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Abstract

Suppose that we are given a feasible conic program with a finite optimal value
and with strong duality failing. It is known that there are small perturbations of the
problem data that lead to relatively big changes in the optimal value. We quantify the
notion of big change in the case of a semidefinite program (SDP). We first show that
for any SDP with a finite optimal value where strong duality fails, and where there is a
nonzero duality gap, then for a sufficiently small step along any feasible perturbation
direction, the optimal value changes by at least a fixed constant. And next, if there
is a zero duality gap, with or without dual attainment, then any sufficiently small
€ > 0 feasible perturbation changes the optimal value by at most O(e”) for some, to

be specified, constant v € (0,1). Our main tool involves the facial reduction of SDP.
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1 Introduction

We investigate the sensitivity of semidefinite programs (SDP) for which strong duality
fails, with respect to feasible right-hand side perturbations. It is well-known that if strong
duality holds for the SDP, then any small right-hand side perturbation changes the optimal
value in linear order. Here we provide results without assuming that strong duality holds.
We show that if strong duality (zero duality gap and dual attainment) does not hold for

an SDP with finite optimal value, then one of the following two cases holds.

e (Case 1: nonzero duality gap. In this case, any sufficiently small feasible perturbation
changes the optimal value of the SDP by no less than (half) the duality gap (which

may be infinite).

o (Case 2: zero duality gap, but no dual attainment. In this case, there exist a constant
x > 0 and a positive integer d such that any feasible perturbation of sufficiently
small norm e changes the optimal value by at most xel/ 2’ The positive integer d is

the number of facial reduction iterations needed to find the minimal face containing



the feasible region; and it is bounded above by n—1 where n is the size of the matrix

variable.

There is a large volume of results on sensitivity analysis for nonlinear programs. To
mention a few, Goldfarb and Scheinberg [12] performed sensitivity analysis on SDP assum-
ing that the Slater condition holds for both the primal and the dual. In [158], Rockafellar
used the optimal value function ¢(u) := inf, F'(z,u) and its directional derivative to study
the sensitivity of the general convex program inf, f(x) = F(z,0). Bonnans and Shapiro
[1] (and also [19, 3]) studied the perturbation theory of nonlinear programs, and in [3,
Section 7.3] they focused on the case where the dual is not solvable. Ben-Israel, Ben-Tal
and Zlobec used a feasible direction approach to identify the regions of stability for con-
vex optimization problems (i.e., sets of perturbations on which the changes in optimal
solutions and values depend continuously) [2, Section 8]. Classical results for nonlinear
programs appeared in [11].

The degree of singularity, which is essential in the second half of this article, is coined
by Wang and Pang [22] for convex quadratic inequalities and by Sturm [20] for linear

matrix inequalities.

1.1 Preliminaries

We consider the primal-dual pair of (linear) semidefinite programs, SDPs,

vp 1= sup {bTy :C— Ay =0}, (P)
up :zigl(f{(C,X):A(X):b, X =0}, (D)

where b € R™, C' € S", A: S" — R™ is a linear map, S" is the Euclidean space (i.e.,
finite dimensional inner product space) of n X n real symmetric matrices equipped with
the trace inner product (X,Y) := tr(X7Y) for all X,Y € S", and X = 0 (resp. X > 0)
denotes X € S, is positive semidefinite, (resp. X € S} |, is positive definite). We define
the spectral norm || B2 := max,{||Bx||2 : ||z|2 < 1} for all B € R™*™ and the Frobenius
norm || X[ := /(X, X) = \/tr(X?2) for all X € S".

The primal SDP (P) is said to be feasible if there exists § € R™ such that C' —.A*y = 0.
(Similarly, (D) is said to be feasible if there exists X € S such that A(X) = band X > 0.)

If (P) is infeasible, then we take vp = —o0; if (D) is infeasible, then we take vp = 4o0.

Strong duality is said to hold for (P) if vp = vp and vp is attained. A sufficient condition
for strong duality to hold for (P) is that vp is finite and (P) satisfies the Slater condition,

C — A"y = 0, for some y € R™. (Slater)



We concentrate on SDP of the form (P) that satisfy the following assumption.
Assumption 1.1 The SDP (P) is feasible and has finite optimal value, vp.

We consider the (linear) perturbed problem
valp(S) := sup {bTy :C— Ay = S} , (Ppert (5))
y

and study the relationship between the size of the perturbation S, and the change valp(S)—
valp(0) in the optimal value. We show that if (P) is feasible with finite optimal value,
then whenever the perturbed problem (Ppc.(S5)) is feasible and S € S™ is small, we have

o(||S1)) if strong duality holds for (P);

Lo — _ .
valp(S) — valp(0) > 5(vp — vp) if vp < vp ;

O(||S||*/2") for some integer d > 0 if strong duality fails for (P)

and vp = vp.

(1.1)
(See Theorems 4.6 and 4.10.) Here the integer d > 0 is the degree of singularity of the
linear matrix inequality, LMI, C' — A*y > 0, i.e., the number of steps needed to facially
reduce the LMI.

Remark 1.2 While our results are stated for an SDP of the form (P), they are easily
applicable to any feasible SDP in standard equality form, (D), or more generally, subspace
formulation [S]. In fact, let X satisfy the equation .A(X) =bandlet V: S" — Rdim(ker(A))
be a linear map satisfying R(V*) = ker(A). Then for any X € S",

AX)=b, X =0 <+ X:X—i—V*UtOforsomeU.
The corresponding perturbed problem for (D) would then be
inf {(C, X): A(X)=b—s, X =0},
where s € R(A) is the right-hand side perturbation. Let S € S™ satisfy A(S) =s. Then
AX)=b—s, X0 <<= X=X+V =S8 forsomewv.

1.2 Main Contributions

While there is a vast amount of literature on the sensitivity analysis of linear and nonlinear

optimization problems, most results rely on some regularity assumption. On the other



hand, there are a few results (e.g. [20, 22]) on the Hoélderian error bounds for convex
quadratic inequalities and for linear matrix inequalities that depend on the degree of
singularity. The results in this article only assume feasibility and a finite optimal value,
and at the same time highlight the importance of the degree of singularity in estimating
the change in the optimal value with respect to right-hand side perturbations. The bound

on the changes in the optimal value provided in this article are also tight.

1.3 Outline

In Section 2, we recall some relevant well-known results, including: asymptotic properties
of SDP (Section 2.1); the facial structure of the cone of positive semidefinite matrices
(Section 2.2); and facial reduction for SDP (Section 2.3). Illustrative examples for the
perturbation results are provided in Section 2.4. In Section 3, we take a closer look at the
set of feasible perturbations. Then we formalize the main results presented in (1.1) and
provide the proofs in Section 4. The last case in (1.1) requires some results concerning

the degree of singularity; we provide those in the Appendix.

2 Asymptotics and Facial Reduction

2.1 Asymptotic feasibility and optimal value of SDP

A sequence {y*)}, is said to be asymptotically feasible for (P) if there exists a sequence
AL S% such that Z®) 4 Ay®) - C as k — co. We say that (P) is weakly
infeasible if (P) is not feasible but possesses an asymptotically feasible sequence; and (P)
is strongly infeasible if (P) does not have an asymptotically feasible sequence. Similarly,
a sequence { X1, is said to be asymptotically feasible for (D) if X(¥) = 0 for all k& and
limy A(X(*®)) = b. Strong infeasibility and weak infeasibility of (D) are defined similarly
as for (P).
Define the asymptotic optimal value of (P) as

vp 1= sup {lim sup bTy®) {y(k)}k is asymptotically feasible for (P)} , (2.1)
k
and the asymptotic optimal value of (D) as
vp = inf {lim ir];f (€, Xx®)y . {X*, is asymptotically feasible for (D)} .

We take the convention that v = —oo (resp., vfy = +00) if (P) (resp., (D)) is strongly

infeasible. Note that if (P) is feasible, then v > vp. As we can see in Example 2.9 below,



strict inequality may hold.

We say that § € R™ is an improving direction for (P) if —A*j = 0 and by > 1; and
{y(k)}k C R™ is an improving direction sequence if there exists a sequence {Z(k)}k C St
such that Z*) + A*y*) — 0 and bTy®) > 1 for all k. Improving direction sequences and
improving directions for (P), respectively, serve as certificates of infeasibility and strong

infeasibility of the dual (D).

Lemma 2.1 ([14, Lemmas 5 and 6]) The SDP (D) is infeasible if, and only if, (P)
possesses an improving direction sequence. (D) is strongly infeasible if, and only if, (P)

possesses an improving direction.
The dual of an SDP satisfying Assumption 1.1 cannot be strongly infeasible.

Theorem 2.2 ([9]) If (P) is feasible and vp < 400, then (D) is either feasible or weakly

infeasible, and v = vp.

If both (P) and (D) are feasible, then weak duality, i.e., vp < vp, implies that both (P)

and (D) have finite optimal values, and Theorem 2.2 implies that
vp = vp > Up = Vp). (2.2)

2.2 Facial properties of S7}

We first introduce the notion of faces for general convex sets and convex cones. Let
(V,(-,-)v) be a Euclidean space. A face of a nonempty convex set S C V, denoted by
F <8, is a nonempty convex set F C S that satisfies the condition

{z,yeS, ac(0,l)andar+ (1 —a)ye F} = z,yeF.

A set F is called a proper face of S, denoted by F 1S, if F IS and F # S. A face F of S
is ezposed if F = {x € S: (s,x)y = 0}, for some s € V satisfying (s, z)y > 0 for all z € S.
Given a face F of a nonempty convex cone K C V, the conjugate face of F is defined as
the set F¢:= FL NK*, where K* := {x € V: (x,y)v >0, Yy € K} is the dual cone of K.

It is immediate that
{.7:1, Fo <K and Fi gfz} — ]-"ch]-"f,

and that F¢ = {a:}L N K*, where z is any element in the relative interior of F, denoted by
ri(F). Moreover, for any F < K, F = (F°)°¢ = F if, and only if, F is an exposed face,
e.g., [, Proposition 3.1].



Given a nonempty convex set S and () # T C S, the minimal face of S containing T

is defined as the intersection of all faces of S that contain T
face(T, S) ::ﬂ{]—':]—'ﬂs, T C F}.

Since a nonempty intersection of two faces is a face, we have that face(7,S) < S. By
definition, face(7,S) is inclusion-wise the smallest face of S containing the set 7.

The facial structure of S7 is well-known, see e.g., [23]:
Proposition 2.3 The faces of S' satisfy the following properties.

1. Any face of S? is either {0}, ST or Q STQT, where Q € R™™ (with 1 < n < n) is

of full column rank.
2. S is facially exposed, i.e., all the faces of S'y are exposed faces.

3. Let 0 # X € Sh. IfQ € R™ ™ (with 1 < 1 < n) is a full column rank such that
R(Q) = R(X), then face({X}, S}) =Q qu_QT,

2.3 Facial reduction and degree of singularity

In this section we review some concepts regarding the failure of the Slater condition for
(P) and the facial reduction algorithm, a regularization technique for SDP instances that
fail the Slater condition. We also recall the notion of the degree of singularity for LMI.

We first extend the notion of minimal faces to LMI and SDP. Given C' € S" and a
linear map A S" — R™ such that C — fl*g) > 0 for some ¢, the minimal face of the
LMI C — fl*y > 0 is the minimal face of S} containing the feasible slacks {Z € S" :
Z=0C—- Ay 0}. The minimal face of a feasible SDP of the form (P) is defined as
the minimal face of the LMI C' — A*y > 0 that defines the feasible region of (P). It
is immediate that the Slater condition holds for (P) if, and only if, the minimal face of
(P) is S7%. Similarly, since the constraints of (D) can be written as an LMI provided
(D) is feasible, the minimal face of (D) is defined as the minimal face of S} containing
{X e S": A(X) =0, X > 0}. Under the assumption that (P) is feasible, it is immediate
that

face(FE, S") = face(ST N L, ST) < ST,

where

FE ={ZeS":Z=C—-Ay =0}, and L:=span{{C}UR(A"} C S". (2.3)



The notion of minimal face is important because we can regularize an SDP (or a conic
program in general) by restricting it to the minimal face, resulting in an equivalent SDP

for which strong duality holds.

Theorem 2.4 ([6]) Suppose that (P) is feasible. Let fp denote the minimal face of (P).

Then
vp = sup {bTy C— Ay € fp} (2.4a)
y
— Wwf {(C.X) : A(X) = b, X € (fo)'}. (2.40)

and (2.4b) is solvable.

One way to find the minimal face of an LMI is to use facial reduction. The facial
reduction relies on a theorem of the alternative for the Slater condition. We recall a

general version of the theorem of the alternative.

Proposition 2.5 ([14]) Let (V, (-, )v) be a Euclidean space, I C'V be a nonempty closed

convex cone and L CV be a linear subspace. Then
r(K)NL#D — K'nLtc K" (2.5)

In fact,
KnNLCface(K* N L, KM QK.

In particular, the Slater condition holds for (P) if, and only if, S? N L+ = {0} by Proposi-
tion 2.5 (where L is defined in (2.3)). If the Slater condition fails for (P), then Proposition

2.5 provides a proper face face(S7 N L+, S7)¢ that contains the minimal face of (P) (since

(S1)* = ).

In Algorithm A.1, Page 26, we display one version of the facial reduction algorithm
for finding the minimal face of the LMI C' — A*y > 0. (More details are available in
[7, 8, 16, 20].) The facial reduction takes the linear subspace £ and the cone K := S7}
as input. In each iteration of the facial reduction algorithm, we find a matrix D €
KC* N LA\ (—K*), which certifies that the Slater condition fails, i.e., 1i(K) N £ = @; then we
replace K by KN {D}*.

The number of iterations of the facial reduction algorithm to find the minimal face of
an LMI is called the degree of singularity of the LMI. The importance of the degree of
singularity is highlighted in the error bound result from [20] on the distance to the set of
feasible slacks of an LMI; see Theorem 4.7. We will show in Theorem 4.10 that if vp = vp
but vp is unattained, then for any small feasible perturbation S an upper bound of the

difference valp(S) — valp(0) can be expressed in terms of the degree of singularity.



Given the importance of the degree of singularity in this article, we now formalize its
definition. We first define the set of all chains of certificates for the facial reduction. (A

similar notion was introduced by Pataki in [1(].)

Definition 2.6 For any linear subspace L C S", C(L N S, ST) is defined as the set
consisting of all finite sequences of matrices (D(l),...,D(k)) that satisfy the following

conditions:

e DU ¢ I‘i(ﬁJ‘ N (ICj_l)*)\(—ICj_l)*, where Ky 1= Si and IC]‘ = /Cj_l N {D(j)}J‘,
Vi=1,... .k

[ ] ﬁ N I‘l(lck) 75 @

In particular, if LN ST, # 0 or LN ST = {0}, then C(L N ST, S}) = 0. That all
sequences satisfying the conditions described in Definition 2.6 are finite in length follows
from the fact that the facial reduction algorithm has finitely many iterations. In fact, we
will show in Proposition B.1, Page 28, that any two finite sequences in C(£ N S7, S%)

must be of the same length. Now we can define the degree of singularity.

Definition 2.7 Let £L C S™ be a linear subspace. The degree of singularity of the set
LN Sh is the length of any finite sequence of matrices in C(L N S, ST), and is denoted
by d(LN ST, ST). The degree of singularity of a feasible LMIC — A*y = 0 (where Cesn
and A : S — R™) is defined as d(A, C) := d(span({C} UR(A)) N S, ST). The degree
of singularity of an SDP of the form (P) is defined to be the degree of singularity of the
LMI defining the feasible region of (P).

2.4 Examples

In this section we consider some examples of SDP instances from [15, 17, 21]. In each of
the examples, strong duality fails for the SDP instance and we consider one single feasible
perturbation direction and the resultant change in optimal value along that direction. By
abuse of notation, in this section we restrict the function valp(-) defined on (Ppe(5)) to

a fixed direction € — €S for some particular S; so valp(-) is a function on R .

Example 2.8 ((D) is infeasible.) For e >0, consider

Y1 Y2 Y3 0 0 O

valp(€) :=sup<y2: [y2 w3 0| <X |0 0 0|, y€ R3 3 | (2.6)
Y ys 0 0 0 0

valD(e) 22151; {6X33 : X11 = 0, X12 = 1, 2X13 + X22 = 0, X t 0} . (27)



The dual (2.7) is infeasible. When € = 0, the degree of singularity of the primal (2.6) is
d(A,C) = 2; (2.6) has optimal value valp(0) = 0 while the asymptotic optimal value is

+00. Indeed, consider

K -k 1 —K?
Z®W =k 1 o|,y®=1|%|, VkeN.
1 0 1 1
Then
Bk 1 Kk -1 000
ZW L4 y® =1k 1 ol+|k -1 o|l=|00 0| =0 as k—
1 0 % —1 0 00 %

(meaning that {y*) Yy, is asymptotically feasible) and bTy*) = k for all k. Hence v = +00.

K -k 1 —k?
Now fix any € > 0. For all sufficiently large k, |-k 1 0| =0,s0 | k | is feasible
1 0 € -1

for the perturbed problem (2.6). Hence valp(€) = +oo. This confirms the middle case in
(1.1), i.e., the perturbation is bounded below by (half) the duality gap, oo here.

Example 2.9 (nonzero finite duality gap.) Fiz any o > 0. For e > 0, consider

y2 0 0 a 0 0

valp(e) :=sup{ya: |0 v | = |0 0 0], yeR*}, (2.8)
Y 0 w2 O 0 0 e

V&lD(E) :lgl{f {CKXH + €X33 . X22 = 0, X11 + X23 = 1, X t O} . (29)

Observe that the primal requires only one iteration of facial reduction to identify the min-
imal face, i.e., d(A,C) = 1. But the dual of the reduced primal still fails the Slater
condition.

Let F(e) be the set of feasible solutions y of (2.8), FE (€) be the set of feasible slacks
of (2.8) and F (€) be the set of feasible solutions X for (2.9). For e =0, we get

a 0 0 1 0 0
FB0)=R_x0, FEO)=< |0 v o] :v>0p, Fp(0)=< 1|0 0 0|:8>0
0 0 0 0 0 g8

10



So valp(0) = 0 < a = valp(0) = v&(0).! Now consider € > 0. Then

a— Y 0 0
0 —y1 —y2| =0 <= w<a and y < —yg/e.
0 —Y2 €

Hence valp(e) = o = v(0). On the other hand, the constraints of the dual (2.9) are
unchanged. Hence valp(e) = a = valp(e), and valp(e) — valp(0) = a = valp(0) — valp(0),

i.e., this again confirms the middle case in (1.1).

Example 2.10 (zero duality gap but vp is unattained.) For e > 0, consider

valp(€) :zsup{Qy: [O y} ~ [l 0], y ER}, (2.10)

y y 0 0 €
valp(€) :=inf 4 X11 + eXan: |0 1 | =0 (2.11)
D = X 11 22 - 1 Xoo| = . .

Note that y is feasible for (2.10) if, and only if, |y| < \/e. The primal (2.10) can be seen

as a positive semidefinite completion problem: (2.10) aims at finding the range of y so

that [ 1y
When € = 0, y = 0 is the only feasible solution for (2.10) so valp(0) = 0. On the other
hand, the dual optimal value valp(0) = valp(0) = 0 but is not attained. Hence strong
duality fails for (2.10) when € = 0. In fact, the degree of singularity of (2.10) is 1 when
e=0.
When € > 0, (2.10) satisfies the Slater condition, so valp(e) = valp(e) = 21/¢ (and
valp(€) is attained). Yet valp(e) — valp(0) = 2v/€, which is not of linear order. This

illustrate the last case in (1.1).

—y] > 0, where the fixed data has a parameter .
€

Example 2.11 (Zero duality gap but vp is unattained.) This example generalizes
Example 2.10 and illustrates the last case in (1.1). We consider an SDP on S'} that
requires n — 1 iterations of facial reduction to identify the minimal face of St containing
its feasible region, i.e. d(A,C) =n — 1. We show that there exists a feasible perturbation
S such that valp(S) — valp(0) = 2||S||1/2"".

Letn >3 and A: S” — R" ! be a linear map defined by the matrices

Ay =erel +egel and Ay = epel + elefﬂ +epel, Vke2:n—1.

12 0 0 0
To see that v& = «, consider y(k) = ( Zk ) e R? and Zz® = [0 o’k —al € Si. Then
0 —o

eI

70 4 A=y ®) = [

o O
o O O
= O O

] and b7y = q for all k.

11



For e > 0 consider

valp(€) :=sup {2y1 ATy < eleip + eeneZ} , (2.12)
y
valp (€) ::igl(f {X11+eXpn : AX) =0, X =0}. (2.13)

Again, the primal (2.12) can be considered as a positive semidefinite completion problem,
where we look at the growth in the free (1,2) element of the feasible slack Z = ejel +
eeneg — A*y = 0 with respect to perturbation in the given (n,n) data element.

Suppose that € = 0. For any y € R"™1, the matriz Z = ejel — A*y always satisfies
Znn = 0. In particular, Z = 0 if, and only if, Z = e1e¥ , i.e., y = 0. Hence valp(0) = 0. On
the other hand, (2.13) has an optimal value valp(0) = 0 that is not attained. Hence strong
duality does not hold for (2.12) when € = 0. In fact, as noted above, d(A,erel) =n — 1.

Now suppose that € > 0. It is not difficult to see that (2.12) satisfies the Slater con-
dition, i.e., suppose D = 0 satisfies (C,D) = 0 and A(D) = 0. It suffices to show that
D = 0 (see Proposition 2.5). Indeed, D = 0 and (C,D) = 0 imply D11 = Dy, = 0. But
this in turn implies that D has zero diagonal. Hence D = 0.

Now note that y is feasible for (2.12) if, and only if,

1/2 1/4 1/27—2 1/2n—1
0> g1 > €2 0>y, 0> -4 L, 029> /2 |y <M

°

Hence valp(€) = valp(e) = 2¢"/2"" | and valp(e) — valp(0) = 2¢1/2"".

Example 2.12 (Zero duality gap but vp is unattained.) Let

01 0 O
Ay =—FEn, Ay=—FEx»n, Az=eze; +ese5, Ag=eie; +eze;, C= 00 o0 ol
0 0 0 1
T
andb=10 —1 2 0| . Then (P) reads
y 1 -y O
sup R —y2 + 2ys : v 0 0 =0, yeR*} =0, (2.14)

y —ys 0 0 —ys3
0 0 —Y3 1

which is unattained. (Note that y feasible must satisfy ys = ya = 0.) Meanwhile, (D)

12



yields

igl{f {2X124+ Xaa: X11 =0, Xoo=1, Xgu =1, X13=0, X =0}

0 0 0 O
. 0
=infd Xyyu: X = o =03 =0,
X 0 * = 1
0 x 1 =«

which is unattained too. Hence strong duality does not hold for (2.14). In fact, the degree
of singularity of (2.14) is 1. Now for any € > 0,

yi 1 —ya O

1 0 0
valp(€) :=sup ¢ —y2 + 2y3 : ve
Yy ¥4+ 0 € -y

0 0 —Y3 1

(Note that valp(€) is unattained.) In other words, valp(€) — valp(0) = 2+/e.

In summary, we considered five SDP instances where strong duality does not hold and
a feasible perturbation that leads to big change in optimal value exists. Together with the
results in Section 4, we see that the bounds in the second and third cases (1.1) are indeed

tight.

3 Feasible perturbations

Before we present our main results (Theorems 4.6 and 4.10), we review in this section
the classical notion of feasible perturbations and feasible perturbation directions, which
will be used in the following section. Specifically, we derive a characterization of feasible
perturbation directions for (P); see Theorem 3.3.

Define the set of feasible perturbations for (P):

P:=PAC)={SeS": C— A"y =S, for some y € R™}. (3.1)

If the LMI C — A*y = 0 is feasible, then 0 € P. Moreover, P is a convex set,” and P has
nonempty interior if, and only if, C' — A*y = 0 satisfies the Slater condition. However, P

is not necessarily closed.® Related to the set P is the set of feasible perturbation directions

2 Let S,T € P and ys,yr € R™ satisfy C — A*ys = S and C — A*yr = T respectively. Then for any
a € [0,1], we have C — A" (ays + (1 — a)yr) = aS + (1 — )T. Hence aS + (1 — )T € P.

3 Consider C' = E (1)} and A = {8 _OJ Then C — yA = E 21/] > 0 if, and only if, y > 1. Note

13



A~ ~

P:=PAC) = {Se§": C— A"y = €S, for someyc R and e >0} (3.2)
= {SeS": eSeP, forsomee>0},

which is a convex cone. As we see in Example 3.2 below, there exist instances of (P) such
that one can find S € P of arbitrarily small norm such that €S € P for € > 0 only if € is
“small”, in the sense that € < O(||S]|?). And, we show in Section 4.1 that,

SeP = {face (.7:5, S?r) C face (]—}?(eS), Si) , Ve >0, suff. small, with ¢S € P } .
where
FES) == {ZeS":Z=C—-A'y—S =0, for somey € R™}.

It is possible to characterize the set P (and the proof will be given in Section 3.2,

below):

let face (FF, ST) = Q ST.QT with Q@ € R™ ™ full column rank, and let U = [P Q] €

R™*™ be nonsingular; then we have

A n—mn S S
P={USUT € S":5= 2|, S1=0, R(S2) € R(S)
n Sy Ss

Throughout the remainder of this section, by using an orthogonal rotation if needed,

. . .. . 0 0
we assume without loss of generality that the minimal face of (P) is of the form [O S”] .
+

3.1 A technical lemma

We first prove a technical result, that given any Z € S! and any feasible perturbation

direction S € S”, the range of Z does not shrink when taking sufficiently small step along

the direction S.

that B 1} > [8 8] is feasible for all s € (0,1) but infeasible when s = 1. Hence the set of feasible

perturbations is not closed for this instance.
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Lemma 3.1 Let Z = [O O] € S™ and Z = 0. Then for any S = [S; SQ] e S™ with
0 Z Sz S
S1 =0 and R(S2) CR(S1), (3.3)
we have Z + €S = 0 and R(Z) C R(Z + €S) for any € € (0,0), where
5, )\min Z
§:=6(4,9):= 2( ) ; A (3.4)
2([1S5l + 1152[12 Amax(57) + 1)
Proof. For any ¢ € (0,20), we have Amin(Z) > €||S3|| which yields
0 < Amin(2) —€|S3)I = Amin(2)] +€S5 = Z + €Ss. (3.5)

Let B be a full column rank matrix such that S; = BBT. Then R(S) C R(S1) implies
that Sy = BR for some matrix R. It is immediate that

R=(BTB)"'BTBR = B'S,,
so [|Rll2 < [ BT[l2]|S2 ]2, ie.,

Ssl|2
H ||2 2 = HS2”%)‘max(SD (3.6)

Ty _ 2< 22
Amax(RR") = ||R||5 < (0min(B))

Hence € < HSlllJrf\\Z;i((i)RT)H holds for any e € (0,29) by (3.6). Then by (3.5),

Amax(RRT)
/\min(Z) - EHS?)H

€R(Z +€S3)'RT < e(Auin(Z) — €]|S3]) 'RRT <

Using the conjugation B - BT, we get
BBT = ¢BR(Z +¢€S3) 'RTBT — €S — 255(Z +€S3)71 ST = 0.

Therefore
€S 1 €S 2

Z +eS = N
ESg Z + €S3

> 0.

Next we show that R(Z) C R(Z + €S) for all € € (0,6). Suppose that = € ker(Z + €S5).
Then 0 = %xTZx + %xT(Z +2e8)x; Z = 0 and Z + 2¢S = 0 imply that 27 Zz = 0, i.e.,
x € ker(Z). Therefore ker(Z + €S) C ker(Z), i.e., R(Z) CR(Z +€S). O

“Note that the quantity § in (3.4) is small when: ||Ss|| is large; when Amin(Z) is small; or when S is
2
“ill-conditioned” in the sense that the quantity ||S2||3 Amax(ST) = 152112

smallest positive eigenvalue of S

, is large.
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It is immediate that the bound (3.6) used in the proof is tight, as we can see in Example
3.2, below. In particular, we can show that there exists a feasible instance of (P) such
that for any arbitrarily small v > 0, there exists S € P such that ||S|| < v and €S € P
only if e = O(?).

Example 3.2 Consider

000 010 0 00
C=10 0 ofl, Ai=1|1 0 0o/, As=1]0 0 1
0 0 1 0 00 010

Then F§ = {C}. Define the matriz
2 0 Vo )
S=1lo s ol, ie, 51=[5 O], ng[ﬁ], Sy =0,
V6 0 0

where § € (0,1).° Then ||S| = V26 + 62 + 6% < 2V/5. Note that for any € > 0, C + €S —
A*y = 0 is feasible if, and only if, there exists y € R? such that

e? 1y eV/s
a1 €l Y2 = 07
Vo y2 1

which holds only if € < & (by considering the (1,3) principal minor). Note also that for
any € € [0,6], C + €S = 0. Hence S € P and €S € P only if € € [0,6].

This example shows that there exists a feasible instance of (P) such that for any arbi-
trarily small ~y > 0, there exists S € P such that |S|| <~ and €S € P only if € < O(y?).

3.2 Characterizing the set of feasible perturbation directions

We now characterize the set P.

Theorem 3.3 Suppose that face(F§, ST) = [g Son], where 0 < n < n. Then
+
R S1 S
P = {S = [SQT SJ 0 5120, R(S2) C R(Sl)} . (3.7)

5Relative to the proof of Lemma 3.1, We then have

0

51:B2, where B = [O

0 T _ [+
\/S]’ and S; = BR, where R—[O .
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Proof. Let § € R™ satisfy

1
3
3

0o Z

Q
|
=~
*
<>
Il
i
3
| —— |
(aw]
[aw]

]zo, 7 = 0.

Suppose that S € 75, ie., C — A*y = €S for some § € R™ and € > 0. Then

—aeS —aeSy

R =C-A"((1-a)j+ay) —aeS =0,
—aeST (1 —a)Z — aeS3 ( )i+ af)

for all @ € [0,1]; in particular, S; < 0. Pick a sufficiently small a € (0,1) such that

(1 — a)Z — aeSy > 0. Then using the Schur complement, we have
—aeS; — a?e?Sy((1 — )7 — aeS;),)_lSQT =0,

or equivalently,
ST+ 06652((1 — a)Z — aeS?,)*ngT =0.

Let « € ker(S1). Then z7 (S2((1 — a)Z — aeS3) 7151 )2 < 0. But ((1— a)Z —aeSy) s
positive definite, so we have SIz = 0. This implies that R(S2) C R(S1).

5; ?] satisfies S1 < 0 and R(S2) € R(S1). By
2 3

Lemma 3.1, Z — €S = 0 for sufficiently small € > 0. Therefore S € P. O

Conversely, suppose that § = [

4 Main results

We first recall that if strong duality holds for (P), then a small feasible perturbation
leads to little change in the optimal value. Here f* denotes the convex conjugation of an
extended function f: V — RU{+o0}, where (V, (-, -)v) is a Euclidean space, i.e., f*(¢) :=
sup, {(¢, 2}y — f(z) : z € V}.

Theorem 4.1 ([5, 18]) The value function valp : S™ — [—00,00| is concave. More-
over, vp = —(—valp)**(0), and the equality vp = vp holds if, and only if, valp is upper
semicontinuous at 0. In this case, X* is an optimal solution of (D) if, and only if,

valp(S) — valp(0) < (X*,S) for all S € S™.

In particular, if strong duality holds for (P), then for any S € S, either (Ppe(5)) is
infeasible or (Pp,e¢(S)) has a finite optimal value. As a corollary of Theorem 4.1 we get

the following linear order type result.
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Corollary 4.2 Suppose that strong duality holds for (P). Then there exists a constant
k > 0 such that for any S € S™ with (Ppet(S)) feasible, valp(S) — valp(0) < &||S].

What if strong duality does not hold? We consider the two different cases: (1) (P)-
(D) has a nonzero duality gap, and (2) the duality gap is zero, i.e., vp = vp, but vp is

unattained.

4.1 Case 1: nonzero duality gap

In this case, we show in Theorem 4.6 below that:

for any S € P and sufficiently small € > 0, we have €S € P and valp(eS) — valp(0) >

%(’UD —wvp) € (0,+00].

First we show in Lemma 4.3, as a simple extension of Theorem 2.2, that when As-
sumption (1.1) holds, we get vy = vp even when (D) is infeasible. (We already saw
from Theorem 2.2 that if both (P) and (D) are feasible, then v} = vp.) In particular,
under Assumption 1.1, (2.2) holds and the duality gap between (P) and (D) is given by

vp — vp = v — vp € [0, +00].
Lemma 4.3 Suppose that (P) is feasible but its dual (D) is infeasible. Then v = +00.

Proof. If (P) does not have a finite optimal value, then v} > vp = +o0 implies v = +o0.
Suppose that (P) has a finite optimal value, i.e., (P) satisfies Assumption 1.1. Since
(D) is infeasible, by Lemma 2.1 there exists a sequence {(y(k), Z (k))} ., satisfying

bTy® 21 and 20 =0 forall k, and lim (Z(’“) +A*y(k)> —0.

By Theorem 2.2, (D) cannot be strongly infeasible. Thus Z*) + A*y(*) £ 0 for all k.
(Otherwise 3*) would be an improving direction for (P), implying that (D) is strongly
infeasible from Lemma 2.1.)

For each k, define

. 1
y(k) —

__ 20 . 1 (k)
120 1 Ay @12

(k) —
v T \|Z(k)+¢4*y(k)H1/QZ

Then Z*) = 0 for all k,

||Z(k)+A*g(k)|| _ ||Z(k)_|_A*y(k)||1/2 — h,gn (Z(k)+A*Q(k)) =0
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and
1

>
= 1200 1 Ay @72

b ") S 1il£any(’“) = +o0.
On the other hand, since (P) is feasible, let § € R™ satisfy C'— A*y > 0. Then {Q + g)(k)}k
is asymptotically feasible for (P), and limy, b” (§ 4+ §*)) = +o00. Hence v = +oo. O

Next we show that under Assumption 1.1, any perturbation S € S™ that gives a strictly
feasible (Ppert(5)) leads to a big jump in the optimal value.

Proposition 4.4 Suppose that (P) satisfies Assumption 1.1 and vp < vp € RU {+o0}.
Suppose that S € S™ is given, such that the perturbed SDP (Pe.(S)) satisfies the Slater
condition. Then for all sufficiently small € € (0,1),

valp(eS) — valp(0) > —(vp — vp). (4.1)

Proof. We consider two different cases: (D) is feasible and (D) is infeasible.

Case 1: (D) is feasible. Since (Ppet(S)) satisfies the Slater condition, we have that
S € int(dom(—valp)). Note that —valp(0) € R, so —valp is a proper convex function and
we have [13, Prop. 1.2.5]

vp = —(—valp(0))™* = l{% valp (e9).

In particular, for all sufficiently small € > 0, we have valp(eS) > vp — 3(vp — vp). This
proves (4.1).
Case 2: (D) is infeasible. In this case, (Ppert(5)) is feasible and the dual of (Ppert(5))

is infeasible. Hence Lemma 4.3 applies: there exists a sequence {(y(k), Z (k))} & satisfying
Z® = 0¥k, lim (Z(k) + A*y(k)> —C—-5 and lmb"y® = to0.

Let §j € R™ satisfy Z := C' — A*) — S = 0. Fix any € € (0, Amin(Z)); then there exists K
such that for all k > K, ||Z®) + A*y*) — (C — 9)|| < ¢, implying that

C—5-Ay® 70 r eIz -7 = C— AP +9) =5+ 20 s

Hence for all k£ > K, %(y(k) +9) is feasible for (Pper(S)). The fact that limy, b7 y*) = 400
implies that valp(S) = +o00 = vp, so (4.1) holds. O

Remark 4.5 Since the Slater condition is generic for feasible SDP instances of fized size,
e.g., [1, 10], the set of feasible perturbations S such that the perturbed SDP (P) fails the
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Slater condition is also of measure zero. In other words, Proposition 4.4 indicates that the
set of feasible perturbations of (P) that does not lead to a “big” jump in optimal value is

indeed of measure zero.

Theorem 4.6 Suppose that (P) satisfies Assumption 1.1 and vp < vp € R U {+o0}.
Suppose that face(FZ, S) = [8 Son] and Z = [g g] € FE with Z=0. Let S € P and
€ € (0,0), where ¢ is defined in (3.4) as:

)\min(Z)

6= n .
2 (118511 + 11523 Amax (S]) + 1)

Then we have €S € P and face(FE, ST) C face (FF(eS), ST). In particular, for all
sufficiently small € > 0,

(vp — vp). (4.2)

DN | =

valp(eS) — valp(0) >

Proof. From Lemma 3.1 we have Z — €S > 0, for all € € (0,9); therefore ¢S € P and
Z — €S € FZ(9). Also from Lemma 3.1, we have R(Z) C R(Z — €S), so

face(FZ, S) = face ({Z},S}) C face({Z — €S}, S) C face (.7:5(65), St).

It remains to prove (4.2). Let @ € R™"™ be such that @ has orthonormal columns and
face(FF (eS), ST) = QSTQT. Then

valp(eS) = sup {v"y : QTCQ — QT (A"y)Q = QT SQ}, (4.3)
Yy

which satisfies the Slater condition. On the other hand, consider the primal-dual pair:

vp =sup {0y : QTCQ — QT (A*y)Q = 0}, (4.4)
Yy
D = i?_(f {{(C,QXQ") : A(QXQ") =1b, X = 0}. (4.5)

Since face(FZ, St) € QS’}FQT and {QXQT CAQXQT) =0, X = 0} C{X: AX)=10b,X =0},

we have

@:Up < VD S@, (4.6)

i.e., the primal-dual pair (4.4) and (4.5) has a nonzero duality gap. Since (4.3) is a

perturbation of (4.4), and satisfies the Slater condition by Proposition 4.4, we conclude
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that (4.6) implies

—_
—_

valp(eS) — valp(0) = valp(eS) —vp > 5(/]5 —wvp) > —(vp —wp) € (0,+00].

[\

This proves (4.2). O

4.2 Case 2: strong duality fails but duality gap is zero

If the duality gap between (P) and (D) is zero and yet strong duality fails, then by
Theorem 4.1, the function valp(-) is upper semicontinuous at 0 but the subdifferential
d(—valp(+))(0) is empty. Despite the non-existence of subgradients, we can show that, for
some fixed positive integer d, valp(S) — valp(0) = O(||S||1/2") if S € P is sufficiently small

in norm. This result relies on the following error bound result for LMI.

Theorem 4.7 ([20], Theorem 3.3) Suppose that the set F5 of feasible slacks of (P) is
nonempty. Then there exist constants k > 0 and € € (0,1) such that for any € € (0,€) and
any Z € S" satisfying

dist(Z,C + R(A%)) < €, Amin(Z) > —¢,

we have

diSt(Zv]:g) < k(l+ HZ”)€1/2<1<A,C>’

where d( A, C) is the degree of singularity of the linear subspace span({C}UR(A*)), defined
i Definition 2.7.

We first deal with the case where (D) satisfies the Slater condition, in Section 4.3; then
we use this to prove the general result in Section 4.4.
4.3 Case 2(a): (D) satisfies the Slater condition

We first prove a weaker result assuming that the dual (D) satisfies the Slater condition
(which together with the feasibility of (P) implies that vp = vp).

Proposition 4.8 Suppose that (P) satisfies Assumption 1.1 and that (D) satisfies the
Slater condition. Then there exist constants k > 0 and € € (0, 1) such that for any S € S"
with 0 < ||S]| < € and (Ppert(S)) feasible,

1/2(1(./4,0)

valp(S) — valp(0) < &||5]| (4.7)
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Proof. Let ko > 0 and € € (0, 1) be such that for any ¥ € S™ and € € (0,€) with
dist(Y,C + R(A")) <€, Amin(Y) > —¢,

the following error bound holds:

2d(A,C)

dist(Y, FZ) < ko(1 + |V )€Y (4.8)

Let X be a strictly feasible solution of (D). Fix any S € S” with (Ppe(S)) feasible
and ||S|| < & Since the dual of (Pper(S)) has a (strictly) feasible solution X, we get that
valp(S) < +oo and that valp(S) is attained, i.e., there exist §, Z satisfying

b =valp(S), Z=C—-S—A%j=0.
For any y € R™ satisfying Z := C — A*y = 0,

valp(S) — valp(0) < b7 — by
=(X,C-8-2)—(X,C-2Z)
<|IXZ = (Z +9)|.

Minimizing over all Z € ]:5 ,
valp(S) — valp(0) < || X|| dist(Z + S, FZ). (4.9)

But Z+ S € C +R(A*) and A\pin(Z + S) > —||S|| (because Z + S = S = —||S||I). Hence
by (4.8), dist(Z + S, FZ) < ro(1+ |Z + S|D||S)V2**”. Hence by (4.9),

9d(A,C)

valp(S) — valp(0) < ko[ X||(1+1Z + SIS (4.10)
Now observe that

Amin(X)[1Z]] < (C =8 - A", X) < (C—S,X)— valp(S)

N

= 1Z+ 8| <

- 1 ~
ISI+1ZI < 181+ 35— (1= 5.%) = vale(S)) . (4.10)

Using (4.11) and the assumption that ||S|| < 1, the right-hand side of (4.10) no greater
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than the expression

~ 1 _ o\ 1/24(A.0)
sl K1 (141504 5 (0= 5.) = vle(s)) ) 151
I%1

< _ ) nd . nd - 1/2d(A,C).
<moy S (22min(X) +(C = 5, %) — valp(8) ) |15

Putting back into (4.10), we get

X
(1 gl ||SH”2“A’C)> (valp (S) — valp(0))
_ )‘min<”X|D (4'12)
ﬁ (X v 1/24(AC)
< m s (2hain(X) + (C = 5, %) = valp(0) ) 5] .

Note that 2Amin(X) + (C' — S, X) — valp(0) < 2Amin(X) + [| X|| + (C, X) — valp(0), which
is positive by weak duality. Defining

)= m% (2>\min(f() X + (0, X) — valp(O)) ,

9d(A,0)

we get from (4.12) that valp(S) — valp(0) < S|/ O

4.4 Case 2(b): (D) does not satisfy the Slater condition

Now we consider the case where vp = vp € R but vp is unattained and (D) fails the Slater
condition. Such a scenario can occur, as we can see in Example 2.12. We show that a
bound of the form valp(S) — valp(0) < /<;HSHI/2d<A'C) holds even in this case. The proof
idea is to restrict (D) on its minimal face, and then to use the fact that such a restriction

does not change the degree of singularity of (P):

Lemma 4.9 Suppose that (P) and (D) are feasible, and the minimal face of (D) is given
by P S’;PT for some full column rank matriz P € R™" (with r > 0). Then

sup {bTy . PT(C — A*y)P = 0} (4.13)
y

is also feasible, and d(A(P - PT),PTCP) < d(A,C).

The proof of Lemma 4.9 is given on Page 33 in Appendix C. Now we prove the main

results of this section.

Theorem 4.10 Assume that (P) satisfies Assumption 1.1, and that vp = vp € R but
vp 4s unattained. Then there exist € € (0,1) and k > 0 such that for any S € S"™ with
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(Ppert(S)) feasible and ||S]| < €,

valp(S) — valp(0) < k||| /2.
Proof. If (D) satisfies the Slater condition, then the statement in the theorem holds
by Proposition 4.8. In the remainder of the proof we assume that (D) fails the Slater
condition.

Since vp is assumed to be unattained, the minimal face of (D) does not equal {0}.° Let
P SﬁrPT be the minimal face of S’} containing the feasible region of (D) with PTP=1.
Therefore we have vp = vp , where

op = inf {(C, PWETY : APWPT) =b, W = 0} . (4.14)

By definition of minimal face, (4.14) satisfies the Slater condition. Note that since (D) has
no optimal solution, (4.14) has no optimal solution either. The dual of (4.14) is given by

Up := sup {bTy : PT(C — A*y)P = 0} , (4.15)
y
Any y feasible for (P) is also feasible for (4.15). Hence we have

vp = vp = Up > Up > vp, i.e., vp = Up. (4.16)

Moreover, the primal-dual pair (4.15)-(4.14) satisfies the assumptions in Proposition 4.8,
which together with Lemma 4.9 implies that there exist constants x > 0 and € € (0,1)
such that for any S € S™ with 0 < ||S|| <,

PT(C—Ay)P = § feasible. = sup {47y s PT(C = AP = S} —op < ]2
(4.17)
Fix any S € S" with (P,c¢(S5)) feasible and [|S|| < €. Then by weak duality and the

fact that the feasible region of (D) is contained in P S PT,

valp(S) < infx {(C -5, X): AX)=0b, X =0}

o Do 4.18
= ian{<C—S,PWPT>:A(PWPT):b, Wzo}, (4.18)

which satisfies the Slater condition. Since PT(C — A*y)P = PTSP is feasible, strong

6 If the minimal face of (D) is {0}, then X = 0 is the only feasible solution. This implies that b = 0
and vp =0, so vp = 0 = vp and any primal/dual feasible solution is optimal.
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duality holds and

inf {<c — 8, PWPTY : A(PWPT) =b, W » o} = sup {bTy : PT(C — A*y)P > PTSP} .
y
(4.19)
Since |[PTSP|| < ||S|| < & we can use (4.16), (4.17), (4.19) and (4.18) to get

valp(S) — valp(0) = valp(S) — op < x| PTSP||V/2"" < k|5 H/2"
0

Remark 4.11 The assumption that vp = vp s important in this proof because this en-
sures that vp = vp in (4.16), which generally does not hold because the feasible region of
(4.15) is only a subset of the feasible region of (P).

5 Conclusion

In this paper we have studied the sensitivity analysis for feasible SDP in the case of where
strong duality fails. We have used the notions of asymptotics, facial reduction and degree of
singularity to find bounds on the growth of the objective value based on the size of feasible
perturbations. In particular, the relative growth is infinite along all feasible perturbation
directions in the case of a nonzero duality gap, while it is bounded by a constant dependent
on the degree of singularity if there is a zero duality gap. Examples, including semidefinite
completion problems, are included to illustrate the close relationship between the actual
growth and the derived error bounds.

One of our main tools is the degree of singularity that is based on the number of facial
reduction steps. This illustrates the usefulness of carefully analyzing and taking advantage
of the geometry of SDP.

Appendix A Facial reduction

We first present a basic version of the facial reduction algorithm, from [10], in Algorithm
A.1. The algorithm takes a linear subspace £ C S™ as input, and outputs the degree of
singularity d(£ N S, S™t) as well as the minimal face face(£ N S7, S). We start with
Ko := S; in each iteration j of the facial reduction algorithm, we either determine that
LNri(K;) # 0, or find DU € ri( LN (K;)*)\(—K;)* and update ;41 = ICjﬂ{D(jH)}L.
In particular, Algorithm A.1 finds a finite sequence (D(l), . ,D(d(ﬁmgi’gi))) that is an
element of C(£L N S, S ) and a corresponding sequence of cones K1 2 Ky 2 -+ 2D

Kd(ﬁmsivgi) LN SQL_
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Algorithm A.1: Facial reduction algorithm

Input: linear subspace £ C S"
Output: degree of singularity d(£N S}, S ), minimal face of F = face(£L N S, S7)

find DM € ri(Lt N ST);
if D) =0 or DY) = 0 then
% minimal face found;
if D) =0 then
F « S
else
F {0}
endif
d(LN Sh, ST) « 05
STOP;
else
Ky« ST {DO}
endif

for j=2,... do
find DY) € ri(L+ N (K;-1)*);
if DU S (—Kjfl)* then
d(Ln S, ST) «j—1;
F /Cj_l;
STOP;
else
/Cj — ’C]’_l N {D(j)}L;
endif
endfor
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Observe that the dimension of Kj11 = K; N {D(j“)}l must be strictly less than the
dimension of K;, by the choice of DUHD " Hence the for-loop in Algorithm A.1 must
terminate in finitely many iterations.
We can describe more precisely the relationship between any finite sequence (D) ... D(A(£NSE, Sﬁ)))
in C(LNS?, ST) (such as the one found in Algorithm A.1) and the corresponding sequence
of cones Ky 2 Kg 2 -+ 2 Kacznsn,sn)-

Proposition A.1 Let L C S" be a linear subspace with k := d(L N S, ST) > 0. Pick
any (DM, ... .D®) ec(Ln S, S%), and define

Ko:=S8t, Kj:=K;-1nN {D(j)}J‘, Vi=1,...,k
Then there exist full column rank matrices Q(l) € R”XM,Q(Z) € R”lxm,...,Q(k) €
R™=1%% qith QU) .= QUQWP) ... QU e R™ ™ (for all j =1,...,k) satisfying
(1) 0% DW =0 and 0 # (QUHNTDUTVQW =0, forall j=1,...,k—1;

(2) ker(DW) = R(QW) and ker((QUNTDUTDQU)) = R(QUTY) forallj =1,... k—1;

and
(3) Kj = QWS (QUNT forallj=1,...,k.

Proof. Since 0 # D) € ri(£1 N S7), the conditions (1)-(3) immediately hold for j = 1.

Suppose that the conditions hold for all 1 < j < k, where k < k; we show that they
hold for j = k + 1 too. Recall that D*+1) ¢ (Kz)*\(=Kz)*. By the induction assumption
that K = Q(E) ST“(Q(E))T, we get

0 # (Q®)TDE+DQH » o, (A1)

so condition (1) holds and there exists a full column rank matrix Q1) € R">™k+1 such

that ker((Q(E))TD(EH)Q(k)) = R(Q(EH)), i.e., condition (2) holds. Finally, by (A.1) and
the definition of Q(%“),

’Cl}+1 _ Q(I_c) SiE(Q(E))T n {D(I_chl)}J_ _ Q(E)Q(EH) Sz;;(Q(E+1))T(Q(E))T7

so condition (3) holds too. OJ

An immediate consequence of Proposition A.1 is that, by looking at appropriate
nullspaces associated with the matrices DX, ..., D®*) we can get an explicit description
of the minimal face face(£ N S, S7), in the form of @ S7 Q7.
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It is also immediate from Proposition A.1 that the facial reduction algorithm presented

in [20] is equivalent to Algorithm A.1; in [20], a rank-revealing rotation is applied in each
step, i.e., £ is updated to be (QUN)TLQWY) and K+ (Q(j))TICjQ(j) = [g ng], in the
+

j-th iteration.

Appendix B Well-definedness of the degree of singularity.

The sequence of matrices (D(l), ..., Dl Sﬁ’gi))) found in Algorithm A.1 is an element
of the set C(£L N S7%, S7) (defined on Page 9). Naturally, Algorithm A.1 may use any
arbitrary sequence from C(L£ N S, S’ ). Such flexibility in the choice, however, is not an
issue: in Proposition B.1 below we show that any two distinct sequences in C(£N S7}, S7)
provide the same information. In particular, the degree of singularity in Definition 2.7 is
well-defined.

Proposition B.1 Let £ C S™ be a linear subspace, and let (DM, ... D®) (DM, .. ﬁ(’%)) €
C(LN SY,SY). Then k = k. Moreover, for each j = 1,...,k, letting K; := S} N
{DINEN...n{DUW}t and ICJ- =8TNn (DY .. { DD we have that Kj= Iej =
QU Sij(Q(j))T for some full column rank matriz QU.

Proof. It is immediate that R(DM) = R(DWM), so K; = K1 = QW ST(QW)T, where
QW is any full column rank matrix such that R(QW) = ker(DM) = ker(DM). Suppose
that £;_1 = Iﬁj_l for all 1 < j < k, for some 1 < k < min{k:,l;:} — 1. Since D(j),f)(j) €
ri(£N(K;_1)*), by Proposition A.1 we have that K; = K;_;n{DW}+ = K;_1n{DW}+ =
Iéj = QU Sij(Q(j))T for some full column rank matrix Q), by Item (3) of Proposition
A.1. Hence K; = K; = QU SY(QU)T for all j =1,... ,min{k, k}.

Next we show that k = k. Suppose without loss of generality that k£ < k. Then by

Proposition 2.5,

~

L5 (Ke)* = L0 (Ke)* € (—Kp)* = (—K)",
which implies that £ N ri(l@k) + (). Hence k = k. O
From Proposition B.1, we see that for fixed linear subspace £ C S", any finite sequence
(DD, .. , pldeen Si,Si))) satisfying the conditions in Definition 2.6 gives the same chain
of cones K1 DKy D -+ D ’Cd(ms;ngg)-

Appendix C Proof of Lemma 4.9.

In the following, we prove Lemma 4.9. We first need a few elementary results. Fix any

K < S% and any linear subspace £ C span(K). Then K = QSQLQT for some matrix
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Q € R™" with orthonormal columns and 1 < 72 < n, and the equality £ N QS QT =
Q(QTLQ N ST)QT holds. Define

ALNK,K)=d(LNnQSTQT,QSTQT) :==d(QTLQ N ST, ST).

We first prove that one iteration of facial reduction does decrease the degree of singu-

larity by 1.

Lemma C.1 Let L C S" be a linear subspace such that d(L N S, S%) > 0. Fiz any
D eri(Lt N ST). Then

A(LNK,K)=d(LN ST, ST) —1, where £ := L Nspan(K) and K = ST N {D}*.

Proof. Let k := d(£N S%,S%) —1 > 0 and Q@ € R™™ be a matrix with orthonormal
columns such that ker(D) = R(Q). Then K = QS7.Q”.

If k = 0, then there exists some X € £Nri( S} N {D}Y), ie, X = QXQT € L for
some X = 0. Then X € QTLQ N St e, d(LNK,K)=0=k.

Suppose that k > 0. Pick any D, ..., D®) € S" such that (D,D(l),...,D(k)) €
C(LN S, S%). By Definition 2.6, we have that

DY) e ri(Lt N (K 1))\(=Kj_1)* and L£Nri(Ky) # 0, (C.1)

where ICg = ST N {D}L =QS"QT and K; = Kj_1 N {DW}L for all j =1,..., k. Define

L = QTLQ
DY = QTDVQ, Vj=1,...,k,
K;O = SZL_ and l@j Z:K’];lﬂ{D(j)}L, Vj:1,...,/€.

We show that
(1) K; = QK;QT, forall j =1,...,k;
(2) LN (K))* = QT (LN (K;))Q, for all j =1,...,k;
(3) DY) € ri(L+ N (Kj_1)*)\(=K;_1)*, for all j = 1,...,k; and
(4) LNri(Ky) # 0.

Fix any j € {1,...,k}.
For item (1), pick any X € K; C Ko. Then X = QXQT for some X > 0, and for all
j=1,....k (X,DY)) = (X,QDVQT) = (X,DV)) = 0. Hence X € K;, implying that
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K;j C QK;QT. Conversely, pick any X € K; and define X := QXQT. Then X € Ky and
forall j = 1,...,k, (X,DV) = (X, D) = 0. Hence QK;Q” C K.

For item (2), pick any X € £-N(K;)* and let X := QTXQ. ForallY € £, Y =QTYQ
for some Y € £ =£LNQS"QT, 500 = (X,Y) = (X,QQTYQQ) = (X,Y). Hence X € L+
By (1), we have

()" = (@QK;Q1) ={Wwes":Q'WQe (K))},

so X € (K;)*. Therefore we have QT (L1 N (K;)*)Q € £+ N (K;)*. Conversely, pick any
X € £+N(K;)* and define X := QXQT. Then X € L+ = L1 4 (Ko)*. Let X € £+ and
X @) € (Ko)* satisfy X = XM 4 X@). Observe that X1 € (I;)*: for any Y € K;, there
exists Y € K; such that Y = QY;QT by item (1), and (XMW y)=(X - X® QvyQT) =
(X,Y) > 0since X € (K;)*. Therefore X() € £1N(K;)*, and X = QTXQ = QTXMQ ¢
QT (L N (K;)")Q, showing that X € L1 N (K;)* C QT (L N (Kj)*)Q.

Item (3) follows from (C.1) and item (2):

D e QT (ri(L: N (K))")Q\(=K;)"
(@ (64 0 () @K = HlE 1 ()N (K"
Finally, for item (4), by (C.1) there exists

X € LNri(Ky) = LN1i(QKrQT) = LN Qri(Ky)QT = LN Q(ri(Ky)) Q"
C Q(L Nri(Ky))QT.

Hence £ Nri(Ky) # 0.
Consequently, from items (1)-(4) we get that (D), ..., D®)) e c(Ln ST, ST), and

ALNK,K)=d(LN ST, ST)=k=d(LN ST, ST) — 1.

Next we show that the degree of singularity is monotonic under a mild assumption.

Lemma C.2 Let L£1,Ly C S" be linear subspaces. If L1 C Ly and L1 N ST # {0}, then
d(Lon ST, ST) < d(L£y N ST, SE).

Proof. We prove by induction on d(£; N S%, ST) > 0.
If d(£y N S%,ST) =0, then § # £, N ST, C LN S}, Hence d(L2 N ST, ST) <
d(£y N 8%, ST).
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Now fix any linear subspace £; C Lo C S"™ with £, 1 S} # {0} and d(£, N S%, S%) =
k > 0. We prove that d(£o N ST, ST) < d(L1 N ST, SY). If d(L2 N ST, ST) = 0, then the
inequality trivially holds. Suppose that d(£2 N S%, S7) > 0. Since k > 0, there exist

0#Dj;eri(LyNSY) with D;#0, forj=1,2

Since £3 N ST C £{ N S%, we have that R(Dy) C R(D1), implying that {D}* C
{Dy}*. Therefore £1 C Ly and K; C Ky, where

L; = L; Nspan(ST N {Dj}L) and K;:= ST N {Dj}L, for j =1,2.

Moreover, by Lemma C.1, we have d(fj ﬂlgj, Iéj) =d(£;Nn ST, SY)—1for j =1,2. Also,
since £1 N S # {0}, we must have £1 1K = £, N ST # {0}. Therefore, by the induction
hypothesis, we have d(L£y N K2, K2) < d(L£1 N K1, K1), implying that d(L£s N St,St) <
d(£y N ST, $). O

We return our focus on the primal-dual pair (P)-(D). In the context of Lemma 4.9,
we are interested in the situation where (D) is feasible but fails the Slater condition. In

that case, by Proposition 2.5,
Jo € R™ st. blo=0, 04V := A% = 0;

the feasible region of (D) is contained in S” N{V}+ and V can be used for one iteration of
the facial reduction algorithm on (D). To prove Lemma 4.9, we show that each iteration
of facial reduction on (D) does not increase the degree of singularity of the corresponding

(new) primal, using the following lemma.

Lemma C.3 Let L C S” be a linear subspace and suppose that

AV = [8 3] eL st VesSty (0<r<n). (C.2)

Define the linear subspace L= [IT O] L [IOT] C S". Then

d(£LN Sy, ST) <d(Ln S, sh). (C.3)
Proof. We prove by induction on d(ﬁ n sy, Sh).

If d(£N ST, %) =0, then (C.3) immediately holds.
Now assume that d(£ N S%,S%) > 0. Then there exists 0 # D eri(ftn S ) with
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D 0. Let Q € R™" gatisfy R(Q) = ker(f)) and QTQ = I, and let

~ AL r
Do [D O]G[L n s, O]ZLLQSQL;
0 0 0 0

then we have D € ri(£+ N ST) and R(Q) = ker(D), where Q := [? IO } . Define

Ly = Lnspan(STN{D}")=LNnQS" QT
and L1 := L Nspan( St N (DY) =LnQsmQT.
We show that [IT 0} L [IOT] - ﬁl. For any X € L1, we have X := [Ir O] X [g} cl. It

remains to show that X € QS Q7. Since X € L, there exists W € S "1 such that
X = QWQT. By definition of Q, we get

— I, A - Wi W Q" A AT
X =11 T — 11 12 _ )
(1. 0] QWQ [ 0} [@ of ™ { W } [ ) ] QW11Q
Hence X € QS QT, implying that X € L.
Next we show that [QT 0] £ {ﬂ N S # {0}. On the contrary, suppose that
Q : i
[QT 0} L1 [0] N S} = {0}, or equivalently, 3F € <[QT 0} L1 L)}) nSY,.
QFQT 0 1 1 e . R .
Then 0 ol € L1 = L+ +span(D) = L. Since F > 0 and R(Q) = ker(D), we have
that 0 0 € L~ nN S, which would imply that £N S = {0}, contradicting the

assumption (C.2).

Using [1, 0] £y [ﬂ C L CQSQT and [¢T 0] £ {Q

0] N S # {0}, we can apply

Lemma C.2 to get
d(£1 N OSTOT, OSTOT) < d <[1T 0] £ [10] nQsQT, Qgg@T) .
Now note that

VA P R Ut o B T e
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SO

d ([1,. 0] £4 m nQs;QT, QSQQT> =d ([1,.1 0] Q7 L1Q [IO} N s7, S?)
<d(QTLiQn Sy, s

where the inequality follows from the induction hypothesis, because Vi € S*~ 771 defined

by V1 := [g 3] lies in QT £1Q. Therefore we get

ALy NQSEQT, 0SHOT) <d (LN QSTQT, QST QT)

By Lemma C.1 and the definitions of £1 and L1, we get d(£N S, S}) < d(£N ST, ST).
O

It is straightforward to show that a rotation does not change the degree of singularity

i.e., for any linear subspace £ C S" and any orthogonal matrix U € R™" d(UTLU N
St, St) =d(£LnN ST, ST). Therefore, we can drop the assumption that V' = [8 g] with

V = 0 and allow for general V that is singular and nonzero:

Corollary C.4 Suppose that (P) is feasible and there exist V € S™ and v € R™ such that
0£V =A% >0, (C.4)

and ker(V) = R(P), where P € R™" has orthonormal columns. Let C = PTCP e §7,
A; = PTAP e S fori e 1:m, and define A : S" — R™ using Ay, .. A, Define
L :=span(C, Ay,..., Ay). Then d(LN ST, ST) <d(L£N ST, ST).

Now we can easily prove Lemma 4.9.

Proof of Lemma 4.9. The feasibility of (4.13) is immediate. The minimal face IBSTFIST
can be obtained via facial reduction on (D). At each step of the facial reduction, the
corresponding new primal (P) remains feasible and the degree of singularity of LMI defining
the new primal feasible region does not increase, by Corollary C.4. In particular, the
projection PT - P on the primal feasible region using the minimal face of (D) does not

increase the degree of singularity. [J
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face(T,S), 7

minimal face of a feasible SDP, 7

positive semidefinite completion problem, 11

positive semidefinite, X > 0, 3

vp, dual optimal value, 3

vp, primal optimal value, 3

asymptotic optimal value, 5
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convex conjugation, 17

degree of singularity, 4, 8, 9
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facial reduction, 2, 8
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feasible, 3

feasible perturbation directions, 13

P =P(A0), 14
feasible perturbations, 5, 13

P :=P(AC), 13
feasible SDP, 3

Frobenius norm, 3

improving direction, 6

primal-dual pair of SDPs, 3

proper face, 6
relative interior, ri(-), 6

semidefinite program, SDP, 3

set of feasible slacks for (P), 7%, 7
Slater condition, 3

spectral norm, 3

Strong duality, 3

strongly infeasible, 5

symmetric matrices, S”, 3
trace inner product, 3

weak duality, 6

weakly infeasible, 5
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