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Characterizations of optimality for the abstract convex program
u=inf{p(x): gx) € =S, x € 2}, P)

where S is an arbitrary convex cone in a finite dimensional space, £ is a convex
set, and p and g are respectively convex and S-convex (on £2), were given in [10].
These characterizations hold without any constraint qualification. They use the
“minimal cone” S’ of (P) and the cone of directions of constancy D, (5/). In the
faithfully convex case these cones can be used to regularize (P), i.e., transform (P)
into an equivalent program (P,) for which Slater’s condition holds. We present an
algorithm that finds both $/ and D (§”). The main step of the algorithm consists in
solving a particular complementarity problem. We also present a characterization
of optimality for (P) in terms of the cone of directions of constancy of a convex
functional D, rather than D (S”).

1. INTRODUCTION

We consider the (abstract) convex program
minimize p(x) subject to g(x) € —S, xE N, (P)

where p is an extended convex functional on X, g is an extended S-convex
function on X into Y, X and Y are locally convex spaces with Y being finite
dimensional, 2 — X is convex, and S is a convex cone. Primal and dual
characterizations of optimality for (P) have been given in [10]. These
characterizations use (i) the smallest face of S containing the image of the
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feasible set (denoted S*) and (ii) the cone of directions of constancy of g at
the optimum point a (denoted D (S, a)). These characterizations generalize
the so-called “BBZ conditions” [5] and do not require any constraint
qualification. Applications include, for example, (i) the optimal control
problem where the initial state and final target are given in Y |14, 18] and
(ii) the linear estimation problem where we seek the best unbiased etimator
in the cone S of positive semi-definite matrices [16].

Our main purpose is to present an algorithm that finds the cones S/ and
D7 (8, a) and also to show how these cones can be used to regularize (P) so
that Slater’s condition holds.

Section 2 presents several preliminary notions and definitions. In Section 3
we develop the necessary theory dealing with the faces of a finite dimen-
sional convex cone. In particular we discuss exposed faces and introduce the
notion of a projectionally exposed face. We then show (see Proposition 3.9
and Remark 3.1) that every face E of .S is the intersection of projectional
images of S with the intersection being finite if E is polyhedral and facially
exposed (in §). This notion allows a simplification of the optimality criteria.

Section 4 extends the notion of the cones of directions given in [5]. We
also extend several results for these cones which have proven useful.
Section 5 introduces faithfully S-convex functions. We then extend the
properties that (i) a convex function bounded on a line is constant on that
line [22] and (ii) the cone of directions of constancy of a faithfully convex
function is a subspace of X independent of the point x € X [4], [21].

In Section 6 we recall and strengthen a characterization of optimality for
(P) given in [10]. The new characterization is in terms of the cones of
constancy of convex functionals rather than D, (S”, a) and is strengthened in
the sense that the Lagrange multiplier relation holds over a larger set. We
then present our regularization technique. This technique essentially restricts
the program (P) to subspaces of X and Y so that Slater’s condition holds.

The algorithm to find S” and D, ($,a) is presented in Section 7. This
algorithm is given for weakly faithfully S-convex functions g, i.e., S-convex
functions g for which gg(-) is faithfully convex for all ¢ in the dual space for
which ¢g is convex. Note that all analytic convex and all strictly convex
functions are faithfully convex and so this algorithm can be applied to a
wide class of functions. The non-faithfully convex case is outlined.

We conclude with several examples in Section 8.

2. PRELIMINARIES

We consider the convex programming problem

minimize p(x) subject to g(x) € —S, xe 0, (P)



REGULARIZING THE ABSTRACT CONVEX PROGRAM 497

where p: XoRU {+o}; g:X>YU{+w}; X and Y are real locally
convex (separated topological vector) spaces; Y is finite dimensional with an
abstract maximal element +o0; 2 < X is convex; S = Y is a convex cone;
ie, S+S<S and ASc S for all A>0; p is an extended real convex
functional (on 2) and g is S-convex (on £2); ie.,

tglx)) + (1 —1) glxy) —glex, + (1 — ) x,) €S (2.1)

for any x,, x, (in 2) and ¢ in [0, 1]. The cone S induces in Y a transitive and
reflexive ordering >,:
X2 X, if x,—x,€8. (2.2}

Unless otherwise specified, it will be assumed that the order is induced by
the cone S; e.g., x = y denotes x =, y, etc.... Moreover

X > X iff x,—x,€ri S (relative interior of S).
Further notations are as in [10, 13]. We briefly summarize several essential
notations and known results:
F=g'(-8)NQ; (2.3)
dom g is the domain of g;
dom po F;

X*, Y* are the continuous duals of X and Y, respectively, equipped with the
w*-topology; K* is the (nonnegative) dual cone of the set K;

K**=(K*)" =coneKk, (2.4)

the closure of the convex cone generated by K
S, NSt =8 +S;, (2.5)

for any two convex cones S, and S, in Y; K*=K*MN(—K") is the
annihilator of K and ¢" = {¢}" for any vector ¢; Vg(a; d) is the directional
derivative of g at a and it exists for each direction d if g is convex on X,
continuous at a and S is closed and pointed, i.e., S N —S = {0}; dg(a) is the
subdifferential of g at a; dg(a) is non-empty when X is a weakly compactly
generated Banach space and g is S-convex on X and continuous at @ with S
closed and pointed. In this case, for any ¢ in S* and 4 in X [28],

¢ Vg(a;d)= max §T(d). (2.6)

When Y=R and S =R _, then (2.6) holds in any locally convex space X.
Unless otherwise specified we will assume that (2.6) holds. .#7(-) and 2 (-)
denote null space and range, respectively. The symbol 0 is used for both zero
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element and subspace of a vector space. I denotes the identity matrix, 4"
denotes the generalized inverse of the matrix A [6], A* denotes the transpose
of A and P, denotes the (orthogonal) projection on the subspace N.

3. FACES OF A FINITE DIMENSIONAL CONE

In this section we summarize several useful results on the faces of a cone.
For more details and missing proofs see, e.g., |2, 3, 10, 12, 15].

DEerFINITION 3.1. A subcone K of S is called a face of .S denoted K <1 S,
if
x€EK, 0 ygx, implies y€K. 3.1

ProposITION 3.1. K <1 8 if and only if

0Ky x,x+y€EK implies x,y€EK. (3.2)

ProposITION 3.2. (a) IfK<1L <18, then K <18S.
(b) fK<aSand KcLcS, then K<1L.

DEerFINITION 3.2. (a) A face of S is exposed if there exists ¢ in S*
such that
K={s€ S:¢5s=0}. (3.3)

(b) The convex cone S is called facially exposed if every face of S is
exposed.

PROPOSITION 3.3. S is facially exposed if and only if exposed faces of
exposed faces of S are themselves exposed faces of S.

Note that the faces of a convex cone are convex cones and are closed
when § is closed. Moreover, every polyhedral cone is facially exposed. An
example of a cone which is not facially exposed is given in [10].

ProrosITION 3.4. If K <18, then
(a) K-S)NS=&K-K)NS=K-S)NK=K; (3.4)
(b) (K-S)M(S-K)=K-K. (3.5)

PROPOSITION 3.5. Let C be an arbitrary subset of S. Then

(a) there is a unique minimal face C' containing C;
(b) there is a unique minimal exposed face C¥ containing C.
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PRoPrOSITION 3.6. Suppose that E is a proper face of S. Then
E“Y+S.
Proof. By hypothesis
ENnriS=¢.

Since E-E — S-S, the Hahn-Banach theorem says that there exists
0+# ¢ € Y* such that

¢s >0, for all s€ris, ¢s <0, forall e€E.

Since E < §, we conclude that E is contained in the face exposed by the
positive functional ¢; i.e.,

EciseS:¢s=0}¢8S. 1
Though not all faces are exposed, the above lemma shows that every face
is an exposed face of some larger face of S. For, if E is a proper face of E¥,
we then repeat the process in E%, We eventually must stop since Y is finite

dimensional. This allows a reduction process by means of exposed faces, see
Section 7.

DEFINITION 3.3.  The minimal cone for (P), denoted S, is defined by

8= (g, (3.6)

where F is the feasible set for (P). Similarly, the minimal exposed cone for
(P), denoted S¥, is defined by

S = (—g(F))*. 3.7

The minimal cones S” and S* have the following properties.

ProposITION 3.7. [10]. (a) g is S'-convex on F; (3.8)
(b) g(F)+ S is convex; (3.9)
(c) g(FYN—r1i S+ ¢, when F + ¢; (3.10)

(d) §Y=(gF)+8)"*NS

= U ugF) +85NSs. (3.11)

A30

COROLLARY 3.1. y€ri{y}, forally€ S.
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Proof. Choose g constant and equal to —y in (c) above. |

ProroSITION 3.8. Suppose that E is an exposed face of S. Then E is an
exposed face of any subcone of S which contains E.

Proof. By hypothesis, there exists a supporting hyperplane H to S such
that

E=SNH.
Therefore, if K is a subcone of § which contains E,
E=KnNnH 1

Projections onto faces will play a role in our optimality conditions. The
following lemma shows that each face can be expressed using projections.

PROPOSITION 3.9. Suppose that E <1 S and that A;, i €1, are all the
points of S* for which E is not a subset of the hyperplane A;. Let P, be a
projection onto E-E satisfying

N (P)c A}, forall i€l (3.12)
and let P be the orthogonal projection onto E-E. Then

E=()(P,S)NPS. (3.13)

Proof. First note that since E is not a subset of A;, we can find a
subspace L; of A; such that

L,N(E-E)=0; L,® (E-E)=R", (3.14)

where @ denotes direct sum. Thus we can choose P; to be the projection
onto E-E along L; i.e.,

#P)=E-E; N(P)=L,. (3.15)

This satisfies (3.12). Now since P,E = E, for all i € I, we get that

Ec()P,SNPS. (3.16)
I

This then implies that

span () P;S N PS = E-E. (3.17)
I
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Thus, if e € E-E but e € E, then the result (3.13) follows if we can show that
e¢P,S, for some i€l (3.18)
Now, since E < A; implies (E-E) < A}, we get
E=SN(E-E) by (3.4)

=) 4} N (E-E).

Therefore, there exists i € I such that
et A (3.19)
Since #(P;) = A/, we get that
e+ y&Af, for all y& . #(P). (3.20)

This yields (3.18), since Sc4;. |1

Remark 3.1. If E is polyhedral, then E is uniquely determined by its
maximal proper faces [12] and these are finite in number. Therefore, if the
maximal proper faces of E are exposed (in ), we may take the index set [ in
the above Proposition to be finite; i.e.,

k
E= () P,SNPS. (3.21)
i=1

In the case that the dimension of E is 0 or 1, this gives
E=PS. (3.22)

Note that we have not assumed that E itself need be exposed in (3.21).

Being able to express the minimal cone S’ as a finite intersection of
projectional images of .S will simplify the optimality conditions in Section 6.
We now introduce the following projectional notion.

DEefFINITION 3.4. The convex cone S is called projectionally exposed if
every face of S is the image of S under some projection; i.e.,

E <1 § implies E = PS, for some projection P. (3.23)

ExampLE 3.1. Consider the cone S of all positive semi-definite matrices

in the space Y of all m X m real symmetric matrices. The matrices are
represented by their distinct upper triangular parts and thusY = R +™/2 [n
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|10] it was shown .that S is both facially and projectionally exposed. In fact,
E <1 S if and only if

E={a€S: t(a)>#(q)}, (3.24)

for some projection matrix g € .S, and then

E=(I—-q)SU—q) (3.25)
where I denotes the identity matrix in Y. That is E = PS, where the pro-
jection

P=(I-q)-(I—-q) (3.26)

4. CoNES OF DIRECTIONS FOR CONVEX FUNCTIONS

We now extend the notion of the cones of directions, given in [8] for
convex functionals, to S-convex functions.

DEerFINITION 4.1. For £ <1 S, a € dom g and the relation .#, we denote
D/(E,a)={d:3a > 0 and g(a + ad) #s_; g(a), for all 0 < a < a}. (4.1)

When ¥ is =, <, <, >, and > then these are the cones of directions of
constancy, nonincrease, decrease, increase, and nondecrease, respectively. (If
Y=RU +{w0}, Le., g is an extended real convex functional, and if E = {0}
and S =R, then (4.1) reduces to the cones of directions given in [8].) For
simplicity of notation, we will delete E in the case E=0; eg.,
D;(0,a) =D, (a).

DEeFINITION 4.2. Suppose that Cc X. For a &€ C, the set of feasible
directions at a is
C(a) = {d: there exists @ > 0 with a + ad € C, for all 0 < a L &}.

If we choose the face E properly, then the directions of nonincrease
DE(E, a) are exactly the feasible directions at a for (P).

ProproSITION 4.1. Suppose that g is continuous at a € 2, g(a) <0 and
E = {—g(a)}’. Then

F(a)=Dg(E,a). 4.2)
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Proof. Suppose that d € F(a). Then there exists @ > 0 such that
gla+ad)<0, forall O0<aga. (4.3)
Thus

gla + ad) < gla), forall O<axa. 4.4)

This shows that

F(a) c DS(E, a).
Conversely, suppose that d € DS (E, a); i.e., there exists @ > 0 such that (4.4)
holds. Since g is continuous at a and g(a) € —ri E by Corollary 3.1, we get

that (4.3) holds, though possibly for a smaller @ > 0. That @ + ad € Q2 for
small ¢ > O follows similarly. [

The above proposition shows that DS ({—g(a)}, a) is convex. We now see
that this holds in a more general case.
ProOPOSITION 4.2.  Suppose that g(a) < 0 and E is a face of S. Then
DS (E, a) is convex. 4.5)

Progf. Let d|,d,EDS(E,a) and d=Ad, + (1 —A)d,, 0<A< 1. Then
there exists & > 0 such that

gla + ad;) <s gla), forall O<aga.
Thus, for all 0 < a < a,
gla+ad)<g Agla +ad))+ (1 —1) gla + ad,), since g is S-convex
$s-x A8(a) + (1 - 1) gla) = gla).
Thus d € DS(E, a). |

The feasible directions can be used to characterize optimality.

LemMa 4.1. [8] A4 feasible solution a € F of (P) is optimal if and only if
Dy(a)NF(a)=9¢. 4.5)

Note that we can replace F(a) in (4.5) by its closure if p is continuous at a
[10].
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5. CoNnEe-FarrHFuLLY CONVEX FUNCTIONS

DerFniTION 5.1. The S-convex function g is faithfully convex (with
respect to the face E) if: g maps a line segment into E-E only if g maps the
whole line containing that line segment into E—F. We then say that g is S-
faithfully convex if it is faithfully convex with respect to every face of S.

The following proposition extends the result by Rockafeilar [22] that: a
convex functional bounded on a line is constant on that line.

PROPOSITION 5.1. Suppose that S is closed. Let y€ Y and a,d € X. If
gla+ad)< y, Sorall a€R, (5.1)
then
gla+ad)=g(a), forall a€R. (5.2)

Proof. Since the function g(-)— y is also S-convex, we can assume
without loss of generality that y = 0. Now (5.1) implies

gg(a + ad) <0, forall a€R, forall ¢€S". (5.3)
Rockafellar’s result for convex functionals yields
#(gla +d)— gla)) =0, forall a€R, forall ¢€S*, (54)

which in turn implies (5.2) since § is closed. 1

COROLLARY 5.1. Under the assumptions of the proposition,
de D, (S,a) (5.5)

Faithfully convex functionals introduced by Rockafellar [21] have proven
very useful in optimization theory [5, 24, 26]. Since all analytic as well as
all strictly convex functionals are faithfully convex, applications are
widespread. One property which has proven extremely useful in applications
to algorithms [24, 26], is that: the cone of directions of constancy of a
continuous faithfully convex functional is a closed subspace of X
independent of the point x under consideration. We now extend this property
to S-convex functions.

THEOREM 5.1. Suppose that E is a face of S, g is continuous and S-
Jaithfully convex and both S and S—E are closed. Then D, (E,a)= D, (E) is
a closed subspace of X independent of a.
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Progf. First, let us show that

D; (E,a) is a subspace (closed). (5.6)

Letd=d, +d, and d,€ D, (E,a). If a €R, then
gla + ad) = g(3(a + 2ad,) + $(a + 2ad,))
<sigla+2ad,) +ig(a + 2ad)
<s—¢ &)

Thus (5.6) follows by Corollary 5.1 and Proposition 3.4. (The closure
follows by continuity.)

Let us now show independence of the point. Let x,,x,€X and
d € D/ (E, x,). We need to show that d € D, (E, x,). By Corollary 5.1, it is
sufficient to show that

glx; + ad) <5 p 2, (5.7)

for all @ € R and some z € Y. Now choose y € Y so that

g(x;) <s_¢ &(x1) + - (5-8)

For example, y = g(x,) — g(x,) — s+ e, forsome s€E Sande€ E. Fixa € R
and let

O0<t,<1l; t,-0 as k-5 y,=1/t;
2 =ad + t,(x;, — x,).
Since d € D, (E, x,) and g is S-faithfully convex, we get that
g(x)) =5 &(x, + y,0d) (5.9)
which implies that
g(x)) =s5_x 8(x; + 7,2"). (5.10)
But

g(x, + z¥) s (U—1,) 8(x,) + 4 g(x, + ?kzk)9 by S-convexity of g,
Csoe (1= 1) g(x) + (1 — 1) ¥ + 1, 8% + 7, 2), by (5.8),
=55 8x1)+ (1 = t)y, by (5.10). (5.11)

409/83/2-11
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Now

g(x, + ad) = ’l(im glx, + 2%, by continuity of g,
)
Ss-p lim g(x,) + (1 — ) p, by (5.11),
k—o0

= g(x;) + .
Since both g(x,) and y are independent of a, we have proven (5.7).

The condition that E—S be closed may be restrictive in applications. E-S
is always closed in the polyhedral case. It is still an open question whether
one can relax the closure condition. Note that, as in the case of a real convex
functional, analytic S-convex functions are faithfully convex as are strictly
S-convex functions.

In the algorithm presented in Section 7, we will assume that g is weakly
faithfully convex; i.e., g is faithfully convex for each ¢ € Y* for which gg is
convex (on 2). This removes the requirement that E-S be closed and also
shows that D (S’) is a subspace independent of the point x € X.

6. CHARACTERIZATIONS OF OPTIMALITY AND REGULARIZATION

In [10], we presented the following characterization of optimality for (P).
THEOREM 6.1. (a) Suppose that p is the finite optimal value of (P).

Then
p(x)+igx)>u,  forall x€F, (6.1)

Sfor some A in (SNY* and F/ = g~ '(S"-S)N Q.
(b) If u is actually attained by p(a), a € F, then in addition

Ag(a)=0. (6.2)

Remark 6.1. In certain cases the multiplier in (6.1) may be supposed to
be in S* rather than just in (§/)* (independent of p and g). This situation is
characterized by

St + (8N = (SN, (6.3)
or equivalently, when S is closed, by

St +(8)"is closed. (6.4)
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Thus multipliers in S* exist whenever S is polyhedral. In fact, this is true
whenever S is polyhedral and facially exposed in S, for then S’ can be
written as the intersection of a finite number of projectional images of .S (this
follows by Remark 3.1 and a proof similar to the proof of Theorem 6.3
below). For the same reason, multipliers in S* exist whenever § is projec-
tionally exposed. In particular (see Example 3.1) multipliers in S* exist
whenever S is the cone of m X m psd matrices.

The above theorem and remark characterize optimality for (P) without
any constraint qualification. The multiplier relationship in (6.1) is restricted
to the set S/. For stability and related results it is of interest to get the
“strongest” optimality conditions, i.e., to have the set F/ as large as possible
[11]. In fact to ensure stability for all feasible perturbations, one needs
F/ = 0. We now show that a larger F/ is possible. First we will need the
following lemma, which will also prove useful in our algorithm in Section 7.

LEMMA 6.1. Let H be a subspace of Y. Then
g is (SM H)-convex on F* = g7 '(H)N Q. (6.5)

Proof. Let 0<t<1, x,=tx,+(1—1)x, and x,x,,x, € F¥, ie., g(x,),
g(x,), g(x,) € H. Therefore

1g(x,) + (1 — 1) glx;) — gx) € (SN H),

since g is S-convex and H is a subspace. 1

Note that F” need not be convex in the above. Note also that
F=g (§-8)YnQ (6.6)

[10, Proposition 4.1(c)] and so possibly F¥ > F”; i.e., F¥ is larger thanF”
with equality if H =8’ — S”. Before presenting the strengthened optimality
characterization, we first present the following optimality conditions which
hold under a “generalized Slater’s condition.”

LEMMA 6.2, Suppose that g is continuous and weakly faithfully S-convex
(on R2), 2 is the intersection of a polyhedral set and a closed linear manifold,
and (P) satisfies the generalized Slater’s condition: there exists

FEQ  with g(#)e—riS. (6.7)

Then the standard Lagrange multiplier theorem holds; i.e., Theorem 6.1
holds with F’ replaced by 2 and (S”)* replaced by S™.
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Proof. By (6.7), we get that S/ = S. Since Y is finite dimensional, we can
find ¢;, i = 1,..., £, in S* such that

5-§= (') o7 (6.8)

Now by Theorem 6.1 and (6.6), there exists A€ S* such that (P) is
equivalent to the program

inf{ p(x) + Ag(x): x € F/ = g~ (§-S)N 2}
which, by (6.8), is itself equivalent to

inf{p(x) + Ag(x): (9,8)(x)<0, i=1,.,t, x E R} (6.9)

Since g is S-convex and {¢,} = S' <= S*, we conclude that both ¢;,g and
—g, g are convex (on £2), which in turn implies that

¢, g is affine, i=l,.,t (on Q).

Since x is restricted to £ in (6.9), we can assume that the functions ¢; g are
affine on all of X. Suppose that

R=PNV,
where V is a closed subspace and
P={x:y,x—a,<0,i=1,.,k}, v, € X*, (6.10)

is polyhedral. Then (6.9) is equivalent to the linearly constrained convex
program

lﬂf{p(X) + Ag(X): ¢i g(x) < 0’ i= 1,'", i
vigx)<a, i=1.,k,x€V})  (6.11)

Since the t+ k constraints for this program are all linear and finite in
number, and any feasible point for this program is in ri } (when V is a
closed subspace) we have satisfied the generalized Slater’s condition for the
ordinary convex program; i.e., there exists a feasible point in the relative
interior of the constraint set (V' in our case) which satisfies with strict
inequality all the inequality constraints which are not affine (none in our
case). We can now obtain Kuhn-Tucker multipliers (see, e.g., [22,
Theorem 28.2]) 4, >0, i = 1,..., ¢, corresponding to the constraints ¢; g. The
result now follows since A + 3 j_, 4,4, €S™.

Rather than apply the result in [22], which is phrased in finite dimensions,
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we can apply Pshenichnyii’s condition [13, p. 87] to the program (6.11) and
get that

op+ig)@)N({x:9,86(x) <0, i= L., ;N2 —a)" #2,
which reduces to
Ap+Ag)a)N({x: ¢,8(x)<0, i=1,..,t}—a)' + (2 —a)")# 2,

by (2.5) (closure holds since the polar of a polyhedral set is finitely
generated), or equivalently

(@p(a) + dAg(a)) M (coneld, g}ioy + (R —a)") £ @

since g is continuous and ¢, g{@) =0, i = 1,..., ¢, or equivalently,

<3p(a) + 0Ag(a) + }; ai¢,~g) N —-a)" #2,

where a; > 0, i = 1,..., ¢, or equivalently, a solves the program
inf{(p + Ag)(x): x € 2},
where A=4+3!_,a,4,isin S*. 1§

We now show that we can strengthen Theorem 6.1 when g is weakly
faithfully S-convex, 2 is polyhedral, and S7 is exposed. (See Remark 6.3
below for S/ not necessarily exposed.)

THEOREM 6.2. Suppose that g is continuous and weakly faithfully S-
convex, R is polyhedral, and 8’ is exposed,; i..,
pEST, H=¢" S =SNH. (6.12)
Let K¥ be any convex set which satisfies
F cK®cFH, (6.13)

where F' and F" are as in (6.1) and (6.5), respectively. Then Theorem 6.1
holds with F/ replaced by the (larger) convex set K”.

Proof. Let

Kt=@E+DL#E)NQ, (6.14)

where £ € F. Let us show that K* is the largest (closed) convex set which
satisfies (6.13). That K* is closed and convex follows from the continuity
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and faithful convexity of g and the polyhedrality of 2. Now let x € K*. Then
x€ R and x=X+ad, for some a>0 and d€ D, (X). Thus gg(x)=0,
which yields x € F. Conversely suppose K is convex and satisfies (6.13),
and x € K. Then, since K = FY, we get that x € 2 and gg(x) = 0. Moreover,
since K is convex and contains F/, £+ a(x —X) is in K< F", for all
0<ag 1;ie, gg(f+ad)=0, for all 0 Ca < 1 and d =x — X. Thus

XE (£ +DL(#))N Q=K (6.15)

i.e., this shows that K c K*.
Since

FcF cK', (6.16)
we can rewrite (P) as
u=inf{ p(x): g(x) € =8, x € KL}.

The result (for K* in (6.14)) now follows from Lemma 6.2, (3.10), the
polyhedrality of 2 and the faithful convexity of g¢g. Note that g is §'-convex
on K* by Lemma 6.1. Now if 4 is the Lagrange multiplier found in (6.1) (for
the largest K¥ as given in (6.14)), then (6.1) and (6.2) clearly hold for any
convex subset of this K” which contains the feasible set F. Thus, since
F < F’, we can choose any K? which satisfies (6.13). 1

The above theorem gives us a variety of optimality conditions. First, we
can choose the subspace H which satisfies (6.12). Then we choose the
desired K* in (6.13). Note that if we choose H = §/-§’, then we recover
Theorem 6.1. In this case we no longer require the assumptions of faithful
convexity or of polyhedrality. These assumptions can be weakened but
cannot be eliminated entirely. See [27] for examples in the case S =R} .

Remark 6.2. Corresponding to Remark 6.1, we get that the multiplier in
(6.1), with F” replaced by K”, may be supposed to be in S*, rather than just
($H*, exactly when

St+H =(8)", 6.17)

or equivalently, when S is closed,
S* + H* is closed. (6.18)
Proof. The proof is similar to the proof of Corollary 4.2 in [10|. We

include it here for completeness. Note that (6.17) and (6.18) are equivalent
by (2.5). Now if (6.17) holds and A satisfies (6.1) and (6.2) (with K” instead
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of F’) then one can solve 4 = ¢ + 4 with ¢ in S* and & in H. Hence for any
xinKfcF*

Ag(x) = 9g(x) + hg(x) = gg(x) (6.19)

since g(F)c H and H* = H". Thus ¢g(x) may be substituted for Ag(x) in
(6.1) and (6.2).

Conversely, suppose ¢ lies in (S/)*. Let P be the orthogonal projection on
H. Consider

u = inf{gP(x): —Px € —§, x € X}. P)

Then PP~'(S)=PP '(HN S)c H and so 4 =0. Also —P~'(H) = X so that
(6.1) (with K the largest convex set satisfying (6.12) replacing F”) yields

¢Px + A(—Px) > 0, forall x€X. (6.20)

Since we now assume that A € S* we derive that

¢$=¢— (¢P —AP)
=@—-AI-P)+Ai€H +5". 1

As above, we note that multipliers in S* exist whenever S is polyhedral.
Furthermore, since F/ < K¥, we get that (6.17) < (6.3), or equivalently,
when § is closed, that (6.18) <> (6.4). Now if S is closed and S’ is exposed,
ie., 8= S M ¢*, then (6.18) becomes

S* + span{g} is closed. (6.21)

Remark 6.3. Primal and dual characterizations of optimality, using
directional derivatives and subdifferentials, were given in [10]. These follow
directly from Theorem 6.1, by applying Pshenichnyii’s condition [13, p. 87],
and employ the cones of directions D] (S/,a) and DZ(S/,a). We now see
that Theorem 6.2 allows us to replace the above mentioned cones by cones of
directions of constancy of convex functionals. In particular, by repeated
application of Proposition 3.6, we get the following equivalent programs to
(P) (with S, =S8, S¥ denotes the smallest exposed face of S, containing S’
and X € F):

inf{ p(x): g(x) € — Sz,xE.QZ=(J?+Dmg)ﬂ.Q}, (P,)
¢lesl+’ S2=Sﬁf=(S,ﬂ¢f),

inf { p(x): gx)€— S;,x€N, = (x+ ﬁ Df,g) ﬂ.()i, Py)

¢2€S;! S3=Sef=(Szm¢%)’
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inf | p(x): g(x) € — S, xE 2, = (x+ N D;g) rmg, ®)

i=1

St=Sf, ¢l€Slt’ S,+l=(Slm¢lA)

Thus we can choose
t
H=()¢; (6.22)

in (6.12) and

in (6.13). (For more details see the proof of Lemma 7.2 below.) Therefore,
by Pshenichnyii’s condition, we can replace D;(S’,a) by i1 Dy ,.
Moreover, if S/ is exposed, i, S =¢"MNS, ¢ € S/, then the charac-
terizations and duality results are in terms of the cone of directions of
constancy of the single convex functional dg; e.g., if a is feasible and we

define the restricted Lagrangian by

LAQ)=inf{ p(x) + Ag(x): x € £ + D}, (6.24)

where X is any feasible point, then

u = p(a) (i.e., a is optimal for (P))

if and only if

0 € dp(a) + os* gla) — (D,, M cone(2 — a))*
for some s* € (§/)* with s*g(a)=0

if and only if
u = sup{L¥(A): A € (§)")}.

Again (S/)* may be replaced by S* if (6.3) holds. Note that if S is a
polyhedral cone, then (6.3) always holds and S’ is always exposed. For
example, suppose that S is R7, the nonnegative orthant in R™, g = (g*) and
¢=(¢,) is in R7 with ¢, =0if k&€ =, ¢, >0 if k€ F~, where F~ is the
set of “equality constraints,” i.e., the set of constraints g* which are iden-
tically zero on the feasible set [1]. Then S’ is exposed by ¢ and the above
characterization of optimality simplifies and strengthens the result in [1, 4].
One can also allow ¢, =0 if k€. .9~ and g* is affine (see [27]).
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Now suppose that the cone of constancy D:(Sf) is a subspace of X
independent of the point a € X. We then get the following regularization
technique. Recall that Slater’s condition for (P) is

there exists X € Q such that g(X) € —int S.

THEOREM 6.3. Let a€F and D:(Sf ) be a subspace independent of
x € F. Suppose that B: Z - X is a linear operator satisfying

D7 (S') = #(B),

where Z is a locally convex space, and that Q is a full row rank matrix
satisfying
S-S/ = #2(Q".
Consider the program, in the variable z € Z,
minimize p(a + Bz) subject to Qg(a + Bz) € —QS’, and
ZEN={z2:BzEN —a). P,
Then Slater’s condition is satisfied for (P,) and z =0 is a feasible point of
(P,). Moreover, if z* solves (P,), then a + Bz* solves (P).
In addition, if S’ is projectionally exposed, i.., if S'=PS for some

projection P, then we can replace QS’ in the definition of (P,) by QS as long
as we choose Q so that Q'Q = P.

Progf. We write the following equivalent programs to (P):

minimize p(x) subject to g(x) € —8’, x€ N, g(x)€ S’ - S7; P)
minimize p(x) subject to Qg(x) € —~QS’, x€ 0, g(x) € §'-§; (P,)
minimize p(x) subject to Qg(x) € —~QS, xXE N, x—a€ F(B); (P;)

minimize p(a + Bz) subject to Qg(a + Bz) € —Q§’, Bze 2 —a. (P,)

Thus (P,) is equivalent to the original program (P). That Slater’s condition
holds for (P,) follows from (3.10) and from the fact that Q is onto.

That we can replace 0S” by QS if S” is projectionally exposed follows
from the relation (6]

00'¢=0. |

In the polyhedral case, the above regularization reduces to the one in [25].
It is now of interest to be able to calculate the cones $” and D (S’). Note
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that even if g is not faithfully S-convex and if 2 = 2N (D, (8%, @) + a), then
the program

minimize p(x) subject to Qg(x)€ —QS8’/, x€ 2, (P..)

is equivalent to (P) and regular at a. In fact it satisfies Slater’s condition
at a.

7. FaciaL RepucrioN To FIND 87, D7 (S/)

We now present an algorithm to find the cones S/ and D;(S’). The
algorithm is a finite iterative method. The basic step involves reducing the
problem to an equivalent problem on an exposed face of S containing §”. It
is interesting to note that S* is found even though we might have §'# S,
i.e., even though S/ may not be exposed. In the case that S is polyhedral, the
algorithm is equivalent to the one in {26] which itself was a modification of
the one originally given in [1].

The reduction step is based on the following lemma. (We assume that g is
continuous in the sequel.)

LeMMA 7.1. Suppose that a € F. Then the system
(2 —a)" Noggla) + D,

7.1
$EST,  ¢g(a)=0, o

is consistent only if
S c¢tN 8. (7.2)

Progf. Suppose that (7.1) holds. Then a is a global minimum for the
convex function ¢g(-) on the convex set £2, which implies that ¢g(x) =0, for
all x € F. Thus the exposed face ¢* M S contains —g(F) and therefore also
contains S/. 1

We will also need the following theorem of the alternative.

THEOREM 7.1. Suppose that a € F. Then exactly one of the following
two systems is consistent.

@2 —a)t Moggla) + S, OxgE ST, dgla)=0. (7.3)
g)E —int S, X € 2 (Slater's condition). (7.4)
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Proof. Suppose that (7.3) holds. Then 0 = gg(a) is a global minimum of
the convex function ¢g(-) on the convex set £. Thus the system

gg(x) <0, x€Q, (1.5)

is inconsistent, which implies that (7.4) fails.
Conversely, suppose that (7.4) fails. We can assume int S # . Otherwise
choose ¢ € (S-S)" to satisfy (7.3). Thus

0 €& g(22)+int S (open, convex set), (7.6)

which implies that there exists 0 # ¢ € Y* such that
#(g(R2)+int §)>0.

But then

geST;  4(8(@2)>0. (1.7

Since g(2)c= —S, we get ¢g@)=0. Thus 0=gdg(a) is again a global
minimum of ¢g(-) on 2 and (7.3) follows by Pshenichnyii’s condition
(13,p.87]. 1

CoRrROLLARY 7.1. Suppose that a € F and the system (1.3) is incon-
sistent. Then

§=S; DI (§)=4x.

Remark 7.1. If f: R" - R is a faithfully convex functional, then the cone
of directions of constancy of f, D7, can be found using the algorithm in [24]
(f differentiable) or in [26] (f nondifferentiable). Let us refer to this
algorithm as algorithm A.

We now present the algorithm that finds $/ and D] (S”).

Algorithm B

Initialization. Let a€F; Q,=Q2—a;my=dimY; Qo=1 )3 So= 1S
ny=dimX; Py=1 i=0.

i-th step (0 <igt). If m;> 0 and the system

HoXng?

Qi N 1040, 8(a)) P, + 2, (1.8)

$,0,8(a)=0, 0#¢,=S/
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is consistent, then use algorithm A to find the n, X n,,, matrix 4, ,
satisfying
F(A1)=Dgg,gor,- (7.9)

Then set
M, =m;—1=dimg;;

. onto miii.
By i ¢p—— R

A (B;,1)=spanig;}  (with B, =[1] if m,,, =O);

Pio=PA;,,
Qi1=8;,,05

E;=8,0¢;
Siv1=Bi E

2, =:A;’+l{.(2’.ﬂﬂ(AiH)},

Now proceed to step i + 1.
If the system (7.8) is inconsistent or m; =0, then STOP.

Conclusion.
S’=B\B;--- B[S,
B (7.10)
D (8")=Z(P).
LEMMA 7.2. Let
P(»)=p@a+Py)
g (»)=0igla+Py)
F={y€R™: g®(y)E -8, y EQ}
and consider the programs
inf{ p*(y): y € F*}. (Py)

Then, for k=0, 1,...,t (or t — 1 depending on the context):
(@) g (») =By 8 Aes1);
(b) 0€FX
(c) g"is S,-convex and D, 4,
(d) Fcd,  FY4

() Si=B} Sk, and D3(S})=A,D;.(S},.), where S is the
minimal cone of (P,).

oo = D oyat’s
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(a)
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ALGORITHM B

START

n.xn,
iTiH
Find Ai+1 e R

such that R{A

|

) =D, g
i+l ¢i°ig Pi

My = Myl = dim ot
.. L__onto M1
Bia® & > R

N(Bi+1) = span{¢i}, with B, = 1] if mq=0

0
[

_at
Ai+1{9i“R(Ai+1 3
P.A

i+ T i
i1 = B
=B, .E

i+l i+

g (N =0ks 8@+ Py y)

3 ¢F; R =g-a; my=din V3 Q = I"‘o"'“o 389=53
n0=dimX;P0=Inoxn0;i=0.
step, 0<ist: Is the system
+
ni n [3¢1Qig(a)]Pi f ¢
(7.8) +
¢1Qi9(a) =0,0¢ ¢1 € Si
consistent and is mj > 0?
yes no

f_ ptot ot
ST o= BBy B
=, f _

Dg(s ) -R(Pi)

STOP

=B ;10 8@+PrAri 1))

=Bk+1gk(Ak+1.V)'

517

(1.11)
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(b) The result holds for £ = 0 by hypothesis. So let us assume that the
result holds for g* and prove it for g“*!. By Lemma 7.1, we get that

SLc g NS, (7.12)
Note that
06, 8"(0)=0¢,0, g(a+ P, ) at y=0 0.13)
= (00, Qi g(a)] Py, by the chain rule,
while
6, 8“0) = ¢, 0, 8(a). (7.14)

Thus g*(0) € —S{, < E, and
gk+l(0)=Bk+lgk(Ak+10) by (a)
=By, 8%0)
€ =By Ex ==,

That 0 € 2, , is clear.

(c) We prove the result by (finite) induction. By hypothesis, the result
holds for k = 0. So let us assume that the result holds for g* and prove it for
gt Let x, yER™+ and 0 < ¢ < 1. To show that g**! is S, ,-convex we
need to show that

g )+ (1—1) g () — g4 (tx + (1 = 1) ) € Sy,
or equivalently, by (a), that
By (18 A1)+ (1 — 1) gy 1 ) — 84 Ausi(tx + (1 — 1) ¥)) € By, B,
But this follows since

g0)e —S,c¢i, by (b)and (7.12);
F(A) =Dy gp,=Dsyg» by the induction step;

g~ is S¥-convex, by the induction step;
and
E,=8,MN¢;.
Moreover
dED;, o
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iff
b1 8T d)=0,,,871(0), by faithful convexity,
i
Oes1Qis18@+ Py d) =610+ 18(a)
iff
Pus1 Qi1 8Pri1d) =041 41 800), by faithful convexity,
iff

dED:ank“chku'
(d) Now y € F¥*! implies
YE i, ng(y)E_S{(H
implies, since A\ A\ =P,
A1 YER By Ak ) E =St
implies, since By, By, = Pyt
A YE R, gk(Ak+ly)€—Bz+lS{(+l
=_Ek'
Thus 4, , y € F*.

(e) Consider program (P.,,). By Proposition 3.7(c), we know that
there exists

j€Q,,, with gti(He—ris,,,.

This implies that
$=A4,,,4, forsome Z€Q,NF(Ax 1)

with

By, 184 A4\ D) E —1iShy s by (a),
equivalently

f€0, with By, g"@)€—riSi,,, since A, 14, =Puu.

equivalently

oo - . nt . .
{e€Q,, B, B, .g"¢)€—riB}, S,,,, since B, , isonto,
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equivalently
fe Q,, g"(¢) € —ri B, 8%, s

since B,(HB,(Jrl =P, and Z=A,,,JE D, o by (c), yields 9, 85(%) =
Now B}, 8%, isa face of E, and thus a face of §,. Therefore

S{(DBZ+IS{(+I'
The converse inclusion follows since
gF) cgMAp, F )
=By, Bis) 8 A FHY), since B;+1Bk+l =P,
:B:Hgk“(FkH)a by (a),

+ f
C =B 1Sk

Moreover
d € Din(S%,1,0)
iff
g (ad) € St, =Sii 15 0<axa
i
By, 184 Ak 0d) € S =St 0<axa
i
BZ+1Bk+1gk(Ak+1ad)EB;H(S{(H_S{(H)a 0<axa,
i
8 (Ais10d) € Byy (Shs=Shi)s 0<axa,
i
g4y, 0d)E S-S, 0<aga
ie.,

A, dEDL(S;,0). 1

THEOREM 7.2. Suppose that a € F and g is weakly faithfully S-convex
(on 2); ie., ¢g is faithfully convex for all ¢ € Y* for which ¢g is convex
(on 2). Then the above algorithm finds S’/ and DJ(S') in at most
t=dim Y —dim S’ + 1 steps. Moreover, the program (P,) (see Lemma 7.2)
yields the regularized program of Theorem 6.3.



REGULARIZING THE ABSTRACT CONVEX PROGRAM 521

Progf. There are two cases to consider.

(i) (7.8) is inconsistent at step # and m, > 0. Now by (7.13), (7.14),
Theorem 7.1, and Corollary 7.1, we get that Slater’s condition is satisfied for
(P,) and

§/=S,;  D(S)=R™

Therefore Lemma 7.2(e) yields the conclusion (7.10). Furthermore,
Theorem 6.3 shows that (P,) is the regularized program for (P).

(i) m,=0.
By Lemma 7.1 and step ¢t — 1, we get that
S_,=0.

As above the result still follows from Lemma 7.2(d). 1

Remark 7.1. The algorithm will still work if g is not weakly faithfully S-
convex. In this case we no longer can substitute the matrices P, to get the
equivalent programs and must modify the system (7.8) to read

(() Dig,N (@ - a)) N 66,0,8(a) 2,

$:Q,8(a)=0, 0+¢,€8;.

We restrict ourselves to the faithfully convex case as it seems preferable for
applications. Recall that all analytic convex and strictly convex functions are
faithfully convex. The algorithm may also be modified to use the notion of
faithfully S-convex introduced in Section 5. In this case we find 4;,, so that
H(A;i1)=Dg,p(E;). One may also choose B;,, so that #(B;,,)=
(E;,— E,)". Both these changes speed up the algorithm.

Remark 1.2. Once $" and D (S”) are found, we can apply Theorem 6.3
to get an equivalent program for which Slater’s condition is satisfied. In fact,
as seen above, (P,) is the regularized program. Known methods for this case
can now be applied (see, e.g., [14]). However, if the original optimal point
was not a Kuhn-Tucker point, then stability problems may arise. Note that
solving the complementarity problem (7.8) may also pose a problem.
Robinson [19, 20] discusses an extension of Newton’s method for cone
constraints, while Tuy [23] presents an algorithm for the complementarity
problem with nonpolyhedral constraints.

Remark 1.3. The above algorithm regularizes program (P) once a
feasible starting point a € F is found. Finding a feasible starting point is
itself a problem when Slater’s condition fails. The case when §=R" was
treated in [26]. The method there involves starting with all the constraints in

409/83/2-12
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the objective function and iterating while simultaneously removing any
constraints which are satisfied from the objective function, using them as
constraints again and regularizing. This is a modification of the standard
(phase I) process of finding a feasible point. One can also modify the
technique in |17] which takes the objective function into account while
finding the feasible point. The algorithm in [26] seems intuitively clear
though the proof was long and technical. In our case .§ is not polyhedral.
Finding a feasible starting point then appears to be equivalent to discretizing
the dual cone while applying the above mentioned technique in [26].

8. EXAMPLES

ExampLE 8.1. Let us consider the polyhedral case with §=R7 and
2 =R". In this case the algorithm is a modification of the one given in [26]
which was a modification of the one in [1] for the faithfully convex case.
The algorithm is also a modification of the one given in [4]. The following
set of constraints are taken from [4].

Let S=R’ and g=(g;): R°—> R’, where

g/(x)=e" +x3 -1
g,(x)=x? +xi4+e ™ -1
g:(x)=x, +xi +x; -1
g4x)= e ™ —1
gs(x)=(x, — 1)* +x3 -1
gs(x)=x, +e ™ ~1
g:(x) = X, +e -1

Initialization. Let
a=(0,0, 1,12, 1/2).

By the complementary slackness condition in (7.8), we will only have to
consider the binding constraints g,, g5, g4, &5 whose gradients are

Vgl(a) =(1,0,0,0, 0)

VgS(a) = (l’ Os O’ \/Z \/E)
Vg(a)=(0,-1,0,0,0)
Vgs(a)=(-2,0,0,0,0).

We also have 2,=R’, my=17, n,=5, and S,=R’,.
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Step 0. The vector
$,=(3.0,0,0,3,0,0)
solves (7.8). Now

¢0Q08°Po=%gl +18s.

Then

00 0

00 0

P=d,=| 1 0 0

01 0

00 1
0100000
0010000
0001000
Q=B:=1 1 600200
0000010
000000 1

E,={s=(s;) ER :5,=5,=0}
S,={s=(s,) ER’ :5,=0}
2,=R"
Step 1. The vector
¢1 = (09 09 la 09 0, 0)
solves (7.8). Now
$10,8° Py=g,°P,.
Then

A2=13x3
Py,=P,

B,=

OO OO -
[=Neel Nl
OO OO0
COoO—~0 O
OO OO
-0 O 00
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0100000
0010000
0,=| -1 000 2 0 0
000O0O0T O
000000 I

E,={s=(s)ER" :5,=5,=0]}
S;={s=(s;) ER’ :5,=0}
Q,=R"
Step 2. The vector
6,=1(0,0,1,0,0)

solves (7.8). Now

90,80 P;=0.
Then
A3=13><3
pP,=P,
(1 0 0 0 0
01 0 0O
B:=10 001 0
L 0 0 0 0 1
01 00O0O0OTO
0,= 010 0 00
710 0 0 0 01 O
| O 0 0 0 0 0 1
E, =S5,
S,=R*
Q,=R"
Step 3. Let
¢3=(/li)€S;'
Then (7.8) becomes
A 20, not all zero,

0=9¢,0,8(a)=(,8,+4,8:,+4;8s+ A48:)(a)
0€ [0¢;Q;58(a)l Py=[(A, Vg, + 4, Vg, + 1, Vgs + 4, Vg,)(a)] P;.
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since g,, g¢, and g, are not binding, the above is equivalent to
Ay=A;=4,=0, A, >0
0=[4,Vg,(a)] P,
which is inconsistent. We now conclude by (7.10) that the minimal cone

S’=B;BIBIBS,

= B'B,B{R"

[0 0 01 0 0]

1 00000

010000

=10 01 00 0|{s=(s)RS:5,=5,=0}
000100

000010
00000 1

i

{s=(s)ER] 15, =5,=5,=0},

while the cone of directions of constancy
D;(D")=%#(P)
={d=d)ER’:d,=d,=0}.

This coincides with the results found in [4]. Note that though Q} # BBIB;
here, we still get that Q;S3 = §’. Moreover the constraint (mapping R® to
R*) in the regularized program (P,) is

gz(a + (0, 0’21’22,23)t)

0;8(ay + P;yz) = 3 - )
g( A )
g4( R )

e ™! —1

4z -1

e —1

e % -1

Remark 8.1. Even though S is polyhedral, the above application of our
algorithm differs from that in [1,4,26]. It is interesting to note that after
solving (7.8) we find the cone of directions of constancy of the single convex
functional ¢;Q,;g o P;, which is a linear combination of the convex
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functionals (Q; g  P;);. This differs from [1, 4, 26| where the intersection of
the cones of directions of constancy are needed. In particular, if ¢,=(4;)
solves (7.8) at step O, the above argument suggests that

D;,=(Di,, 8.1)
J
However, this is not true in general as can be seen by considering the two

linear functionals g,(x)=x,+x, nd g,=—g, with 4, =1, = 1. Let us see
what happens for this example. (For more details see [27].)

ExaMPLE 8.2. Let S=R2 and g(x)=/(g,(x)), where g,(x)=x,+x,
and g, =—g;.

Initialization. Let
a=(0,0);
then

gi(a) =—Vgy(a)=(1, 1).

Step 0. The vector

$o=(1,1)
solves (7.8). Now
00008 ° Py=0.
Then
P =4,=1,,,
0,=B,=[1-1]

E,=0  (inR?
§,=0  (inR").

Step 1. The vector
¢, =(1)

solves (7.8). Now
6,080 P(x)=2x, + 2x,.
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Then

1
nes ]

Bz=[l]

Q,= [1 _1]
E =0 (inR%Y).

Step 2. Since m, =0, we conclude that the minimal cone
§'=0 (in R?),
while the cone of directions of constancy
D;(§)y={d=(d,) ER?:d, =—d,}.
The constraint (R' — R') in the regularized program (P,) is

0,8y + Pyz) = g,((z,,—2,)") — &:((z1, —2,)")
=0,

Thus the program (P,) is the unconstrained program

minimize p((z,, —2,)"), z,ER.

9. CONCLUSION

In this paper we have studied the abstract convex program (P) with the
cone constraint g(x) € —S and set constraint x € 2, where S Y is finite
dimensional. We have presented several results on the faces of the convex
cone § and have generalized known results on cones of directions and
faithful convexity to the case of S-convex functions. We have then shown
how to use these results to characterize optimality for (P). This follows
similar results in [10]. In particular, in the case that g is weakly faithfully S-
convex and £ is polyhedral, we have seen that we can strengthen the charac-
terization presented in [10] in the sense that the multiplier relationship holds
on the larger sets K* (see Theorem 6.2 and Remark 6.3).

In the faithfully S-convex case, the (generalized) cone of directions of
constancy D (S7) is a subspace independent of x in X. In this case, we can
regularize program (P) so that Slater’s condition holds (see Theorem 6.3).
The algorithm presented in Section 7 reduces program (P) to obtain this
regularized program (P,). This algorithm is presented in the case that g is
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weakly faithfully S-convex; i.e., gg is a faithfully convex functional for each
¢ € Y* such that gg is convex (on ). This hypothesis holds for example
whenever g is weakly analytic.

Many open questions still remain to be studied. Several known results for
the cones of directions and for faithfully convex functions remain to be
extended. It is hoped that these extensions will lead to new optimality criteria
as well as stability results. For the strengthened characterization of
optimality presented in Theorem 6.2, the question arises of finding H so that
G is as large as possible. If S is exposed and g is weakly faithfully S-
convex, this reduces to the question of finding ¢ € (S/)* with SN@- =S’
such that the subspace D, has the largest dimension possible. In the case of
the ordinary convex program with § = R7, we want to find positive scalars
a, such that the subspace

KEp st
has the largest dimension possible [27] (.7°~ is the set of equality constraints
[1].). Another question which arises is that: if the multiplier relationship in
Theorem 6.1 holds with F/ replaced by £, can one always find H in
Theorem 6.2 with K* =; ie., is the optimality criteria the strongest
possible?

The examples given in Section 8 treat only the polyhedral case. In this
case our algorithm simplifies the algorithm presented in [1] for finding .7~
the equality set of constraints. This simplification is due to the fact that at
each step we find only D,,, which is the cone of directions of constancy of a
single convex functional, rather than the intersection of cones of directions of
constancy of several convex functionals. Substituting the matrices P;, Q,,
thus reducing the dimensions of the image and domain spaces, also speeds
up the algorithm. It still remains to study the algorithm in the nonpolyhedral
case. The main question which arises is how to treat the complementarity
problem (7.8) in the nonpolyhedral case. Tuy [23] discusses a fixed point
algorithm that can be applied to the complementarity problem in this case.
Stability of the algorithm with respect to round off and truncation errors
may also pose a serious problem, especially when calculating 4] and B,TL
when 4; is not chosen to be of full column rank or 4; and B, are ill-
conditioned.

As mentioned in the introduction, applications for this theory include
finding the unbiased nonnegative estimator in the ‘ice-cream” cone of
nonnegative matrices and also the optimal control problem where the target
is a finite dimensional convex set with empty interior. Further applications
include the semi-infinite programming problem or polynomial approximation
problem where the constraint g is a linear operator on a finite dimensional
domain. In this case, though the range space and the cone S may not be
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finite dimensional, the image of the linear operator g and so also the minimal
cone S’ are finite dimensional. This allows one to formulate such problems
with Y chosen to be the (self-dual) Hilbert space of square integrable
functions on the interval [a,b] (denoted L,[a, b]), where the nonnegative
cone S has empty interior, rather than being restricted to choose Y as the
space of continuous functions C|a, b] so that S has nonempty interior. The
Lagrange multipliers are then functions in L,|a, b| rather than measures in

C

1.

12,
13.

14.
15.

|a, b*.
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