PMATH 445/745 — Assignment 8

Alex Cowan

Due 2026/03/18

The normalization of the Fourier transform used in this assignment is
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geG

whose inverse is given by

= ) dlmv Te(f(p)p(h~1)).
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1. Given two functions @, : G — C, define the convolution ¢ x1 : G — C by

(exv)(h) =Y (g

geG

Prove that

pxP =i

2. In this problem, choose the isomorphism class representatives of the irreducible representations p € Irr(G) to

be unitary, i.e. p(h~1) = p(h)T = p(h)T for all h € G. (Using 1 to denote the conjugate transpose is common in
physics.) Define an inner product (-, - Ygna on End(V,) by (A, B)gna = Tr(ABT). Prove Plancherel’s theorem

#G (o )a = Y dimV, (P, P)ena.
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3. “Nice” functions f : R/Z — C have Fourier series

with

(Here e(nz) = exp(2mwinz).)
3.1. Figure out what the analogue of the result from problem 1 is for R/Z, and prove it.

3.2. Figure out what the analogue of the result from problem 2 is for R/Z, and prove it.



4. The Fourier transform is an isomorphism

(C[G] ;) @ End(Vp) = @ Matdim Vpxdim Vp (C)
pEIrr(G) p€lrr(G)

Take G = S3. In this problem, fix the representative of the isomorphism class of the 2-dimensional irreducible
representation of S3 to be
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Let
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(Ordered (trivial, sign, 2D).) Find the element f € C[S3] whose Fourier transform is A.

5. Let 01,...,0, be 3-cycles in A4 chosen independently and uniformly at random. Using Fourier analysis,
prove that

—1 ifhi -cycl
Prob(or--- o = h) = — (1 4+ —— Mhisadeyde =
12 (—2)n 2 if h is not a 3-cycle



