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Stefan Sremac * Fei Wang Henry Wolkowicz' Lucas Pettersson ?

Tuesday 23™¢ July, 2019, 20:50

Abstract

We present several solution techniques for the noisy single source localization problem,
i.e., the Euclidean distance matrix completion problem with a single missing node to locate
under noisy data. For the case that the sensor locations are fixed, we show that this problem
is implicitly convex, and we provide a purification algorithm along with the SDP relaxation to
solve it efficiently and accurately. For the case that the sensor locations are relaxed, we study
a model based on facial reduction. We present several approaches to solve this problem effi-
ciently, and we compare their performance with existing techniques in the literature. Our tools
are semidefinite programming, Fuclidean distance matrices, facial reduction, and the generalized
trust region subproblem. We include extensive numerical tests.

Keywords: single source localization, noise, Euclidean distance matrix completion, semidefi-
nite programming, wireless communication, facial reduction, generalized trust region subproblem.
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1 Introduction

In this paper we consider the noisy, single source localization problem. The objective is to locate
the source of a signal that is detected by a set of sensors with exactly known locations. Distances
between sensors and source are given, but contaminated with noise. For instance, in an application
to cellular networks, the source of the signal is a cellular phone and the cellular towers are the
sensors. Our data is the, possibly noisy, distance measurements from each sensor to the source.
The single source localization problem has applications in e.g., navigation, structural engineer-
ing, and emergency response, , , ,. In general, it is related to distance geometry
problems where the input consists of Euclidean distance measurements and a set of points in Eu-
clidean space. The sensor network localization problem is a generalization of our single source
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problem, where there are multiple sources and only some of the distance estimates are known. The
general Fuclidean distance matriz completion problem is yet a further generalization, where sensors
do not have specified locations and only partial, possibly noisy, distance information is available,

, [2,13L|15]. We refer the readers to the books [1.[5,9,10] and survey article [27] for background
and applications, and to the paper [18] for algorithmic comparisons. We also refer the readers for
the related nearest Euclidean distance matric (NEDM) problem to the papers [30,31] where a
semismooth Newton approach and a rank majorization approach is presented. The more general
weighted NEDM is a much harder problem though. For theory that relates NEDM to semidefinite
programming, see e.g., [12,25].

A common approach to solving an instance of the single source localization problem is a modi-
fication of the least squares problem, referred to as the squared least squares (SLS) problem. We
consider two equivalent formulations of SLS: the generalized trust region subproblem (GTRS) for-
mulation; and the nearest Fuclidean distance matriz with fived sensors (NEDMF') formulation. We
show that every extreme point of the semidefinite relaxation of GTRS may be easily transformed
into a solution of GTRS and thus a solution of the SLS problem.

We also introduce and analyze several relaxations of the NEDMF formulation. These utilize
semidefinite programming, facial reduction, and parametric optimization. We provide theoretical
evidence that, generally, the solutions to these relaxations may be easily transformed into solutions
of SLS. We also provide empirical evidence that the solutions to these relaxations may give better
prediction for the location of the source.

1.1 Outline

In Section we establish our notation and introduce background concepts. In Section we
prove strong duality for the GTRS formulation of SLS and in Section [2.2)we derive the semidefinite
relaxation (SDR ), and prove that it is tight. We also show that the extreme points of the optimal
set of SDR. correspond exactly to the optimizers of SLS. A purification algorithm for obtaining
the extreme points is presented in Section In Section [3] we introduce the NEDM formulation
as well as several relaxations. We analyze the theoretical properties of the relaxations and present
algorithms for solving them. The results of numerical comparisons of the algorithms are presented
in Section

1.2 Preliminaries

We now present some preliminaries and background on SDP and the facial geometry, see e.g., [17].
We denote by S™ the space of n X n real symmetric matrices endowed with the trace inner product
and corresponding Frobenius norm,

(X,Y) := trace(XY) ZX”YW, X F == /trace(XX) = [> X?
tj

Unless otherwise specified, the norm of a matrix is the Frobenius norm, and we may drop the
subscript F'. For a convex set C', the convex subset f C C'is a face of C if for all z,y € C,z,y € f
with z € (z,y), (the open line segment between x and y) we have z € f.

The cone of positive semidefinite matrices is denoted by S and its interior is the cone of
positive definite matrices, S%, . The positive semidefinite cone is pointed, closed and convex.
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Moreover, the cone 8% induces a partial order on 8", thatis Y = X if Y — X € 8 and Y > X if
Y - X €S8, . Every face of S is characterized by the range or nullspace of matrices in its relative
interior, equivalently, by matrices of maximum rank. For S C S | we denote the minimal face of
S, face(S), the smallest face of ST that contains S. Let X € SV have rank r with orthogonal
spectral decomposition.

T
X=[P [% 8] P Q. Dyes,.

Then the range and nullspace characterizations of face(X) are,
face(X) = PS%, P* = 8" n{QQ"}*.

We say that the matrix QQ7 is an exposing vector for face(X).

Sometimes it is helpful to vectorize a symmetric matrix. Let svec : 8" — R™®™*t1/2 map the

upper triangular elements of a symmetric matrix to a vector, and let sMat = svec™!.

The centered subspace of S™, denoted S¢, is defined as
So:={X e€8§": Xe=0},
where e is the vector of all ones. The hollow subspace of 8™, denoted Sy, is
Sy :={X € §" : diag(X) = 0},
where diag : S* — R”, diag(X):= (X11,..., Xnn)?. A matrix D € Sy is said to be a Euclidean
distance matriz, EDM if there exists an integer r and points z!,... ,2" € R” such that
|2 — 27|53 = D;j, for all ij,

where ||-||2 denotes the Euclidean norm. As for the Frobenius norm, we assume the norm of a vector
to be the Euclidean norm when the subscript is omitted. The set of all n x n EDMs, denoted £™,
forms a closed, convex cone with £" C Sg.

The classical result of Schoenberg [32] states that EDMs are characterized by a face of the
positive semidefinite cone. We state the result in terms of the Lindenstrauss mapping, K : " — S§”,

/C(X)Z] = X+ ij — 2Xz‘j.

with adjoint and Moore-Penrose pseudoinverse,
1
K*(D) = 2(Diag(De) — D), K'(D) = — 5+ - ofDiag(D) - Jn,

respectively. Here Diag is the adjoint of diag, the matrix J,, := I — %eeT is the orthogonal projection
onto S¢, and offDiag(D) refers to zeroing out the diagonal of D, i.e., the orthogonal projection onto
Sp. The range of K is exactly Sy and the range of K is the subspace S¢. Moreover, K(sy)=¢&en
and K is an isomorphism between S¢ and Sp.

The Schoenberg characterization states that I is an isomorphism between S7 NS¢ and &7,
see [2] for instance. Specifically,

K(S? NSc)=&", KI(E™) =8T NSe.

Moreover, if D € £ and KT(D) = PPT has rank r with full column rank factorization PP’ then
the rows of P correspond to the points in R"” with pairwise distances corresponding to the elements
of D. For more details, see e.g., [2,[11}]12}21}22].
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2 SDP Formulation

We begin this section by formulating the SLS problem using the model and notation of [3]. We let
n denote the number of sensors, p',...,p" € R” denotes their locations, and r is the embedding
dimension.

Assumption 2.1. The following holds throughout:
1.n>2r+1;
2. int conv(p',... ,p") # 0;
3. 5" pt=0.

The first two items in Assumption ensure that a signal can be uniquely recovered if we have
accurate distance measurements. If the towers are positioned in a proper affine subspace of R", and
the signal is not contained within this affine subspace, then there are multiple possible locations for
the signal with the given distance measurements. We assume that such poor designs are avoided in
our applications. The third assumption is made so that the sources are centered about the origin.
This property leads to a cleaner exposition in the NEDM relaxations of Section [3]

We let d = d + ¢ € R" denote the vector of noisy distances from the source to the ith sensor,

d; ::Ji—i—si,i:l,...,n,

where d; is the true distance and ¢; is a perturbation, or noise. When the noise €1, . .. , &, is not too
large, then a satisfactory approximation of the location of the source can be obtained as a nearest
distance problem to the sensors. Using the Euclidean norm as a metric, we obtain the least squares
problem

n
* : P AT 2
Pis := min ; (llz = p'll = d) " (2.1)

This problem has the desirable property that its solution is the maximum likelihood estimator
when the noise is assumed to be normal and the covariance matrix a multiple of the identity,
e.g., [8]. However, it is a non-convex problem with an objective function that is not differentiable.
Motivated by the success in [3], the main problem we consider instead is the optimization problem
with squared distances

* : n ; 2
(SLS)  pgps = min >icy (le ="l = df)". (2.2)

Though still a non-convex problem, in the subsequent sections we show that a solution of SLS can
be obtained by solving at most k£ < r + 1 convex problems, see Theorem below.

2.1 GTRS

The GTRSis an optimization problem where the objective is a quadratic and there is a single
two-sided quadratic constraint, [29,33]. Note that this class of problems also includes equality
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constraints. If we expand the squared norm term in SLS and substitute using ||z||? = a as in [3],
we get the equivalent problem

n
Pszs = min {Z (o= 2075 + || = &2)* s o] —a =0, w e R’"} . (23)
T,x i1

In this formulation, we have a convex quadratic objective that is minimized over a level curve
of a convex quadratic function. It follows that is an instance of the standard trust region
subproblem. Strong duality is proved in [29,33|. For the sake of completeness, we include a proof
of strong duality for our particular class of GTRS.

Theorem 2.2. Let

Pr:=[p' p* ... p"]T, A:=[-2Pp ¢, I:= {
di — [|p*||?

Ir 0r><1:|
01><7" 0 ’

=(8); -

Consider SLSin (2.2)) and the equivalent form given in (2.3). Then:

b= :
;. — [p"|1?

1. The problem SLS is equivalent to

(GTRS)  pipg=min{||Ay —b||?: 4TIy + 20Ty =0, y e R"H1}. (2.5)

2. The rank of A is r + 1 and the optimal value of GTRS is finite and attained.

3. Strong duality holds for GTRS, i.e., GTRS and its Lagrangian dual have a zero duality gap
and the dual value is attained:

Psrs = s = maxmin{[[ Ay - b||2 + My Ty + 2b7y)}. (2.6)

Proof. The first claim that SLS can be rewritten as GTRS follows immediately using the substi-
tution y = (27, a)?. For the second claim, note that by Assumption Item 2| rank(Pr) = r.
Therefore, (Pr)Te = 0 implies that

rank(A) = rank(Pr) +1=r+ 1.

Now, since A has full column rank, we conclude that AT A is positive definite, and therefore the
objective of GTRS is strictly convex and coercive. Moreover, the constraint set is closed and thus
the optimal value of GTRS is finite and attained, as desired.
That we have a zero duality gap for GTRS follows from [29], since this is a generalized trust
region subproblem. We now prove this for our special case. Note that
AT A — [4P$PT 0} '
0 n
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Let v = Amin (4P7T Pr) be the (positive) smallest eigenvalue of~4P:,T Pr so that we have ATA—~I = 0,
but singular. We note that the convex constraint y” Iy + 2b7y < 0 satisfies the Slater condition,
i.e., strict feasibility. Therefore, the following holds, with justification to follow.

pss = minf[|Ay — b||? : yT Ty + 267y = 0}

= min{f| Ay — bI> — v (y" Ty + 207y) : y Ty + 26"y = 0} (2.7)
= min{|[ Ay — bl|* —v(y" Ty + 27y) : y" Ty + 26"y < 0} (2.8)
= maxmin{[| 4y —b[* = 3(y" Ty +25"y) + A" Iy + 26"y)} (2.9)
= g@%myin{llfly—bllu A =N Ty +20"y)} (2.10)
= dgis
< psis-

The first equality follows from Item 1 and the second equality holds since W(nyy + 25Ty) is
identically 0 for any feasible y.
For the third equality, let the objective and constraint, respectively, be denoted by

fy) = Ay —b|> = vy Ty + 2b"y), g(y) ==y Ty + 20"y = 0.

The optimal value of (2.8]) is a lower bound for pg; g since the feasible set of (2.8)) is a superset of
the feasible set of (2.7]) and the objectives are the same. Now suppose, for the sake of contradiction,
that the optimal value of ([2.8) is strictly less than pg;g. Then there exists y satisfying,

9(m) <0, [f(¥) <psLs-
Let 0 # h € Null(V2f(y)). Then by the structure of ATA and construction of 7 we see that
h= (7LT O)T with h # 0. Moreover, we have,
lim g(j+ah)= lim g(7) £ 2ay’h+ o?||h||? = +occ. (2.11)

li
a—r—+00 a—-+00

Now we choose n € {£1} such that,

(G +nah) < f(g), Va > 0.

These observations imply that that there exists @ > 0 such that

g(g+ah) =0, f(y+ah) < f(¥) < psvLs;

a contradiction.

We have confirmed the third equality. Now is a convex quadratic optimization problem
where the Slater constraint qualification holds. This implies that strong duality holds, i.e., we get
with attainment for some A > 0. Now if A < 0 in then the Hessian of the objective is
indefinite (by construction of ) and the optimal value of the inner minimization problem is —oco.
Thus since is maximized with respect to A in the outer optimization problem, we may remove
the non-negativity constraint and obtain . The remaining lines are due to the definition of
the Lagrangian dual and weak duality. Strong duality follows immediately. O



143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

The above Theorem shows that even though SLSis a non-convex problem, it can be for-
mulated as an instance of GTRS and satisfies strong duality. Therefore it can be solved efficiently
using, for instance, the algorithm of [29]. Moreover, in the subsequent results we show that SLSis
equivalent to its semidefinite programming (SDP) relaxation in , a convex optimization prob-
lem.

We compare our SDP approach with the approach used by Beck et al [3]. In their approach
they have to solve the following system obtained from the optimality conditions of GTRS:

(AAT £ XD)y = ATb— b,
yI'ITy+20Ty = 0, (2.12)
ATA+ XN = 0.

The so-called hard case results in AT A + A\*I being singular for the optimal A* and this can cause
numerical difficulties. We note that in our SDP relaxation, we need not differentiate between the
‘hard case’ and ‘easy case’.

2.2 The Semidefinite Relaxation, SDR

We now study the convex equivalent of SLS. We analyze the dual and the SDP relaxation of
GTRS. By homogenizing the quadratic objective and constraint and using the fact that strong
duality holds for the standard trust region subproblem [34], we obtain an equivalent formulation of
the Lagrangian dual of GTRS as an SDP. We first define

- ATA  —ATY] - I b
I T | 213

The Lagrangian dual of GTRS may be obtained as follows:

dirs = maxymin, || Ay — bl — A(y" Ty + 2b"y)
= maxy{s: [|[Ay — b||> = Ay Ty + 207y) — s > 0,Vy € R"+1}
= max), {s [T 1] [A = AB = serq2el 5] [y7, l]T >0,Vy € RTH}
= maxy {s : AB + S€T+2€7T+2 = fl} .

(2.14)

Here the first equality follows from the definition of the dual. The second and third equalities
are just equivalent reformulations of the first one. For the last equality, let § = [y7,90]” and
M =A—-)\B - 36T+26Z+2 and suppose §T M7 < 0 for some §. If yy is nonzero, we can get a
contradition by scaling §. If yg is zero, by the continutity of § — § M, we can perturb § by a
small enough amount so that the last element of § is nonzero. This is a contradiction as in the
previous case.

We observe that is a dual-form SDP corresponding to the primal SDP problem, e.g., [39],

p$pr = min (4, X)

s.t. (B, X)=0
(SDR) (2.15)
Xr+2,r+2 =1

X eSSt
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Now let F and {2, respectively, denote the feasible and optimal sets of solutions of SDR.. We define

the map p: R™Tt — S™*2 as,
T
_ (Y Y
p(y) = <1> (1> : (2.16)

Note that p is an isomorphism between R"*! and rank 1 matrices of SZ?Q, where the (r 42,7+ 2)
element is 1.

Lemma 2.3. The map p is an isomorphism between the feasible sets of GTRS and SDR. More-
over, the objective value is preserved under p, i.e., |Ay —b||*> = (A, p(y)).

Theorem 2.4. The following holds:
1. The optimal values of GTRS, SDR, and (2.14)) are all equal, finite, and attained.

2. The matriz X* is an extreme point of Q if, and only if, X* = p~'(y*) for some minimizer,

y*, of GTRS.

Proof. From Theorem [2.2] and weak duality, we have that

PsLs = dsLs < PSDR- (2.17)

Moreover, since SDR is a relaxation of GTRS we get,

* * * * *
PSDR < PSLs = PsLs = dsLs = PSDR-

Furthermore, from Theorem [2.2] the above values are all finite and the optimal values of GTRS and
(2.14]) are attained. To see that the optimal value of SDR is attained it suffices to show that (2.14])
has a Slater point. Indeed, the feasible set of (2.14)) consists of all u, s € R such that,

T AT 7
[A A+ pl AYb+ pb 0.

—bTA+ " bTh—s
Setting p = 0 and applying the Schur complement condition, we have

1
by — s

ATH(ATH)T =0, ATA = 0.

ATA AT
—bTA bTh—s

]>O — ATA-

By Theorem AT A is positive definite and a Slater point may be obtained by choosing s so that
bT'b — s is sufficiently large.

Now we consider Item By the existence of a Slater point for we know that € is
compact and convex. Now we show that 2 is actually a face of F. To see this, let § € (0, 1) and let
Z=0X+(1-0)Y € Q for some X,Y € F. Since Z is optimal for SDR and X and Y are feasible
for SDR, we have

(A, 2y =0(A, Z) + (1 —0){A, Z) < O0(A, X) + (1 - 0)(A,Y) = (A, Z).

Now equality holds throughout and we have (A, X) = (A,Y) = (A, Z). Therefore X,Y € Q and
by the definition of face, we conclude that 2 is a face of F.

Since () is a compact convex set it has an extreme point, say X*. Now X* is also an extreme
point of F, as the relation face of is transitive, i.e., a face of a face is a face. Moreover, since
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there are exactly two equality constraints in SDR, by Theorem 2.1 of [28], we have rank(X™*)(1 +
rank(X*))/2 < 2. This equation is satisfied if, and only if, rank(X™*) = 1. Equivalently, X* = p(y*)
for some y* € R™*!. Now, by Lemma and the first part of this proof we have that y* is a
minimizer of GTRS.

For the converse in Item [2} let y* be a minimizer of GTRS. Then by Lemma X* = p(y*)
is optimal for SDR.. To see that X* is an extreme point of §2, let Y, Z € Q such that

1 1

Y+ -7Z=X".
2 + 2

Since X™* has rank 1 and Y, Z = 0, it follows that Y and Z are non-negative multiples of X*. But

by feasibility, X[\ o, 10 = Yij2,42 = Zrj2,42 and thus Y = Z = X*. So, by definition, X* is an

extreme point of €2, as desired. O

We have shown that the optimal value of SLS may be obtained by solving the nice convex
problem SDR. Moreover, every extreme point of the optimal face of SDR. can easily be transformed
into an optimal solution of SLS. However, SDR is usually solved using an interior point method
that is guaranteed to converge to a relative interior solution of 2. In general, such a solution may
not have rank 1. In the following corollary of Theorem we address those instances for which
the solution of SDR is readily transformed into a solution of SLS. For other instances, we present
an algorithmic approach in Section [2.2.1

Corollary 2.5. The following hold.
1. If GTRS has a unique minimizer, say y*, then the optimal set of SDR is the singleton p(y™*).

2. If the optimal set of SDR is a singleton, say X*, then rank(X*) = 1 and p~'(X*) is the
unique minimizer of GTRS.

Proof. Let y* be the unique minimizer of GTRS. By Theorem [2.4] we know that p(y*) is an
extreme point of Q2. Now suppose, for the sake of contradiction, that there exists X # p(y*) in Q.
Since ) is a compact convex set it is the convex hull of its extreme points. Thus there exists an
extreme point of €2, say Y, that is distinct from p(y*). By Theorem we know that p~1(Y) is a
minimizer of GTRS and by Lemma p~1(Y) # y*, contradicting the uniqueness of y*.

For the converse, let X* be the unique minimizer of SDR. Then X* is the only extreme point
of  and consequently p~1(X*) is the unique minimizer of GTRS, as desired. O

2.2.1 A Purification Algorithm

Suppose the optimal solution of is X with optimal value pipr = (4, X) and rank(X) = 7
where 7 > 1. Note that we can not obtain an optimal solution of GTRS from X since the rank
is too large. However, in this section we construct an algorithm that returns an extreme point of
Q which, by Theorem [2.4] is easily transformed into an optimal solution of GTRS. We note that
this does not require the extreme point to be an exposed extreme point.

Let the compact spectral decomposition of X be X := UDUT with D € Si 4. We use the
substitution X = USU” and solve the problem , below, to obtain an optimal solution with
lower rank. Note that D > 0 is a strictly feasible solution for . We choose the objective

10
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matrix C' € 87, to be random and positive definite. To simplify the subsequent exposition, by
abuse of notation, we redefine

B+« UTBU, A+ UTAU, E + UTEU, (2.18)
where E := e, ysel,,. We define the linear map A : S” — R? and the vector b € R? as,
(B,S) 0
As(S) = | (A4,8) |, bs:=|pspr |- (2.19)
(E,S) 1
respectively. The rank reducing program is
min (C,S5)
s.t.  Ag(S) =1bg (2.20)
Sedsr.

In Algorithm we extend the idea of the rank reducing program and in the subsequent results
we prove that the output of the algorithm is a rank 1 optimal solution of SDR.

Algorithm 2.1 Purification Algorithm

: INPUT: Ag as in and X € Q.

initialize: k =1, Aé =Ag, S1:=X,0U°=1.

while rank(S*) > 2 do
Compute compact spectral decomposition, S¥ = U¥DF(U*)T, with D* ¢ Sk
Redefine Alg and b’g using U* as in and ensure that it is full rank.
Choose C* € Null(A%) \ {0}.
Obtain S**1 € arg min{(C*, S) : AL(S) = bk, S = 0}.
Update k < k + 1.

end while

OUTPUT: X* :=U°...Uk-1gk(0...yk—1)T,

H
@

Lemma 2.6. Let k > 1 be an integer and suppose that C*, A%, and b’g are as in Algorithm .
Then
SH 0 = FFi= {S = 0: AL (S) = b’g} - {S’““}.

Proof. By construction, D¥ € F*. Therefore,
Fo={stt1]l — s =phoo,

For the forward direction, assume that S*+1 = 0 and, for the sake of contradiction, suppose that,
S*1is not the only element of F*. Then S*T! € relint(F*) and for any T' € Null(A%) there exists
€ > 0 such that,

{41 eT, 41 et} € P,

By the choice of C*, there exists T € Null(.A’g) such that (C*, T') # 0 and we may assume, without
loss of generality, that this inner product is in fact negative. Then,

<Ck,Sk+1 —|—€T> < <Ck,5k+1>,
contradicting the optimality of S¥*1. O

11
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Theorem 2.7. Let X € Sj_+2 be an optimal solution to SDR . If X is an input to Algorithm

then the algorithm terminates with at most rank(X) — 1 < r 4+ 1 calls to the while loop and the
output, X*, is a rank 1 optimal solution of SDR.

Proof. We proceed by considering the trivial case, rank(X) = 1. Clearly X* = X in this case, and
we have the desired result. Thus we may assume that the while loop is called at least once. We
show that for every S* generated by Algorithm with k£ > 1, we have,

Xk =00 Uuktskul...uFHT e q. (2.21)
To this end, let us consider the constraint (B, S*) = 0. By the update formula, (2.18)), we have,
0 — ((UO .. Uk*l)TBUO . Uk*l’ Sk‘> — <B’ UO . Uk*lsk‘(UO . Uk‘fl)T — <Bij‘>

Similarly the other two constraints comprising .A]g_l are satisfied by X* and therefore X* € Q.
Now we show that the sequence of ranks, rq,7s,..., generated by Algorithm is strictly

decreasing. It immediately follows that the algorithm terminates in at most rank(X) — 1 calls to
the while loop and that the output matrix X* has rank 1. Suppose, to the contrary, that there exists
an integer k > 2 such that rp = rx_1. Then by construction, we have that rank(Sk) =T = Tp_1
and S* is a Slater point of the optimization problem,

min{(C*~1, S) : AE1(S) =k, S - 0} (2.22)

Therefore, by Lemma [2.6{we have that S* is the only feasible solution of (2.22)). Now we claim that
X% as defined above is an extreme point of . To see this, let Y*, Z* € Q such that X* = %Yk+%Zk.
Since Y* and ZF are both positive semidefinite we have that

range(X*) D {range(Yk),range(Zk)}.
Thus there exist V¥, W* € 8'*~ such that,
Yk — UO . Uk‘—lvk(UO . Uk‘—l)T Zk — UO L Uk‘—lwk‘(UO L. U]C—I)T

and it follows that V* and WF are feasible for (2.22). By uniqueness of S* we have that Y* =
ZF = X* and X* is an extreme point of 2. Then by Theorem rank(S*) = 1 and Algorithm
terminates before generating 7, a contradiction. O

We remark that in many of our numerical tests the rank of X was 2 or 3. Consequently, the
purification process did not require many iterations.

3 EDM Formulation

In this section we use the Lindenstrauss operator, K, and the Schoenberg characterization to formu-
late SLS as an EDM completion problem. Recall that the exact locations of the sensors (towers)
are known, and that the tower-source distances are noisy. The corresponding EDM restricted to
the towers is denoted D7 and is defined by

(Dr);; == Ip" —p|%, V1<i,j<n.

12



Then the approximate EDM for the sensors and the source is

DTC-— |:(d0d)T 0 :|ES .

Recall that
PT: |:p1 p2 pn]TeRnX’r’.

216 From Assumption the towers are centered, i.e. el Pr = 0. This property is desirable due to
217 the Schoenberg characterization which states that K is an isomorphism between S% NS¢ and £™.
218 Moreover, it allows for easy recovery of the towers in the last step of our algorithm by solving a
210 Procrustes problem.

Now let G := PTPTT be the Gram matrix restricted to the towers, and note that

K(Gr)= Dr, K'(Dr)=Gr.

The nearest EDM problem with fixed sensors is
T
Pr| |Pr
() o

lz = p*|I?

2

!
min —
z€R™ 2

For any z € R" let
dy = :
lo = p"|I?
By simplifying the objective, we see that the NEDMP problem in (3.1)) is indeed equivalent to

SLS , i.e.,
T 2 2

Pr| | Pr
e([[H) -

ol (e 1) - on
=3l ] -ladar

=3 (lz = p'|I? - d2).

=1

1
2

2

The approach of [13] for the related sensor network localization problem is to replace the matrix

with the positive semidefinite matrix variable X € S®*! | and then introduce a

constraint on the block of X corresponding to the sensors. Taking this approach, we obtain nearest
Euclidean distance matriz with fized sensors (NEDMF') problem,

Vs :=min 1|H.o (K(X)— Dro)|?,
st. Hpo(K(X)—Dr) =0,
rank(X) <r,
X =0,

(NEDMF)
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where

0 0 el 0

The objective of this (3.2) is exactly the objective of SLS (acting on the matrix variable) and
the affine constraint restricts X to those Gram matrices for which the block corresponding to the
sensors has exactly the same distances as PTP:,T . That is, if

e

Le Le

T _
HT::{ee I O}’ Hc::[() e]'

is feasible for , with X7 € R™*" and 2z, € R", then X7 differs from Pr only by translation and
rotation. Since neither translation nor rotation affect the distances between the rows of Xt and z.
we translate the points in R” so that Xp is centered. This corresponds to the assumption that Pr
is centered. Then we solve the Procrustes problem

min {|XrQ — Pr|*: QTQ =QQ" =1, Q e R}, (3-3)

to obtain the rotation and thus have a complete description of the transformation from X7 to Pr.
Applying the transformation to x. yields a vector feasible for SLS. Thus every feasible solution
of , corresponds to a feasible solution of SLS. The converse is trivially true and we conclude
that is equivalent to SLS due to the rank constraint. We show in the subsequent sections
that the relaxation where the rank and the linear constraints are dropped, may be used to solve
the problem accurately in a large number of instances.

3.1 The Relaxed NEDM Problem
3.1.1 Nearest Euclidean Distance Matrix Formulation

One relaxation of (3.2)) is obtained by removing the affine constraint and modifying the objective
as follows:

o1
min | K(X) ~ D ||
(NEDM) s.t. rank(X) <r (3.4)
X = 0.

Due to the semidefinite characterization of £"*1 this problem is the projection of Dr, onto the
set of EDMs with embedding dimension at most r. The motivation behind this relaxation is
the assumption that the distance measurements corresponding to the sensors are very accurate.
Therefore, any minimizer of NEDM will likely have the first n points very near the sensors. As we
show in the subsequent sections by introducing weights, we can obtain a solution arbitrarily close
to that of .

The challenge in problem NEDM is the rank constraint. A simpler problem is to first solve
the unconstrained least squares problem and then to project the solution onto the set of posi-
tive semidefinite matrices with rank at most . This is equivalent to solving the inverse nearest

14
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240

241

EDM problem:

1
min S|[X — K7(Dr,)|
(NEDMinv) s.t. rank(X) <r (3.5)
X = 0.
Note that if the positive semidefinite constraint is removed, this problem is just the projection
onto the matrices with rank at most r. By the Eckart-Young theorem, this projection is a rank r
matrix obtained by setting the n — r smallest eigenvalues (in magnitude) of KT(Dr,) to zero. In
the following lemma we show that for sufficiently small noise, the negative eigenvalue is of small

magnitude and hence the Eckart-Young rank r projection is positive semidefinite. We denote by
D € S™! the true EDM of the sensors and the source, that is

= Dr dod
D = [(JoJ)T 0 1 . (3.6)
It is easy to see from the definitions of d and ¢ that,

Dy, =D +ep1€l + erH, where £ := (g) .

Theorem 3.1. The rank of KT(Dr.) is at most v + 2. Moreover, KT(Dr.) has at most 1 negative
eigenvalue with magnitude bounded above by gHJnHHQHeH.

Proof. First we note that the norm of e, 167 + el 41 is bounded above by the magnitude of the
noise:

lent16" + el || =

n
2) et =V2el.
i=1

Next we observe that the matrix e,41&7 + &el 1 has trace 0 and rank 2. Thus e,41&7 + el | has
exactly one negative and one positive eigenvalue. By the Moreau decomposition theorem, e.g. [23],
ent1ET + el 41 may be expressed as the sum of two rank one matrices, say P = 0 and Q =< 0, that
are the projections of e, 1&7 + &el 41 onto Si“ and —Si“ , respectively. Now we have,

KN(Dr,) = —3Jun1DrJnta
= _%(‘]N'FlD‘]n-‘rl + Jn+1Q<]n+1) + (_%Jn+1PJn+1)7

where the first term in the last line is positive semidefinite with at least » and at most r+ 1 positive
eigenvalues (—Jn+1EJn+1 is a positive semidefinite matrix with rank r and —J,11QJ,+1 is positive
semidefinite with rank at most 1); and the second term is negative semidefinite with at most one
negative eigenvalue. Using the Cauchy-Schwartz inequality it can be shown that for X, Y € 8™,

XY < IXIY]- (3.7)
By l' and the fact that P is a projection of e, &7 + §eg+1 onto —Sfrl , we have

V2

1 1 1
|=5oms1P | < S1a 1P < M Plenia€” + €6all = 51 Pl
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It follows that KT(Dr,) has rank at most ~+2 and by the Courant-Fischer-Weyl theorem, e.g. [37],

it has at most one negative eigenvalue whose magnitude is bounded above by §||Jn+1ﬂ2||€ |, as
desired. O

The following corollary follows immediately.

Corollary 3.2. If||¢|| is sufficiently small, the optimal solution of NEDMinv is the rank r Eckart-
Young projection of K1(Dr,).

3.1.2 Weighted, Facially Reduced NEDM

While we have discarded the information pertaining to the locations of the sensors in relaxing the
problem to the problem NEDM , we still make use of the distances between the sensors.
Thus, to some extent the locations of the sensors have an implicit effect on the optimal solution
of NEDM and the approximation NEDMinv from the previous section. In this section we take
greater advantage of the known distances between the sensors by restricting NEDM to a face of
Sﬁ“ by facial reduction.

The true Gram matrix, ICT(ﬁ), belongs to the set,

Fr:={X ¢ SZII : K(X)1m,1:0 = D} (3-8)

Now the constraint X = 0 in NEDM , may actually be refined to say X € face(FT,Sﬁ'H) which
is the following:

o1
min || K(X) ~ Dr, ||
(NEDMP) s.t. rank(X) <r (3.9)
X € face(Fp,S").
Moreover, we may obtain a closed form expression for face(Fr, Sﬁ“) in the form of an exposing

vector. To see this, consider the spectral decomposition of the sensor Gram matrix,

1 A O 1 r T T r
Gr=[U Jze Wil [0 0} U Jre Wr|, UTU=1, UTe=0, A€ ST,
Note that WrWZ is an exposing vector for face(Gr, Si4) since the following two conditions hold:

(Gp, WrWE) =0, rank(Gp + WpWE) =n—1 = Jnax rank(X).
c,+

We now extend WrWZ to an exposing vector for face(Fy, STT).
Lemma 3.3. Let Wy :=[WZL 0] and let W := WTW; + eel’. Then,
1. WTW; exposes face(FT,ng),
2. W exposes face(Fr,S}H).

Proof. This statement is a special case of Theorem 4.13 of [16]. O
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Note that face(KT(D), S_Trl) C face(Fr, STT) since,
rank(KT(D)) + rank(W) =r +n —7 < n+ 1.

Through W we have a ‘nullspace’ characterization of face(Fr, Sﬁ“). However, the ‘range space’
characterization is more useful in the context of semidefinite optimizaiton as it leads to dimension
reduction, numerical stability, and strong duality. To this end, we consider any (n + 1) x (r + 1)
matrix such that its columns form a basis for null(W). One such choice is,

B Pr 0] [Pr —ge
V—Jn+1[0 1}_[0 T b (3.10)

To verify that the columns of V' indeed form a basis for null(W), we first observe that rank(V') = r+1
and secondly we have,

1
v (7 ) o]

0 0 0 1--4
1 1
_ [WTWQT Pr— A WrWE e} el [PT "*116]
0 0 1-53
= 0.
It follows that
face(Fr, ST =St nwt =vs VT, (3.11)

Thus we may replace the variable X in NEDMP by VRV for R € SZ:H. To simplify the notation,
we define the composite map Ky := K(V - VT). Moreover, we introduce a weight matrix to the
objective and obtain the weighted facially reduced problem, FNEDM

Vaoi=min 31Ha o (v (R) = Dr)IP, (= f(R,a)

(FNEDM) s.t. rank R <, (3.12)
R > 0.
Here H, := aHr + H. and « is positive. Let us make a few comments regarding this problem.

When a = 1 the weight matrix has no effect and FNEDM reduces to NEDMP . On the other
hand, when « is very large, the solution has to satisfy the distance constraints for the sensors more
accurately and in this case FNEDM approximates . In fact, in Theorem we prove that
the solution to FNEDM approaches that of as « increases.

We begin our analysis by proving that V,, is attained.

Lemma 3.4. Let o > 0. Then
1. null(H, o Ky) = {0},
2. f(R,«) is strictly convex and coercive,

3. the problem FNEDM admits a minimizer.
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Proof. For Item [I| under the assumption that o > 0, we have H, o Ky (R) = 0 if, and only if,
Ky (R) = 0. Recall that K is one-to-one between the centered and hollow subspaces and K(0) = 0.
By construction, range(V - V1) is a subset of the centered matrices. Hence H o Ky (R) = 0 if, and
only if, VRVT = 0. Since V is full column rank, VRVT = 0 if, and only if, R = 0, as desired.

Now we turn to Item [2l The function f(R,«) is quadratic with a positive semidefinite second
derivative. Moreover, by Item (1} the second derivative is positive definite. Therefore f(R,«) is
strictly convex and coercive.

Finally, the feasible set of FNEDM s closed. Combining this observation with coercivity of
the objective, from Item 2] we obtain Item O

We conclude this subsection by deriving the optimality conditions for the convex relaxation of
FNEDM , which is obtained by dropping the rank constraint.

Lemma 3.5. The matrix R € Si“ s optimal for the relazation of |D obtained by ignoring the
rank constraint if, and only if,

0=<Vf(R)=VT (H:oK* [(HoaoK)(VRVT) -~ H,0Dr,])V, (VF(R),R) = 0.
In addition, R is optimal for (3.12) if rank R < r.

Proof. From the Pshenichnyi-Rockafellar conditions, R is optimal if, and only if, Vf(R) € (S_’;_Jrl —
R)™, the nonnegative polar cone. This condition holds if, and only if, for all X € S_’;'H and o > 0,
we have

0 <(Vf(R),aX = R) = o(V[(R), X) = (V[(R), R).

which implies that a(V f(R), X) > (Vf(R), R) for every a > 0. Since o may be arbitrarily large we
get that (Vf(R), X) > 0 for all X € S}*!. Therefore, we conclude that Vf(R) € (S} )+ =S,

Moreover, setting X = 0, we get,
0<(Vf(R),0-R)=—(V[f(R),R) <0,

hence orthogonality holds. O

3.1.3 Analysis of FNEDM

In this section we show that the optimal value of FNEDM is a lower bound for the optimal value
of SLS. Moreover, the this lower bound becomes exact as « is increased to +oo.

In the SLS model, the distances between the towers are fixed, while in the NEDM model ,
the distances between towers are free. The facial reduction model allows the distances between the
towers to change but the towers can still be transformed back to their original positions by a square
matrix Q € R™". Note that @ does not have to be orthonormal, so it is possible that QQT # I.

Theorem 3.6. Let Pr be as above, V' as in (3.10), and let P be a centered matriz with,
P = [Cj;], TeR™ ceR".

Then there exists a matrix Q@ € R™" such that PrQ = J,T if, and only if,

pPT evsitivT.
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Proof. Since P is centered,
0=Ple=T"c+ec.

Substituting into the equation Pr@ = J,T we get,
L 7 L r
PrQ=J,T=T——ec ' T=T— —ec,
n n
which yields the following expression for P,

= [PTQ;LTflLECT] . (3.13)

Now by (3.11)) we have,
PPt evsSVT «— pPPTesSt'nWt «— P'w=o.
Applying (3.13)) we verify that the last statement in the equivalence holds,

PTW = PT (W + ee”)
= PTW,Wa

Wr

= [QTP] + Lce” (] [ 0 }W?

1 .
_ (QTP$ Wi + nceTWT> W
=0,

as desired.
For the other direction, let

_|Pr 0
V1= [0 1] ’
and recall that V = J,,,1Vi. Suppose PPT belongs to the face VSi+1VT. Then P = J, 1 Vi M for
some M € R(Tfl)”. We show that if ) € R"™" denotes the first r rows of M, then PrQ = J,T. To
this end, let J = [J, 0] and observe that JP = J,T. Moreover, since .J is centered, JJ,+1 = J.
Then,

J,T = JP = JJ, 1 ViM = JViM = J,PrQ = PrQ,
as desired. O

Theorem indicates that when using the facial reduction model FNEDM we can use a least
square approach to exactly get back the original positions of the sensors. This approach will be
discussed in section along with the Procrustes approach.

In the following, we show that the optimal value of the problem in is not greater
than the optimal value of the SLS estimates or . We also prove that the solution
to FNEDM approaches that of as « increases.
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Lemma 3.7. Consider the problem,

Vp 1= min %HHC o (Ky(R) — Dr)|2 (= h(R))

s.t. Hpo (Ky(R) — Dr,) =0 (3.14)
rank R <r
Re ST,

Then Vr is finite and satisfies Vp = V.

Proof. That Vp is finite, follows from arguments analogous to those used in Lemma

For the equality claim, it is clear that Vg < Vp. To show that Vg > Vp, consider X that is
feasible for . First we show that X may be assumed to be centered. To see this, consider
X = Jn X J,. Note that X is the orthogonal projection of X onto S, and it can be verified that
X = KM K(X). Now it is clear that X > 0 and that K(X) = K(X). Moreover, since Jj, is singular
we have, rank(X) < rank(X). Therefore, X is also feasible for and provides the same objective
value as X.

Now there exists T' € R™*" and ¢ € R" such that,

[T

Then, from the tower constraint of (3.2) we get the implications,
KTT?y=bDr = K'K@1h)=K'(Dr) = J,7T'J, = PrPE.

Thus, there exists an orthogonal ) such that J,T = Pr(Q). By Theorem [3.6| we have X &€ VSQHVT
and it follows that Vg > Vp. O

Lemma 3.8. Let 0 < a; < as. Then,
Vo, < Vo, < Vrp.
Moreover, the first inequality is strict if Dr. is not an EDM with embedding dimension r.
Proof. For the first inequality, let R = 0 be such that rank(R) < r. Then,
F(R,00) = 5| Ha, o (Kv(R) - D)

= Sl Hr + He) o (Kv(R) = D)

_ 1 2, 1 2

= 23l o (Ky(R) ~ Dr)|P + 3 [ He o (Ky(R) ~ Dr.)|

< S03l1Hr o (kv (R) — Dp) | + 5|1 Heo (Ky(R) — Dr)?

= f(R, a2).

Note that the inequality is strict if, and only if, ||Hr o (v (R) — Dr.)|| is positive. This holds for
all R, if Dy, is not an EDM with embedding dimension 7.
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For the second inequality, we first observe that,
Vr = min f(Ra 052)
s.t. Hro (]Cv(R) — DTC) =0
rank(R) <r
R>0.

Now V7 and V,,, are both optimal values of f(R, a2) over their respective domains, but the domain
for Vr is smaller than that of V,,. Hence, the second inequality holds. O

Theorem 3.9. For any a > 0, let Ry denote the minimizer of FNEDM . Let {ag}een C Ry be
a sequence of increasing numbers such that R, — R for some R € 8", Then V, 1 Vr and R is

a minimizer of (3.14]).

Proof. First we note that R, is well defined by Lemma 3.4, Now, from Lemma [3.8] we have that
V, is monotonically increasing and bounded above by V. Hence there exists V* such that,

Va T VE < Vp. (3.15)
Next, we show that R is feasible for 1} Since Sf’l is closed and the rank function is lower

semicontinuous, we have rank(R) < r and R = 0. Moreover, for every £ € N,

1
Vo, = f(ROézv ap) = ia%HHT ° (ICV(RCYZ) - DTc)H2 + h(Raz)
Rearranging and taking the limit we get,

1 _
0< lim —af||Hro (Kv(Ra,VT) = Dr)||* = lim V., — h(Ra,) = V* — h(R). (3.16)
l—+o0 2 l—+o0

The last equality follows from the continuity of h. Since the limit in (3.16) exists we get,

0=, lim_[{Hr o (Cv(Ra,) — D)l = |[Hr o (Cv (R) = D) (3.17)

by continuity. Thus R is feasible for (3.14) and we have h(R) > Vr. On the other hand, from
(3.16)) we have h(R) < V*. Combining these observations with (3.15) we get,

h(R) < V* < Vp < h(R). (3.18)
Now equality holds throughout (3.18)) and the desired results are immediate. O

3.1.4 Solving FNEDM

The solution set of the unconstrained version of (3.12)) can be stated in terms of the Moore-Penrose
generalized inverse of H, o Ky, denoted by (H, o ICV)T. Indeed, the solution to the least squares

problem is,
Rps = (Hy 0 Ky)(Hy 0 Dr,) € argmin f(R). (3.19)

In this subsection we explore the relationship between the optimal solution of FNEDM and the
eigenvalues of Rrg. In general the Moore-Penrose inverse may be difficult to obtain, however, the
following result implies that Ryg may be derived efficiently and it is the unique minimizer of f.
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Lemma 3.10. Let Rpg be as in (3.19). Then, Rrgs is the unique minimizer of f and
Ris = ((HaoKv)*(Ha o Kv)) ' (Ha 0o Kv)*(Hq o Dr,).

Proof. That Rpg is the unique minimizer of f follows from strict convexity as in Item [2| of
Lemma Moreover, by Item (1] of Lemma we have null(H, o Ky) = {0} which implies
that (H, o Ky )T is the left inverse. The desired expression for Ry g is obtained by substituting the
left inverse into ((3.19)). O

Note that (H, o Ky)*(Hy, o Ky) admits an r X r matrix representation. Thus if 7 is small, as in
many applications, the inverse of (H, o Ky )*(Hy o Ky), and consequently Ryg, may be obtained
efficiently.

We consider three cases regarding the eigenvalues of Ryg, each of which corresponds to a
different approach to solving FNEDM .

Case I: Rps = 0 and rank(Rpg) < r.
Case II: R;g ¢ Sf“l.
Case III: R;s > 0.

In the best scenario, Case I, we have that Rpg is the unique minimizer of FNEDM . In this case
FNEDM reduces to an unconstrained convex optimization problem. Moreover, we have a closed
form solution for the minimizer, Ryg. In Case 11, the minimizer of FNEDM may also be obtained
through a convex relaxation as is indicated by the following result.

Theorem 3.11. Let R* denote the minimizer of the relaxation of FNEDM where the rank con-
straint is removed. If Rpg ¢ SZ_H, then R* is a minimizer of FNEDM .

Proof. Let R* denote the optimal solution of FNEDM without the rank constraint. Note that
R* exists by arguments analogous to those in Lemma If rank(R*) < r, then clearly R* is a
minimizer of FNEDM . Thus we may assume that R* > 0.

Since Ry g is the unique minimizer of f, we have f(Rps) < f(R*). Moreover, by strict convexity
of f, every matrix R in the relative interior of the line segment [Rg, R*] satisfies f(R) < f(R*).
Now since R* > 0 there exists R € relint[Rygs, R*] N ST, Then, R is feasible for the relaxation
of FNEDM where the rank constraint is removed. However, f(R) < f(R*), contradicting the
optimality of R*. O

In Case III we are motivated by the primal-dual approach of [30,31] and the penalty approach
of [19,130,131]. Let h = [1,---,a]”, we notice that H, oY = hh' oY = Diag(h)Y Diag(h) if
diag(Y) = 0. Let T' = Diag(h), it is easy to see that (3.12]) is equivalent to the problem:

1
min 5\|T(Y — Dy )T ?

s.t.diag(Y) =0,
(Jnt1Y Jny1, W) =0, (3.20)
= Jnt1Y Jnt1 = 0,
rank(Jp41Y Jpp1) < 7
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As in [3031), we define K"t (r) := {Y € S"*!| = Ju 41V Jpi1 = 0, rank(Jp41Y Jnt1) < 7}, and let
B (Y) = 0 represent the linear constraints diag(Y) = 0 and (J,,+1Y Jp+1, W) = 0. Then (3.20) may

be written as,

min [|7(Y ~ Dr, )T
st. B(Y)=0
Y e K (r),

(3.21)

If B consists only of the diagonal constraint and 7' = I, then (3.21]) is exactly the problem considered
in [30,131], where a sufficient condition for strong duality was presented. In the subsequent results,

we present an analogous dual problem for the general constraint B (Y) = 0.
Lemma 3.12. The Lagrangian dual of (3.21) is
1 . 1
—ming| [[ (TDr.T+B )| - 5ITDrT?,
K+ (r)
where K (r) = {Y € 8" =Y = 0 on {Te}t, rank(J1 T YT V0 p) < 7}

Proof. The Lagrangian function L : S x R™"*2 — R of (3.21)) is,
1

L(Y,y) = SIT(Y = Dr)T|* = (B(Y),y)

1

2

we then write the dual object function 6 : R"*? — R as,

0(y) = min L(Y,y)
ekt (r)

=%II [[ (TDnT +B*(y) — (TDT + B*(y))|?

Kt (r)
1 * 2 1 2
S ITDRT 4 B* )| + S |TDrT|
1 . 1
=5l TI @et+B @) +IrDrT|?
K3 (r)

From equation (3.26)) to equation (3.27)) we need to prove the triangle equality holds, i.e.,

I II @TDrT+B* )~ (TDLT+B*W)I*+ 1 [[ (TDrT+B*@)?
K7 () K5 ()

= || TDr.T + B*(y)|*

(3.22)

(3.23)

(IT(Y = (Dr. + T B* ()T~ )T |* + ITDL.TI — | T(Dr. + T B* ()T~ T|?).

(3.24)

(3.25)

(3.26)

(3.27)

To this end, consider any matrix X € S™*! and let [[(X) be a nearest point in K (r) to X.
Since KT (r) is a cone, the ray § [[(X) for all # > 0 is contained in the set K=t (r). Moreover this
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ray is convex and [[(X) is the nearest point to X from this ray. Now we can use orthogonality:
[1(X) — X is orthogonal to [[(X) — 0. Then the triangle inequality follows:

ITICO = X112+ I TTEO1? = X1,

The Lagrangian dual problem is then defined by,

! . 1
Vi := max6(y) = —min | Il @pr7+8 (y))!|2—§||TDTCT||2, (3.28)

Kt (r)
as desired. ]

In [30431] it is shown that the Lagrangian dual has compact level sets and therefore the optimal
value is finite and attained. The dual problem can be solved by the semi-smooth Newton
approach proposed in [30].

In [30,31], the authors proposed a rank majorization approach where strong duality is guar-
anteed if the penalty function goes to zero. The approach can be readily modified to replace the
diagonal constraint by the linear constraint B and to include the diagonal weight matrix 7. The
strong duality result and global optimal condition can also be carried out to our problem (3.21)).
The drawback of this approach is the slow convergence when n is large. Therefore, in our facial
reduction model we prefer to stay in S"*! rather than S"*! since the dimension is lower. Hence
we develop a rank majorization approach in S"*! in the following:

To penalize rank, we consider the concave penalty function,

p:S SR, p(R):=(I,R) - Z Mi(R). (3.29)
=1

Note that p is non-negative over the positive semidefinite matrices and
R >0, rank(R)<r < p(R)=0 R>0.

Hence, p is an appropriate penalty function for the rank constraint of FNEDM. Now we consider
the penalized version of FNEDM ,

o1
min g||Ha o (Kv(R)) — Dr,)|* +yp(R),
st. R*>0.

(PNEDM) (3.30)

where v is a positive constant. The objective is a difference of convex functions and the feasible
set is convex. The literature on this type of optimization problem is extensive and the theory
well established. In particular, the well-known majorization approach guarantees convergence to a
matrix satisfying the first order necessary conditions for PNEDM, i.e., a stationary point. See for
instance [35L|36].

The majorization approach is outlined below in Algorithm Central to the approach is the
observation that p is majorized by its linear approximation, since it is concave. In the algorithm,
Op(R) denotes the subdifferential of p at R. Thus at every iterate, the convex subproblem
is solved to obtain the next iterate.
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Algorithm 3.1 Majorization Algorithm

: INPUT: Ry = 0,v>>0,1>e¢>0
initialize: kK =0, err =1
while err > € do

Choose U* € 0p(R¥)

Obtain RFH1,

1
R*l e argmin 5|Ha o (Kv(R)) — Dr)|P? +~(p(R*) + (U*, R — RY)) (3.31)

>

Update err < ||[RFH — RE||, k + k+ 1
7: end while

Theorem 3.13. Suppose Algorithm converges to a stationary point R, and that rank(R) = 7.
Then R is a global minimizer of FNEDM restricted to face(R).

Proof. By [35,36], the stationary point R satisfies the following condition:
(Vf(R, ) —i—NSfl(R)) N (y0p(R)) # 0. (3.32)

A O
0 0
A1 > ... > A\, > 0 being the eigenvalues of Z and VTV = I. Let V = [Vi, V5] with the columns of
V1 being the eigenvectors corresponding to Aq, ..., A.. We have

Under the assumption rank(R) = r, we have R = V [ ] VT where A = Diag()\y, ..., \,) with

0 0

NS:_H(R) ={V [O .

}VT:tZO}

and

Op(R) =1 — [‘g] v o] =Vv [8 (1)] VT,

Therefore we have Vf(R,a) =V [8 - 0_ J VT,

Due to the convexity of f(R, ), for any R € face(R), we have

f(R,a) > f(R,a) + (Vf(R,a),R— R) = f(R,a)+0.

Hence our claim is proved. ]

3.1.5 Identifying Outliers using /; Minimization and Facial Reduction

In this section, we address the issue of unequal noise, where a few distance measurements are
outliers, i.e., much more inaccurate than others. We use /; norm minimization to try and identify
the outliers, and remove them to obtain a more stable problem. We assume that we have many
more towers available than is necessary, so that removal of a few outliers leaves us with towers that
still satisfy Assumption

25



399

400

401

402

403

404

406

407

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

Problem is equivalent to minimizing the residual of an overdetermined linear system in
the domain of an SDP cone. Let z := svec(R) for R € S"™!. Abusing our previous notation, let
b :=svec(H, 0 Dr,) and let A denote the matrix representation of H, oKy . Then z € R +1)(r+2)/2
and b € R™"t1)/2_ I practice, n is much larger than r + 1, so A will have more rows than columns.
In other words, we have an overdetermined system. Under this new notation, problem is
equivalent to,

min ||J]|
st Az—b=9 (3.33)
sMat(z) >~ 0

To motivate the compressed sensing approach, suppose that only the outlier measurements are
noisy and that the remaining measurements are accurate. If zZ denotes the true solution, then
AZ — b is sparse and we consider the popular /1 norm minimization problem,

min ||6][1
st Az—b=90 (3.34)
sMat(z) = 0.

Aside from the positive semidefinite cone is a compressed sensing problem. To see this, note
than 6 +b = Az if, and only if, 0 + b € range(A). Let N be a matrix such that range(A) = null(V).
Then § + b = Az if, and only if, 6 + b € null(N). Therefore the constraint, Az —b = § is equivalent
to N& = —Nb which is exactly the compressed sensing constraint.

The problem differs from the classical compressed sensing model in the positive semidefi-
nite constraint. However, in our numerical tests, we have found that adding the positive semidefinite
constraint greatly increases the success rate in identifying outliers. In compressed sensing, If the
matrix N satisfy the so-called restricted isometry property, then the sparse signal can be recovered
exactly [7, Theorem 1.1]. However, there are no practical algorithms available right now to check
if a given matrix satisfies the restricted isometry property. If dy is the solution to (3.34)) and most
of the elements of §y are 0, then the non-zero elements indicate the outlier measurements.

Thus far, we have assumed that most of the measurements in b are exact and a few have large
error. Now let us revert to the original assumption of this section: that most elements of b are
slightly inaccurate and few elements are very inaccurate. If the positive semidefinite constraint is
ignored, then the identification of outliers is guaranteed to be accurate assuming that N satisfies
the restricted isometry property. To be specific, if §# represents the optimal solution of
without the positive semidefinite constraint, then ||§% — &y||;, < Cg - € where Cs and e are small
constants, [6,|7]. The specifics for our outlier-detection algorithm are stated in Algorithm

3.2 Recovering Source Position from Gram Matrix

After finding the EDM from our data, we need to rotate the sensors back to their original positions
in order to recover the position of the source. This is done by solving a Procrustes problem. That
is, suppose that the, appropriately partitioned, final EDM, corresponding Gram matrix and points
are, - -
Dy = [gf: %f:| , Gf = prf S Sn+1, Py = |:P7]::| e RV+L7,
f Py
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Algorithm 3.2 Removing Outliers

1: INPUT: Matrix of sensor locations, Pr, and vector of noisy distances, d, from sensors to the
source.
2: Solve the following /1 norm minimization problem

min || Ly (R) — Dr. |1,

(3.35)
s.t. R > 0.
3: Obtain § := (ICV(R) Dr.) 11
4: Normalize: § + |I5H d.
5: Remove p; from Pr and d; from d for all i satisfying §; > —=
6: OUTPUT: Sensor matrix Pr and distance vector d with outliers removed.
Assuming Pf and the original data Pp are both centered, we now have two approaches.
The first approach solves the following Procrustes problem using |20, Algorithm 12.4.1]
ming HPT_PfQ”%7 (3.36)

st. QTQ=1,.

The optimal solution can be found explicitly from the singular value decomposition of PfTPT. If
pr Pr = U;X% foT , then the optimal solution to 1' is Q* := UfoT . The recovered position of
the source is then |pl = Py TQ*|.

The second approach is to solve the least square problem

ming [|Pr — PrQ|%
st. QeRT, (3.37)

The least square solution is Q = P}PT. Recall that PT is the Moore-Penrose generalized inverse of

Pf. The recovered position of the source is then |p; = p ¥ el

4 Numerical Results

To compare the different methods, we used randomly generated data with an error proportional to
the distance to each tower. The proportionality is given by 7. This gives

Dry1i = Diny1 = [di (1+ Ez‘)]Q, (4.1)

where D is the generated EDM and e € U(—7,n). The outliers are obtained by multiplying (4.1])
by another factor 6 for a small subset of the indices.
We let M denote the set of optimization methods to be tested. Then for M € M, the relative

error, cM . between the true location of the source, ¢, and the location obtained using method M,
denoted cyy, is given by
m_ llem = ¢f (
S T 4.2)
" el
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The data is then found by calculating this error for all the methods and varying the error n in
equation and the amount of sensors n. For each pair (n,7), one hundred instances are solved.

The methods in the tables are labelled according to the models with some additional prefixes.
To be specific, the L and P prefixes represent the different ways used to obtain the position of the
source, ¢. By L we denote the least square approach of and P represents the Procrustes
approach in . We choose o = 1 in FNEDM and the constant v for PNEDM in is
chosen to be 1000.

We report some results in the following table.

‘ Error factor n H n = 0.002 ‘ n= 0.02 ‘ n =02

# Sensors 5 10 15 5 10 15 5 10 15

L-NEDM 0.0045 | 0.0014 | 0.0010 | 0.0408 | 0.0140 | 0.0120 | 0.3550 | 0.1466 | 0.1153

P-NEDM 0.0025 | 0.0013 | 0.0010 | 0.0231 | 0.0133 | 0.0117 | 0.2813 | 0.1385 | 0.1171
SDR 0.0024 | 0.0014 | 0.0010 | 0.0223 | 0.0137 | 0.0119 | 0.2739 | 0.1373 | 0.1164

L-FNEDM 0.0042 | 0.0013 | 0.0010 | 0.0356 | 0.0141 | 0.0119 | 0.2910 | 0.1395 | 0.1061

P-FNEDM 0.0024 | 0.0013 | 0.0010 | 0.0237 | 0.0134 | 0.0118 | 0.2623 | 0.1360 | 0.1088

Table 4.1: The mean relative error ¢!/ of 100 simulations for varying amount of sensors and error
factors with no outliers for dimension r = 3.

‘ Error factor n H n = 0.005 ‘ n= 0.05 n=0.15

# Sensors 5 10 15 5 10 15 5 10 15
L-NEDM 0.0101 | 0.0033 | 0.0027 | 0.0970 | 0.0328 | 0.0262 | 0.2473 | 0.1037 | 0.0786
P-NEDM 0.0070 | 0.0031 | 0.0027 | 0.0610 | 0.0320 | 0.0262 | 0.1925 | 0.1041 | 0.0760
SDR 0.0071 | 0.0031 | 0.0027 | 0.0576 | 0.0322 | 0.0261 | 0.1933 | 0.1030 | 0.0779
L-FNEDM 0.0090 | 0.0032 | 0.0026 | 0.0800 | 0.0311 | 0.0255 | 0.2151 | 0.1001 | 0.0769
P-FNEDM 0.0069 | 0.0031 | 0.0027 | 0.0536 | 0.0310 | 0.0258 | 0.1914 | 0.1000 | 0.0772

Table 4.2: The mean relative error C% of 100 simulations for varying amount of sensors and error
factors with no outliers for dimension r = 3.

From Table and we can see generally P-FNEDM has the smallest error, and occasionally
L-FNEDM is better. Also we can see that as the number of towers n increases, the relative error
c% decreases which is expected as we have more sensors, the location of the source should be more
accurate.

To compare the overall performance of all the methods, we use the well known performance
profiles, [14]. The approach is outlined below.

For each pair (n,n) and one hundred solved instances, we calculate the mean of the relative
error ¢ for method M. We denote this

cnp,m = mean over 100 instances, for n towers, with error factor n and method M.

We then compute the performance ratio,

” _ Cnn,M
n,n,M — .
K min{cynar : M € M}’

and the function,
[{(n,n) : e < T}
M

Yu(T) =
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Figure 4.1: Performance Profiles for ¢p/(7) with n = [5,10,15], » = 3, no outliers.

The performance profile is a plot of ¢/ (7) for 7 € (1,400) and all choices of M € M. Note that
Tny,M = 1 and equality holds if, and only if, the solution obtained by M is best for the pair (n,n).
In general, smaller values of r,, , )/ indicate better performance. The function ¢57(7) measures how
many pairs (n,n) were solved with a performance ratio of 7 or better. The function is monotonically
non-decreasing and larger values are better.

The performance profiles can be seen in Figure and the P-FNEDM approach has
the best performance over all 5 methods. Also using the Procrustes approach is better than
using the least squares approach . Allowing the sensors to move in FNEDM model is better
than fixing the sensors in SDR or making the sensors completely free in NEDM for recovering the
location of the source.

29



462

463

464

465

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

We also generate the data with outliers. In FNEDM , the outliers are detected and removed
using the ¢; norm approach described in Section We report the results with outliers added
in the following Table [4.3] and Table [4.4]

| Error factor 7 || n = 0.001 \ n=0.01 \ n=01 \

# Sensors 7 12 16 7 12 16 7 12 16
L-RNEDM 0.8076 | 0.6189 | 0.4579 | 0.8695 | 0.6376 | 0.4738 | 0.8006 | 0.5935 | 0.4068
P-RNEDM 1.0319 | 0.6789 | 0.4755 | 1.0819 | 0.6869 | 0.4677 | 0.9939 | 0.6374 | 0.4312
SDR 1.0618 | 0.7150 | 0.5398 | 1.0825 | 0.6981 | 0.5343 | 0.9968 | 0.6732 | 0.4983
L-FNEDM 0.1358 | 0.0546 | 0.0388 | 0.1556 | 0.0525 | 0.0402 | 0.2308 | 0.0799 | 0.0710
P-FNEDM 0.1364 | 0.0546 | 0.0388 | 0.1588 | 0.0527 | 0.0401 | 0.2150 | 0.0799 | 0.0708

Table 4.3: The mean relative error ¢} of 100 simulations for varying amount of sensors and error
factors with 1 outlier for dimension r = 3. Outlier factor 6 ~ U (5, 10)

‘ Error factor n H n = 0.001 ‘ n= 0.01 ‘ n=0.1

# Sensors 7 12 16 7 12 16 7 12 16
L-RNEDM 0.7035 | 0.5299 | 0.3909 | 0.7686 | 0.5186 | 0.3905 | 0.7219 | 0.5296 | 0.4271
P-RNEDM 0.9533 | 0.5838 | 0.4488 | 0.9160 | 0.5817 | 0.4371 | 0.9324 | 0.6183 | 0.4739
SDR 0.9337 | 0.5386 | 0.4623 | 0.8905 | 0.5600 | 0.4390 | 0.8927 | 0.5917 | 0.4663
L-FNEDM 0.5777 | 0.1032 | 0.0571 | 0.5637 | 0.0961 | 0.0560 | 0.5860 | 0.1409 | 0.0878
P-FNEDM 0.5740 | 0.1033 | 0.0561 | 0.5388 | 0.0925 | 0.0544 | 0.5619 | 0.1380 | 0.0864

Table 4.4: The mean relative error C% of 100 simulations for varying amount of sensors and error
factors with 2 outliers for dimension r = 3. Outlier factor 6 ~ U(3,6)

From Table [4.3] and [4.4] we can see clearly that when outliers are added, the FNEDM outper-
forms both SDR and NEDM with a big improvement, as the outliers can be removed. It is also
consistent with our previous conclusion that using the Procrustes approach (3.36) is better than

using the least squares approach (3.37)).

5 Conclusion

We showed that the SLS formulation of the single source localization problem is inherently convex,
by considering the semidefinite relaxation, SDR, of the GTRS formulation. The extreme points
of the optimal set of SDR correspond exactly to the optimal solutions of the SLS formulation and
these extreme points can be obtained by solving no more than r 4 1 convex optimization problems.

We also analyzed several EDM based relaxations of the SLS formulation and introduced the
weighted facial reduction model FNEDM. The optimal value of FNEDM was shown to converge
to the optimal value of SLS by increasing «. In our numerical tests, we showed that our newly
proposed model FNEDM performs the best for recovering the location of the source. Without
any outliers present, the performance of each method improves as the number of towers increases.
This is expected since more information is available. All the methods tend to perform similarly
as the number of towers increases but the facial reduction model, FNEDM, using the Procrustes
approach performs the best.

Finally, we used the #; norm approach in Algorithm to remove outlier measurements. In
Table [4.3] and Table [£.4] we demonstrate the effectiveness of this approach.
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Index

Dy, [12]

Dr., IE

Gr := PrPYL,

Hr,

H.,[14]

H, = aHr + H,,

Jp =1 — %eeT,

Jy, orthogonal projection onto Sc, [
Pr,[13

Xr,[14

Diag, [

E"™, EDM cone, [4]

F, feasible set of SDR,

int , interior, [5]

K, Lindenstrauss mapping, [4]
K*, adjoint,

KT, Moore-Penrose pseudoinverse,
M, set of methods used,

Q, optimal solutions of SDR,
Sc, centered subspace of 8™,
S, hollow subspace of 8", [4]
conv, convex hull,

diag(X),

n, 27

face(X),

face(C'), minimal face of C,

offDiag(D),

D,

0, subdifferential,

p, map to rank 1 matrices,

sMat, svec™!,

svec, vectorize a symmetric matrix, [4]
svec™ !, sMat,

FNEDM ),

PNEDM ),

¢, cell/source,

Cn,n,Ma @

d =d+ e € R", distances (noisy),

sus: [
e, vector of all ones,
f(Ra a)a
h(R),
n, [
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n, number of sensors, [

PsLs» B} 0]

r, embedding dimension,

Tnn,M, performance ratio,

ok

EDM cone, ", [

EDM, Euclidean distance matrix,

FNEDM, weighted facially reduced problem,
i

GTRS, generalized trust region subproblem,
[§

NEDMP , nearest EDM problem with fixed sen-
sors, [I3]

NEDMF, nearest Euclidean distance matrix with
fixed sensors,

NEDM, nearest Euclidean distance matrix,

SDP, semidefinite program,

SDR, semidefinite programming relaxation,

SLS, squared least squares,

NEDMP , [16]

NEDMinv,

NEDM,

adjoint, K*,

cell, c,

centered,

centered subspace of 8", denoted S¢, [4]
cone of positive definite matrices,
cone of positive semidefinite matrices, [3]
convex hull, conv,

distances (noisy), d = d +¢ € R",

embedding dimension, r,
Euclidean distance matrix, EDM, []
exposing vector, []

face of C,
feasible set of SDR, F,
Frobenius norm,

generalized trust region subproblem, GTRS, [f]

hollow subspace of 8", Sy,
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interior, int , [
Lindenstrauss mapping, I,

minimal face of S, face(S),
Moore-Penrose pseudoinverse, KT,

nearest EDM problem with fixed sensors, NEDMP |
13

nearest Euclidean distance matrix with fixed sen-
sors, NEDMF, 2|

nearest Euclidean distance matrix, NEDM,

number of sensors, n,

optimal solutions of SDR, €,
orthogonal projection onto S¢, Jy,, [

performance ratio, 7, ,,a7, 2§

semidefinite program, SDP, [§|

semidefinite programming relaxation, SDR,
set of methods used, M,

single source localization problem,

source, ¢, [

squared least squares, SLS,

subdifferential, 0,

trace inner product,

vector of all ones, e,
vectorize a symmetric matrix, svec, [4]

weighted facially reduced problem, FNEDM ,
i
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