v. Even very general treatments of these sorts of problems [MV10, Nel19, Wul9, HLN21| don’t cover
the case done by theorem 2.1. A key ingredient in [Cow25¢| is the use of a generalized form of a lesser-known
technique that’s sometimes called “automorphic regularization” [Zag81, MV10]. This technique permits the
spectral decomposition of automorphic functions which are not obviously square-integrable, enabling one to
study a wider class of problems.

The error term in theorem 2.1 is unusually small compared to the main term for certain choices of v and wv.
Previous work had always observed a power savings of 8 = %, but loosening the restrictions on u and v allows
the power savings to be larger than this: 8 can be as large as 1% — ¢ for admissible x, ¥, u,v. See [Cow25c,
Thm. 1.1] for details.

Spectral methods in automorphic forms are a broadly useful toolkit. They’re versatile in the types of problems
they’re ammenable to, and historically have yielded strong results [Iwa02]. In [Cow22b] I use spectral methods
of automorphic forms study statistics of modular symbols, after interest was generated by Mazur and Rubin in
[MR16, MR20]. Theorem 2.1 was the main subject of a topics course I designed and taught at Harvard. Notes
in the form of video lectures are available on my website and on YouTube. I’'m currently directing the research
of two undergraduate students in this area.

3. ARITHMETIC STATISTICS

I have several papers [Cow20, BBCT20, Cow21, CM24, CFM24, Cow24b, Cow25b]| falling under the broad
umbrella of arithmetic statistics that are not primarily computational or analytic in nature. This section presents
[Cow24b], [CM24, CFM24], and [Cow?20].

Conductor distributions of elliptic curves

Elliptic curves are most naturally ordered by conductor but most easily ordered by height. Converting
between these two orderings is an interesting and difficult problem. The well-known and widely believed
Brumer-McGuinness—Watkins heuristics [BM90, Wat08] on this subject are in certain restricted cases sup-
ported empirically [BGR19]. Theoretical support of the Brumer—-McGuinness—Watkins heuristics is challenging
[CS23], and has only been done for families of elliptic curves that impose restrictions on the relationship between
discriminant and conductor [SSW21].

Define

Fo(H) ::{y2:a:3+ax+b : |a\<H%, |b|<H%,p4\a = pGTb}.

Let

0 otherwise

1 1 . K
Fa(h) :411/1/1{1 1f716(4a3+2752)<)\dadﬁ.


https://www.math.uwaterloo.ca/~a2cowan/topics2023f/
https://www.youtube.com/playlist?list=PL-eBxy63BhGuU5HvaXeqm8xAZilOGsMyU
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Let p(p,n) denote the natural density of (a,b) € Z? such that E : y> = 2° + az + b’s discriminant to conductor
ratio has p-part equal to the p-part of n, i.e., for any prime p and integer n,

Ap
p(p,n) = lim 5 {(a,b) € Z? : |af’, |b)? < H, 4a® +27V* £ 0, gcd( P > gcd(n,p‘x’)}.
H—oc0 4H6

The values of p(p,n) are the simple rational functions of p and ged(n,p>) tabulated in [Cow24b, Table 1.5].

Theorem 3.1 below, which can be viewed as a precise and effective version of the heuristic argument from
[BM90, Wat08], gives the distribution of the conductors in the height-ordered family Fg consisting of all elliptic
curves over (Q up to isomorphism.

Theorem 3.1 (Conductor distribution of elliptic curves [Cow24b, Thm. 1.7]). For any Ay > Ao > é‘éﬁé, the
proportion of elliptic curves E € Fg(H) whose conductors Ng lie between AoH and A\ H is
#{E S fQ(H) : MH < Ng < /\1H} .
#Fo(H)

(A1) — ®(Ao) + O((log H)~'*9)
with

= CCZ (Fa(nX) — Fa(— n)\))plp(p’pn)z.

Theorem 3.1 has applications to the difficult problem of enumerating elliptic curves by conductor. It’s
expected that #{E € F(H) : Ng < X} < X¢ as H — cc.
Theorem 3.2 (Counting by conductor [Cow24b, Thm. 1.9]).
5 5 H g% 7 1
Xo<#{EcF(H): Np<X} <« X5 (X> Hamate 4+ 3.
Theorem 3.2 is the strongest bound currently known for enumerating elliptic curves over Q with conductor
at most X and height at most H when
Hsite o g08220 o ¥ o« ¢ a {08833
X%+E ~ X1.1321 < H < X%*E ~ X1A2165.

If 264/217 is replaced by a larger number then the bound [DKO00, Prop. 1] of Duke-Kowalski is better, and if
60/53 is replaced by a smaller number then bounding by #F(H) is better.

1.01 0.010
0.8 1 0.008 -
0.6 0.006
0.4 0.004 -
0.2 0.002 A
: : : : - Al : : : . - Al
100 200 300 400 500 100 200 300 400 500
Figure 3.3.

Left: Main term on the right hand side of theorem 3.1 with A\g = 0 (red: Fg, blue: Fg), as well as the
function (A;/496)% (black).

Right: Derivative with respect to A; of the main term of theorem 3.1 (red: Fg, blue: Fg).
The identity [Cow24b, (27)] was used generate these plots. The code is available at [Cow24a].
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The expression on the right hand side of theorem 3.1 may appear to be quite complicated. However it is
simple to compute: for any A\; > Ay > 0 the sum over n is finite, because the summand is 0 whenever nAg > 496,
and the product over p is finite, because p(p,n) = 1 — p~2 whenever p { 6n.

Versions of theorems 3.1 and 3.2 for the family Fs from (2) are also given in [Cow24b], so as to be able to
prove theorem 1.2 on murmurations of elliptic curves.

Figure 3.3 plots the function ® from theorem 3.1 and its derivative in red, as well as the analogous distributions
for the family Fg in blue. The functions plotted are essentially the cumulative distribution functions (left) and
histograms (right) of the multisets {Ng/H : E € Fg(H)} and {Ng/H : E € Fs(H)} as H — oo. These
“histogram functions” are interesting: they’re continuous but fail to be differentiable infinitely often.

Genus 2 curves with real multiplication

Genus 2 curves with real multiplication arose naturally in my research via their connection with the degree 2
newforms described in section 4. Elkies and Kumar [EK14] give a nice description of the moduli space of these
curves, but it remained difficult to determine the fields of definition of the associated Weierstrass equations.
For any one particular point in the moduli space this is straightforward thanks to a theorem of Mestre [Mes91],
which says that the obstruction for the existence of a Weierstrass model over a field K can be expressed in terms
of whether or not a specific conic with coefficients that are polynomials in the moduli has a K-rational point.
However, this conic was too unwieldy to be useful for understanding the behaviour of genus 2 curves with real
multiplication in aggregate.

In [CM24], Kimball Martin and I show that, in the case of real multiplication by discriminant 5, this Mestre
conic which obstructs the existence of a Weierstrass model can be reduced to the very simple conic

2 2 (m?—5n* - 5)22 =0,

z° — by
where m and n parameterize the rational moduli space given in [EK14].

In [CFM24]|, Sam Frengley, Kimball Martin, and I prove analogous statements for discriminants 8, 12, 13,
17, 21, 24, 28, 29, 33, 37, 44, 53, and 61. We also give generic families (in the sense of [CFM24, Remark 2.1]) in
these cases; for D > 12 no such families were previously known. We prove some additional results, in particular
that the Mestre obstruction vanishes for all discriminants which are 1 mod 8. Our work involves a mix of theory
and computation, and includes search algorithms for finding these sorts of reductions.

Real points on elliptic curves and continued fractions

An elliptic curve is a Diophantine equation of the form E : 4% = 22 4+ ax + b. The solutions, i.e. the points
on a fixed elliptic curve, form an abelian group.

In [Cow20] I establish a correspondence between the statistics of the real or complex points on an elliptic curve
and the statistics of continued fractions. Then, via the theory of continued fractions, I describe the statistical
behaviour of points on elliptic curves from various perspectives, e.g. their distributions and their extreme values.

Theorem 3.4 (Lower bound for multiples of P € E(R) [Cow20, Thm. 1.1]). Suppose that E/C has periods wq
and wa, chosen such that wy; € Rso and Im(wz) > 0. Then for every point P of infinite order in the unbounded
component of E(R), there exist infinitely many n such that
3
5 o —2 2-52 3 -1
x(nP) > n +0(n™7) and  y(nP) > 3 +O0(n™").
1 1

If P is instead a point of infinite order on the bounded component of E(R) (in the case where E(R) has two
connected components), then there exist infinitely many n such that
3

x(nP) > 4—52n +0(n™?) and  y(nP) > 45—371 +0(n™h).

The implied constants depend only on E.

Theorem 3.5 (Distribution of multiples of P € E(R) [Cow20, Cor. 1.7]). Fiz Py = (xo, yo) € E(R) and e > 0
For all P € E(R) of infinite order, the natural density of integers n for which (x(nP)—1z0)%+ (y(nP)—1yo)? < &2
18

2n(e + O(e?)),

wl\/yo 65'70 - 7)2
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where n = 1 if both P and Py are on the unbounded component of E(R), n = % if P is on the bounded component
of ER), and n =0 if Py is on the bounded component of E(R) but P is not. The implied constant depends only
on E and P,.

Figure 3.6 illustrates theorems 3.4 and 3.5.

Figure 3.6.

Left: {log(z(nP)+2) : 1 <n < 10%} for P ~ (—0.406,0.966) on E : y* = 23 + 1, with the lower bound of
theorem 3.4 in red.

Right: Histogram of {nP : |n| < 5-10°, z(nP) < 1.89} for P = (0,0) on E37a: y> +y = 2® — z, with the
poles (zo,y0) = (£+1/92/12, 0) of the density function from theorem 3.5 shown in red.

[Cow20, §6] gives statistics for Bremner and Macleod’s [BM14] equation
@ b L
b+c c+a a+b

with N a given integer, to be solved for positive integers a, b, c. This equation is well-known for having surpris-
ingly large solutions [alel6].

=N

4. A MODULAR FORM DATABASE FROM SUPERSINGULAR ISOGENY GRAPHS
Background

Classical weight 2 newforms are complex functions with certain kinds of arithmetic symmetries. They are
among the most important objects in number theory, and in many aspects remain quite mysterious.
Newforms can be ordered in a natural way according to a positive integer N called their level. Define the
degree d of a newform to be the degree of the number field K; generated by the coeflicients of its Fourier series.
Modular forms are interesting in their own right, and also because standard “modularity conjectures” predict a
correspondence between genus d factors of the “modular Jacobian” Jo(IN) — a fundamental object in arithmetic
geometry — and weight 2 newforms of level N whose Fourier coefficients are algebraic integers of degree d.
The association between genus 1 modular abelian varieties — elliptic curves — and degree 1 modular forms
is an important theorem [Wil95, TW95, BCDT01, DS05|. The literature contains many conjectures and results
about the distributions of related invariants [PPVW19, BKL*15, BS15, HS17, Pool8, LR21, SSW21, Gol82,
WDET15, etc.|. However, in many situations it is poorly understood what the correct generalizations for d > 2
should be, and merely formulating conjectures which are plausible is of great interest. Even the basic question
asking how many such objects exist with prescribed degree d > 2 is totally mysterious [Ser97, SZ24], whereas
there are well established conjectures for the number of elliptic curves with bounded conductor [BM90, Wat08|.

My work

In [Cow22al, I designed and implemented an algorithm that computed the Fourier expansions of all trivial
nebentypus newforms with degree d < 6 and prime level N < 2,000,000. Moreover, for 4,752 < N < 1,000,000,
the algorithm verified that there are exactly two newform orbits per level with d > 7 (which is quite tricky); these
remaining newform orbits were then described with the help of Eran Assaf [Ass24]. The algorithm computes
the first NV Fourier coefficients [Stu87] in time O(N?%¢) and space O(N*¢), improving on the O(N3"¢) runtime
of previous methods [BBB'21].
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The database generated by [Cow22a] builds on many existing databases, like the Antwerp tables [BKT75],
Cremona’s database of elliptic curves [CMFT24, Cre97|, and the LMFDB [LMF]| which, prior to uploading my
data, contained all newforms with level N < 10,000 [BBB*21].

Table 4.1 summarizes the dataset as a whole. You can click here to see the data on the LMFDB.

(Old data) (New data)
. 1—10* | 10*—10° |10°%—2-10°
Deg Disc(Ky) Gal(Ky/Q) || Total n - N - i B
1 1 Ch 15578 || 140 189 | 4364 4479 | 3206 3200
) Co 3044 93 65| 938 962 | 508 478
8 Co 379 18 19| 115 127 54 46
9 13 Cy 59 4 9 21 19 1 5
12 Co 18 1 8 6 1 2
21 Cy ) 1 1 2 1
17 Cy 1 1
49 Cs 154 || 19 15 40 50 20 10
229 Ss 29 6 2 13 7 1
148 Ss 18 7 5 3 3
3 81 Cs 16 2 1 2 11
257 Ss 16 3 6 4 2 1
169 Cs 11 1 1 2 4 1 2
321 Ss 3 2 1
725 Dy 22 10 6 2 3 1
4 1957 Sy 6 2 2 1 1
2777 Sy 5 2 1 2
8768 Dy 1 1
5 70601 Ss 3 2 1
114 Cs 1 1
6 13° Cs 1

Table 4.1. Number of prime level newforms by degree, discriminant, and Atkin-Lehner sign.
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Figure 4.2. Number of degree 2 forms with prescribed discriminant and prime level between 10* and X, as a
function of X. The graph on the right excludes discriminants 5 and 8.

In [CM23], Kimball Martin and I investigate this new modular form data. As one of many examples of
how the dataset enables a better understanding of newforms, table 4.1, figure 4.2, and heuristics based on the
geometry of associated moduli spaces [EK14] lead us to conjecture that 100% of degree 2 newforms f of prime

level have K ; = Q(1/5). Conjectures based on my data are also formulated by [DO25| and [DS25].


https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/?level_type=prime&level=10000-&weight=2
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The algorithm

The main idea of the algorithm in [Cow22a] comes from Mestre’s Méthode des Graphes [Mes86], in which
he relates the Fourier expansions of weight 2 newforms of prime level to “supersingular isogeny graphs”. These
graphs have recently been of independent interest because of their applications in cryptography [CLG09, JDF11,
EHL™18, ACNL*23, CD23, etc.].

The relationship [Mes86] presents between supersingular isogeny graphs and weight 2 newforms depends on
a trace formula: the action of the Hecke operator Ty on the complex vector space Sa(N) of weight 2 newforms
of level N can be represented as the adjacency matrix of the supersingular /-isogeny graph. My algorithm
finds simultaneous eigenvectors of these matrices, and then uses a formula from Mestre’s work to compute the
associated Fourier expansions.

In designing the algorithm, I extended Wiedemann’s algorithm [Wie86] to compute characteristic polynomials,
I implemented a method for computing the Fourier expansion of the modular j function over finite fields which
is much faster than existing implementations, I designed a method to find all the low degree eigenvectors of
Hecke operators over Z using only knowledge of their characteristic polynomials over finite fields, and I designed
a method to check that, besides the aforementioned low degree factors, the Hecke modules were irreducible,
again only using knowledge of the Hecke operators over finite fields. This last part, checking irreducibility, is
challenging. For example, it involved the design and implementation of a technical quadratic time algorithm
for a manifestation of the subset-sum problem, which is NP-complete in general.

Extensions

Constructions similar to [Mes86] exist in many other settings. I have already computed datasets of modular
forms with level of the form 2p, 3p, or 4p, and I have implemented a variation which computes g-expansions to
shallow depths for squarefree levels. Many other generalizations, e.g. using modular symbols [Cre97, Boo24],
or with applications to Hilbert modular forms [HTV25], are possible; the algorithm is fundamentally one for
quickly finding low-degree eigenvectors of sparse integer matrices, which many problems can be recast as.

In work in progress with Noam Elkies, we generate, from the g-expansions in the database defined over Q(\/g),
Weierstrass models of the associated genus 2 curves with real multiplication by discriminant 5. We develop a
variety of theoretical and computational techniques to do this for every form of this sort in the database.

An explicitly statistical and probabilistic investigation of the database, joint with Kimball Martin, is in
preparation [CM]. A working manuscript and slides are available on my personal webpage. Both the novel
statistical methodology, rooted in information theory, and the surprising discoveries presented in this manuscript
form a basis for future work. In [Cow25b], I use these statistical methods, along with a new bound on the left
tail of the uniform multinomial’s relative entropy (a.k.a. Kulback-Leibler divergence), to discover an unusual
phenomenon regarding the equidistribution of primes in arithmetic progressions.
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