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Abstract We consider the problem of partitioning the node set of a graph into k sets
of given sizes in order to minimize the cut obtained using (removing) the kth set. If the
resulting cut has value 0, then we have obtained a vertex separator. This problem is
closely related to the graph partitioning problem. In fact, the model we use is the same
as that for the graph partitioning problem except for a different quadratic objective
function. We look at known and new bounds obtained from various relaxations for this
NP-hard problem. This includes: the standard eigenvalue bound, projected eigenvalue
bounds using both the adjacency matrix and the Laplacian, quadratic programming
(QP) bounds based on recent successful QP bounds for the quadratic assignment
problems, and semidefinite programming bounds. We include numerical tests for large
and huge problems that illustrate the efficiency of the bounds in terms of strength and
time.
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1 Introduction

We consider a special type of minimum cut problem, MC. The problem consists in
partitioning the node set of a graph into k sets of given sizes in order to minimize the
cut obtained by removing the kth set. This is achieved by minimizing the number of
edges connecting distinct sets after removing the kth set, as described in [22]. This
problem arises when finding a re-ordering to bring the sparsity pattern of a large
sparse positive definite matrix into a block-arrow shape so as to minimize fill-in in
its Cholesky factorization. The problem also arises as a subproblem of the vertex
separator problem, VS. In more detail, a vertex separator is a set of vertices whose
removal from the graph results in a disconnected graph with k — 1 components. A
typical VS problem has k = 3 on a graph with n nodes, and it seeks a vertex separator
which is optimal subject to some constraints on the partition size. This problem can
be solved by solving an MC for each possible partition size. Since there are at most
(”51) 3-tuple integers that sum up to n, and it is known that VS is NP-hard in general
[16,22], we see that MC is also NP-hard when k > 3.

Our MC problem is closely related to the graph partitioning problem, GP, which
is also NP-hard; see the discussions in [16]. In both problems one can use a model
with a quadratic objective function over the set of partition matrices. The model we
use is the same as that for GP except that the quadratic objective function is different.
We study both existing and new bounds and provide both theoretical properties and
empirical results. Specifically, we adapt and improve known techniques for deriving
lower bounds for GP to derive bounds for MC. We consider eigenvalue bounds, a
convex quadratic programming, QP, lower bound, as well as lower bounds based on
semidefinite programming, SDP, relaxations.

We follow the approaches in [12,21,22] for the eigenvalue bounds. In particular,
we replace the standard quadratic objective function for GP, e.g., [12,21] with that
used in [22] for MC. It is shown in [22] that one can equally use either the adjacency
matrix A or the negative Laplacian (—L) in the objective function of the model. We
show in fact that one can use A — Diag(d), Vd € R", in the model, where Diag(d)
denotes the diagonal matrix with diagonal d. However, we emphasize and show that
this is no longer true for the eigenvalue bounds and that using d = 0 is, empirically,
stronger. Dependence of the eigenvalue lower bound on diagonal perturbations was
also observed for the quadratic assignment problem, QAP, and GP, see e.g., [10,20]. In
addition, we find a new projected eigenvalue lower bound using A that has three terms
that can be found explicitly and efficiently. We illustrate this empirically on large and
huge scale sparse problems.

Next, we extend the approach in [1,2,5] from the QAP to MC. This allows for a QP
bound that is based on SDP duality and that can be solved efficiently. The discussion
and derivation of this lower bound is new even in the context of GP. Finally, we follow
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and extend the approach in [28] and derive and test SDP relaxations. In particular, we
answer a question posed in [28] about redundant constraints. This new result simplifies
the SDP relaxations even in the context of GP.

1.1 Outline

We continue in Sect. 2 with preliminary descriptions and results on our special MC.
This follows the approach in [22]. In Sect. 3 we outline the basic eigenvalue bounds and
then the projected eigenvalue bounds following the approach in [12,21]. Theorem 3.7
includes the projected bounds along with our new three part eigenvalue bound. The
three part bound can be calculated explicitly and efficiently by finding k — 1 eigenvalues
and two minimal scalar products. The QP bound is described in Sect. 4. The SDP
bounds are presented in Sect. 5.

Upper bounds using feasible solutions are given in Sect. 6. Our numerical tests are
in Sect. 7. Our concluding remarks are in Sect. 8.

2 Preliminaries

We are given an undirected graph G = (N, E) with  a nonempty node set
N ={l,...,n}and anonempty edge set E. In addition, we have a positive integer
vector of set sizesm = (my, ..., mp)! € Z’;, k > 2, such that the sum of the compo-
nents m’ e = n. Here e is the vector of ones of appropriate size. Further, we let Diag(v)
denote the diagonal matrix formed using the vector v; the adjoint diag(¥Y) = Diag*(Y)
is the vector formed from the diagonal of the square matrix Y. We let ext(K) represent
the extreme points of a convex set K. We let x = vec(X) € R™ denote the vector
formed (columnwise) from the matrix X; the adjoint and inverse is Mat(x) € R"*.
We also let A ® B denote the Kronecker product; and A o B denote the Hadamard
product.
We let

Py ={S=(S1,...,8):8 CN,|Si| =m;, Vi,
SiNS; =0V #j U_S = N}
denote the set of all partitions of N with the appropriate sizes specified by m. The

partitioning is encoded using an n x k partition matrix X € R"** where the column
X is the incidence vector for the set S;

¥ 1 ifies;
Y7 1o otherwise.

Therefore, the set cardinality constraints are given by X7 e = m; while the constraints
that each vertex appears in exactly one set is given by Xe = e.

The set of partition matrices is denoted by M,,. It can be represented using various
linear and quadratic constraints. We present several in the following. In particular, we
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phrase the linear equality constraints as quadratics for use in the Lagrangian relaxation
below in Sect. 5.

Definition 2.1 We denote the set of zero-one, nonnegative, linear equalities, doubly
stochastic type, m-diagonal orthogonality type, e-diagonal orthogonality type, and
gangster constraints as, respectively,

2:4XeRWbXﬁewJLwnz{XeR”kwxwszmWﬂ
N = {X e R . X;; > 0, Vij}
E={XeR™ : Xe=e,XTe=m)

= (X eR™ | Xe—el>+ |1 XTe —m|? =0
D:={(XeR™:Xe&ENN)
Do = {X € R . XT X = Diag(m)}
D, = {X € R™ : diag(XXT) = ¢}
G:=(XeR” :X;0X,;=0,Vi # j}

There are many equivalent ways of representing the set of all partition matrices.
Following are a few.

Proposition 2.2 The set of partition matrices in R"*K can be expressed as the follow-
ing.

My=ENZ
= ext(D)
=ENDo NN
=ENDoND, NN
=ENZNDoNGNN. 2.1)

Proof The first equality follows immediately from the definitions. The second equal-
ity follows from the transportation type constraints and is a simple consequence of
Birkhoff and Von Neumann theorems that the extreme points of the set of doubly
stochastic matrices are the permutation matrices, see e.g., [23]. The third equality is
shown in [22, Proposition 1]. The fourth and fifth equivalences contain redundant sets
of constraints. O

We let 8(S;, ;) denote the set of edges between the sets of nodes S;, S;, and we
denote the set of edges with endpoints in distinct partition sets Sy, ..., Sx—1 by

8(8) = Uicj<kd(Si, Sj). (2.2)
The minimum of the cardinality |§(S)| is denoted

cut(m) = min{|§(S)| : S € Py}. 2.3)
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The graph G has a vertex separator if there exists an S € P,, such that the removal of
set Sx and its associated edges means that the induced subgraph has no edges across S;
and S; forany 1 <i < j <k — 1. This is equivalent to §(S) =, i.e., cut(m) = 0.
Otherwise, cut(m) > 0.1

We define the k x k matrix

where S* denotes the vector space of k x k symmetric matrices equipped with the
trace inner-product, (S, 7') = trace ST. We let A denote the adjacency matrix of the
graph and let L := Diag(Ae) — A be the Laplacian.

In [22, Proposition 2], it was shown that |§(S)| can be represented in terms
of a quadratic function of the partition matrix X, i.e., as %trace(—L)X BXT and
%trace AXBXT, where we note that the two matrices A and — L differ only on the
diagonal. From their proof, it is not hard to see that their result can be slightly extended
as follows.

Proposition 2.3 Let S € P, be a partition and let X € M,, be the associated
partition matrix. Then

1
16(S)] = 3 trace (A — Diag(d)) XBXT, Vvd eR". 2.4

In particular, setting d = 0, Ae, respectively yields A, —L.

Proof The result for the choices of d = 0, Ae, equivalently A, — L, respectively, was
proved in [22, Proposition 2]. Moreover, as noted in the proof of [22, Proposition 2],
diag(X BXT) = 0. Consequently,

1 1
5 trace AXBXT = 5 trace (A — Diag(d)) XBX", Vd eR".

In this paper we focus on the following problem given by (2.3) and (2.4):

cut(m) = min %trace(A — Diag(d))XBXT

S.t. X e M,,; @3)
here d € R". For simplicity we write G = G(d) = A — Diag(d) for d € R", and
simply use G when no confusion arises. We recall that if cut(m) = 0, then we have
obtained a vertex separator, i.e., removing the kth set results in a graph where the
first k — 1 sets are disconnected. On the other hand, if we find a positive lower bound
cut(m) > « > 0, then no vertex separator can exist for this m. This observation
can be employed in solving some classical vertex separator problems that look for

1A discussion of the relationship of cut(m) with the bandwidth of the graph is given in e.g., [8,18,22].
Particularly, for k = 3, if cut(m) > 0, then m3 + 1 is a lower bound for the bandwidth.
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an optimal vertex separator in the case that k = 3 with constraints on (m1, ma, m3).
Specifically, since there are at most (”;1) 3-tuple integers summing up to n, one only
needs to consider at most (";l) different MC problems in order to find the optimal
vertex separator.

Though any choice of d € R”" is equivalent for (2.5) on the feasible set M,,, as
we see repeatedly throughout the paper, this does not mean that they are equivalent
on the relaxations that we consider. For similar observations concerning diagonal
perturbation for the QAP, the GP and their relaxations, see e.g., [10,20]. Finally, note
that the feasible set of (2.5) is the same as that of the GP; see e.g., [21,28] for the
projected eigenvalue bound and for the SDP bound, respectively. Thus, the techniques
for deriving bounds for MC can be adapted to obtain new results concerning lower
bounds for GP.

3 Eigenvalue based lower bounds

We now present bounds on cut(m) based on X € Dy, the m-diagonal orthogonality
type constraint X7 X = Diag(m). For notational simplicity we define M := Diag(m),

m = (ymi, ..., Q/mk)T and M := Diag(i). For a real symmetric matrix C € &',
we let

M(C) = 22(C) = -+ = 1 (C)

denote the eigenvalues of C in nonincreasing order, and set A(C) = (%;(C)) € R’.

3.1 Basic eigenvalue lower bound

The Hoffman—Wielandt bound [14] can be applied to get a simple eigenvalue bound.
In this approach, we solve the relaxed problem

cut(m) > min %trace GXBXT

3.1)
S.t. X € Do, ¢

where we recall that G = G(d) = A — Diag(d), d € R". We first introduce the
following definition.

Definition 3.1 For two vectors x, y € R”, the minimal scalar product is defined by

n
(x,y)_ := min {Z%(i)yl‘ : ¢ is a permutation on N] .

i=1

In the case when y is sorted in an increasing order, i.e., y; < y» < --- < y,, from
the renowned rearrangement inequality, the permutation that attains the minimum
above is the one that sorts x in a decreasing order. This fact is used repeatedly in this

paper.

@ Springer



Eigenvalue, quadratic programming, and semidefinite... 339

We also need the following two auxiliary results.

Theorem 3.2 (Hoffman and Wielandt [14]) Let C and D be symmetric matrices of
orders n and k, respectively, with k < n. Then

min {trace cxpx?: xTx = Ik} = <)L(C), (A(OD))> . (3.2)

The minimum on the left is attained for X = [p¢(1) . p¢(k)] 07T, where Do) Is a
normalized eigenvector to Ly y(C), the columns of Q = [q1 . qk] consist of the
normalized eigenvectors q; of Ai (D), and ¢ is the permutation of {1, ..., n} attaining
the minimum in the minimal scalar product.

Lemma 3.3 [22, Lemma 4] The k-ordered eigenvalues of the matrix B :== MBM
satisfy

AM(B) > 0=22(B) > A3(B) > -+ > M—1(B) > A (B). a]

We now present the basic eigenvalue lower bound, which turns out to always be
negative.

Theorem 3.4 Letd € R", G = A — Diag(d). Then
cut(m) > 0 > pj,-g(G)

where

k—2
1 - -
Plie(G) == <A(G> (“B))> =§(§ Ak,-+1(B>A,-<G>+A1(B)An<6>).
- i=1

Moreover, the function p7; g(G(d)) is concave as a function of d € R".
Proof We use the substitution X = ZM, ire.,Z = xm! ,in (3.1). Then the constraint
on X implies that ZT Z = I. We now solve the equivalent problem to (3.1):

min % trace GZ(MBA;I)ZT

(3.3)
s.t. z'z=1.
The optimal value is obtained using the minimal scalar product of eigenvalues as done
in the Hoffman—Wielandt result, Theorem 3.2. From this we conclude immediately that
cut(m) > p; < (G). Furthermore, the explicit formula for the minimal scalar product
follows immediately from Lemma 3.3.
We now show that p;fl ¢ (G) < 0. Note that trace MBM = trace MB = 0. Thus

the sum of the eigenvalues of B = MBM is 0. Let d) be a permutation of {1, ..., n}
that attains the minimum value ming permutation Z[ 1 2oy (G)A; (B) Then for any
permutation v, we have
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k k
D hy(GIAi(B) = D 15, (GIAi(B). (3.4)
i=1 i=1
Now if 7 is the set of all permutations of {1, 2, ..., n}, then we have

k k
> (Z AW-)(G)A,«B)) =2 | 2 (@) | mi(B)

yeT \i=1 i=1 \yeT

k
= D w1 (in(é))zo, (3.5)
i=1

veT

since >°, .7 Ay (i) (G) is independent of i. This means that there exists at least one
permutation v so that Zf: 1 Aw(,-)(G))Li(B) < 0, which implies that the minimal
scalar product must satisfy Zi‘: 1 )»a(i)(G))ui (I;’) < 0. Moreover, in view of (3.4) and
(3.5), this minimal scalar product is zero if, and only if; Zle Ay i) (G)A; (I§) =0, for
all ¥ € 7. Recall from Lemma 3.3 that *1(B) > Ax(B). Moreover, if all eigenvalues
of G were equal, then necessarily G = 1 for some € R and A must be diagonal.
This implies that A = 0, a contradiction. This contradiction shows that G (d) must
have at least two distinct eigenvalues, regardless of the choice of d. Therefore, we can
change the order and change the value of the scalar product on the left in (3.4). Thus
)2 ¢(G) is strictly negative.
Finally, the concavity follows by observing from (3.3) that

1 N
Piig(G(d)) = min = trace G(d)Z(MBM)Z"
2T7=12

is a function obtained as a minimum of a set of functions affine in d, and recalling that
the minimum of affine functions is concave. O

Remark 3.5 We emphasize here that the eigenvalue bounds depend on the choice of
d € R". Though the d is irrelevant in Proposition 2.3, i.e., the function is equivalent
on the feasible set of partition matrices M,,, the values are no longer equal on the
relaxed set Dp. Of course the values are negative and not useful as a bound. We can
fix d = Ae € R" and consider the bounds

] -
cut(m) = 0 > p;, (A — y Diag(d)) = 5 <A<A — y Diag(d)), (MOB))> . y=0
From our empirical tests on random problems, we observed that the maximum occurs
for y closer to O than 1, thus illustrating why the bound using G = A is better than
the one using G = —L. This motivates our use of G = A in the simulations below
for the improved bounds.
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3.2 Projected eigenvalue lower bounds

Projected eigenvalue bounds for the QAP, and for GP are presented and studied in
[10,12,21]. They have proven to be surprisingly stronger than the basic eigenvalue
bounds. (Seen to be < 0 above.) These are based on a special parametrization of
the affine span of the linear equality constraints, £. Rather than solving for the basic
eigenvalue bound using the program in (3.1), we include the linear equality constraints
£, i.e., we consider the problem

min % trace GXBXT

(3.6)
st. XeDoNné&,
where G = A — Diag(d), d € R".
We define the n x n and k x k orthogonal matrices P, Q with
p= [ﬁe V] €O, 0= [ﬁm W] €O 3.7)

Lemma 3.6 [21, Lemma 3.1] Let P, Q, V, W be defined in (3.7). Suppose that X €
Rk and 7 € RO=DXE=D gre related by

X—PIOTM 3.8
_OZQ' (3.8)

Then the following holds:

1. X ef.

2.XeN&VZW! > —Lem?,

3.XeDo & Z'Z =1

Conversely, if X € &, then there exists Z such that the representation (3.8) holds. O

Let Q : R=Dx(*—D — Rk pe the linear transformation defined by Q(Z) =
VZWT M and define X = %emT € R"k Then X € &, and Lemma 3.6 states that Q

is an invertible transformation between R#—Dx*=1 and & — X Indeed, from (3.8),
we see that X € & if, and only if,

X—P10 ™™m
B ()ZQ

- [ o] [ )

1 -
= —em! +VZWIM
n
=X+VZWIM =X + 9(2), (3.9)

for some Z. Thus, the set £ can be parametrized using X+VvzZwTm.
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We are now ready to describe our two projected eigenvalue bounds. We remark that
our bounds in (3.11) and in the first inequality in (3.14) were already discussed in [22,
Proposition 3, Theorems 1, 3]. We include them for completeness. We note that the
notation in Lemma 3.6, Eq. (3.9) and the next theorem will also be used frequently in
Sect. 4 when we discuss the QP lower bound.

’[heorem 37 Letd € R", G = A — Diag(d). Let V, W be defined in (3.7) and
X = LemT € R"*k, Then:

n

1. Forany X € € and Z € R®"=D*&=D pelated by (3.9), we have

o + trace GzZBzZ" + trace CZT
= —a + trace GZBZ" + 2 trace G)?BXT, (3.10)

trace GXBXT

and
trace(—L)XBX" = trace LZBZ", (3.11)
where

G=V'Gv,L=vI(-L)V, B=WIMBMW,
1

o= —("Geym" Bm), C = 2vITGXBMW. (3.12)
n
2. We have the following two lower bounds:
(a)
cut(m) = pjpieig(G)
where
1 ~ B ~
Pprojeig(G) i= 3 [—(x + <A(G), ()‘((f)» + Z}Iglei%trace GXBXT}
| R ~
= —Ju-+ <A(G), (A(B))> + min trace CZT
2 0 J/_  o<xyvzwrm
| k—2
=3 {—a + Z;Ak_,-(B)AI-(G) + A1 (B)an-1(G)
i=
+ 2 min trace GS(\BXT] . (3.13)
XeD
(b)
1 A(B
CUL(m) = Plypieig(—L) == §<A(L),( ( ))> > plhio(=L). (3.14)
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Proof After substituting the parametrization (3.9) into the function trace GXBXT,
we obtain a constant, quadratic, and linear term:

trace GXBX' = trace G(X + VZW  M)B(X + VZWT m)T
= trace GYBS(\T
+ trace(VIGV)Z(WI MBMW)ZT + trace 2V GXBMW ZT

and

trace GXBX'T = trace GXBX! + trace(VI GV)Z(W MBMW)Z"
+ 2 trace G)?B(VZWTM)T
= trace GXBXT + trace(VTGV)Z(WTMBMW)ZT
+2trace GXB(X — X)T
= trace(—G)XBX” + trace(VI GV)Z(WT MBMW)Z"
+ 2 trace GXBXxT.

These together with (3.12) yield the two equations in (3.10). Since Le = 0 and hence
LX = 0, we obtain (3.11) on replacing G with —L in the above relations. This proves
Item 1.

We now prove (3.13), i.e., Item 2a. To this end, recall from (2.5) and (2.1) that

1
cut(m) = min HE trace GXBX' : X € DHD()] .
Combining this with (3.10), we see further that

cut(m) = (—a + min {trace GZBZ" + 2 trace G)?BXT})

1
2 XeDNDy
1
2

v

XeENDyo

1 -~ B —~~

— | —a + (A(G), A(B) + 2 min trace GXBXT

2 0 _ XeD

G), (3.15)

(—a + min trace GzBZT +2 mi%trace G)?BXT)
Xe

= p;rojeig(
where Z and X are related via (3.9), and the last equality follows from Lemma 3.6
and Theorem 3.2. Furthermore, notice that
— o + 2 min trace GXBXT = « + 2 min trace G}A(B(X — )?)T
XeD XeD

=a+2 min trace GYB(VZWTI&I)T
0<X+VZWTM

=o+ _min _trace CZT, (3.16)
0<X+VZWTM
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where the second equality follows from Lemma 3.6, and the last equality follows from
the definition of C in (3.12). Combining this last relation with (3.15) proves the first
two equalities in (3.13). The last equality in (3.13) follows from the fact that

Ja(B) < h—1(B) < 21 (B) < -+ < 22(B) =0 < 1(B) < Mi(B), (3.17)
which is a consequence of the eigenvalue interlacing theorem [15, Corollary 4.3.16],

the definition of B and Lemma 3.3.
Next, we prove (3.14). Recall again from (2.5) and (2.1) that

1
cut(m) = min [5 trace(—L)XBX' : X e DN DO} .
Using (3.11), we see further that
1 . T
cut(m) > — min {trace(—L)XBX tXeén DO}
= — min {tracefZﬁZT cXeén DO}

1/~ (Ax(B) .
= 5 <)\(L), ( 0 )> (= pprujeig(_L))

1
> min [ztrace(—L)XBXT : X e DO] ,

N =N

where Z and X are related via (3.9). The last inequality follows since the constraint
X € & is dropped. O

Remark 3.8 Let Q € ]R(k Dx*=1 be the orthogonal matrix with columns consisting
of the eigenvectors of B, defined in (3.12), corresponding to eigenvalues of B in
nondecreasing order; let Pg, Py, € R@=Dx&=1) pe the matrices with orthonormal
columns consisting of k — 1 eigenvectors of G, L, respectively, corresponding to
the largest k — 2 in nonincreasing order followed by the smallest. From (3.17) and
Theorem 3.2, the minimal scalar product terms in (3.13) and (3.14), respectively, are
attained at

Zg =PsQ", z, =P 0", (3.18)

respectively, and two corresponding points in £ are given, according to (3.9), respec-
tively, by

X6 =X+VZsWIM, X, =X+VZ, WM. (3.19)
The linear programming problem, LP, in (3.13) can be solved explicitly; see
Lemma 3.10 below. Since the condition number for the symmetric eigenvalue problem

is 1, e.g., [9], the above shows that we can find the projected eigenvalue bounds very
accurately. In addition, we need only find k — 1 eigenvalues of G, B. Hence, if the
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number of sets k is small relative to the number of nodes »n and the adjacency matrix A
is sparse, then we can find bounds for large problems both efficiently and accurately;
see Sect. 7.2.

Remark 3.9 We emphasize again that although the objective function in (2.5) is equiv-
alent for all d € R” on the set of partition matrices M,,, this is not true once we relax
this feasible set. Though there are advantages to using the Laplacian matrix as shown
in [22] in terms of simplicity of the objective function, our numerics suggest that
the bound p;mjei g(A) obtained from using the adjacency matrix A is stronger than
p;’;mjei g(—L). Numerical tests confirming this are given in Sect. 7.

The constant term o and eigenvalue minimal scalar product term of the bound
p;r s g(G) in (3.13) can be found efficiently using the two quadratic forms for G,
B and finding k — 1 eigenvalues from them. Before ending this section, we give an
explicit solution to the linear optimization problem in (3.13) in Lemma 3.10, below,
which constitutes the third term of the bound p;m jeig (G).

Notice thatin (3.13), the minimization is taken over X € D, which is shown to be the
convex hull of the set of partition matrices M,,. As mentioned above, this essentially
follows from the Birkhoff and Von Neumann theorems, see e.g., [23]. Thus, to solve
the linear programming problem in (3.13), it suffices to consider minimizing the same
objective over the nonconvex set M, instead. This minimization problem has a closed
form solution, as shown in the next Lemma. The simple proof follows by noting that
every partition matrix can be obtained by permuting the rows of a specific partition
matrix.

Lemma 3.10 Letd € R", G = A — Diag(d), X = Lem” € M,, and
(n —my —myp)en,
(}’l — mj — mz)em2
(n—mg —mp_1)em,_,
Oe,

where e € R/ is the vector of ones of dimension j. Then

~ 1
min trace GXBXT = —(Ge, vg)_.
XeM,, n

4 Quadratic programming lower bound

A new successful and efficient bound used for the QAP is given in [1,5]. In this section,
we adapt the idea described there to obtain a lower bound for cut(m). This bound uses
a relaxation that is a convex QP, i.e., the minimization of a quadratic function that is
convex on the feasible set defined by linear inequality constraints. Approaches based
on nonconvex QPs are given in e.g., [13] and the references therein.
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The main idea in [1,5] is to use the zero duality gap result for a homogeneous
QAP [2, Theorem 3.2] on an objective obtained via a suitable reparametrization of
the original problem. Following this idea, we consider the parametrization in (3.10)
where our main objective in (2.5) is rewritten as:

1 1 -
Etrace GXBXxT = 7 (oz + trace GZBZT + trace CZT) “.1)

with X and Z related according to (3.8), and G = A — Diag(d) for some d € R". We
next look at the homogeneous part:

v¥ :=min 1 trace GZBZ"

42
st. Z2Tz =1. (42)

Notice that the constraint ZZT < I is redundant for the above problem. By adding
this redundant constraint, the corresponding Lagrange dual problem is given by

Vdsdp := max %trace S+ %trace T
St o1 ®S+T®ILi-1 < B®G,
S =<0,
Ses ! Tes !,

(4.3)

where the variables S and T are the dual variables corresponding to the constraints
Z7Z" < I and ZTZ = I, respectively. It is known that v} = vgsap; see [19, The-
orem 2]. This latter problem (4.3) can be solved efficiently. For example, as in the
proofs of [2, Theorem 3.2] and [19, Theorem 2], one can take advantage of the prop-
erties of the Kronecker product and orthogonal diagonalizations of B, G, to reduce
the problem to solving the following LP with n 4+ k — 2 variables,

1,7 1.7
max e s+2et

S.t.t; +57 < Ajoj, i=1,....k—1, j=1,...,n—1, “4.4)
s;<0, j=1,...,n—1,

where
B = U Diag()U{ and G = U, Diag(o)UJ (4.5)

are eigenvalue orthogonal decompositions of Band G, respectively. From an optimal
solution (s*, t*) of (4.4), we can recover an optimal solution of (4.3) as

S* = U, Diag(s")U]  T* = U, Diag(+*)U[ . (4.6)

Next, suppose that the optimal value of the dual problem (4.3) is attained at (S*, 7).
Let Z be such that the X defined according to (3.8) is a partition matrix. Then we have
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1 PPN 1 - .
3 trace(GZBZT) = 3 vec(Z)T (B ® G) vec(Z)

_l T o o _ ® ok
_2vec(Z) BRG-IQRS T" ® I)vec(Z)

Q

1 T o 1 *
+ Etrace(ZZ S+ ztrace(T )
_ l TA l T _ * l *
=3 vec(Z)" Qvec(Z) + > trace([ZZ 118™) + > trace(S™)
1 *
+ 3 trace(T™)

—~ 1 1
> —vec(Z) Qvec(Z2) + 3 trace(S™) + 3 trace(T™),

N =

where the last inequality uses $* < 0 and ZZT < I.

Recall that the original nonconvex problem (2.5) is equivalent to minimizing the
right hand side of (4.1) over the set of all Z so that the X defined in (3.8) corresponds to
a partition matrix. From the above relations, the third equality in (2.1) and Lemma 3.6,
we see that

cut(m) > min %(a + trace CZT + vec(Z)T Q vec(2)) + %trace(S*) + %trace(T*)
s.t. ZTZ=05L_,, VZWITM > -X.
“4.7)

We also recall from (4.3) that % trace(S™) + % trace(T™) = vgsqp = v}, which further

equals
1/~ (MB)
(@ (197))

according to (4.2) and Theorem 3.2.

A lower bound can now be obtained by relaxing the constraints in (4.7). For example,
by dropping the orthogonality constraints, we obtain the following lower bound on
cut(m):

Pyp(G) = min qi(Z)
st. VZWIM > X,

where

1 r A~ . ((B)
q1(Z2) = 5 (oz + trace CZ" + vec(Z)" Q vec(Z) + <A(G),( 0 )> )

(4.8)

Notice that this is a QP with (n — 1)(k — 1) variables and nk constraints.
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Asin[1, p. 346], we now reformulat~e (4.8) into a QP in variables X € D, see (4.9).
Note that the corresponding Hessian Q defined in (4.10) is not positive semidefinite
in general. Nevertheless, the QP is a convex problem.

Theorem 4.1 Let S*, T* be optimal solutions of (4.3) as defined in (4.6). A lower
bound on cut(m) is obtained from the following QP:

. 1 r~ 1/~ (MB)
cut(m) > pQP(G) = )r(n;% Evec(X) Qvec(X) + 3 1G), 0 , (4.9)

where
0=BoG-M'ovsvl —m'wrw'm'e1,. (4.10)

The QP in (4.9) is a convex problem since Q is positive semidefinite on the tangent
space of €.

Proof We start by rewriting the second-order term of ¢; in (4.8) using the relation
(3.8). Since vy = 1—1 and wiw = I;._1, we have from the definitions of B and
G that

0=BR®G—-L_ 195 —T"® I,
=WIMBMWQVIGV —,_ 1 ®@S* —T*®I,_,
=MWV [BRG-M'evsvT
M WTWITM ' @ LMW ® V). 4.11)

On the other hand, from (3.9), we have
vee(X — X) = vec(VZWT M) = (MW ® V) vec(Z).
Hence, the second-order term in g1 can be rewritten as
vee(Z)T O vee(Z) = vee(X — X)T O vec(X — X), (4.12)

where Q is defined in (4.10). Next, we see from V7 e = 0 that
-1 sy, T v 1 -1 sy, T 1 sy, T
M7 QRQVSVH)vec(X)=—(M"" Q VSV I mR))e=—(e Q@ VSV )e=0.
n n
Similarly, since W7 = 0, we also have

M Wr*wI M ® I,) vec(X)

1 r—1 syrT ap—1
;(M WT*W M~ ® I,)(m ® I,)e

.
= ;(M’l WT*Wlin ® I,)e = 0.

@ Springer



Eigenvalue, quadratic programming, and semidefinite... 349

Combining the above two relations with (4.12), we obtain further that

Vec(Z)Tévec(Z) = vec(X)TQ vec(X) — 2vec()?)T[B ® G]vec(X)
+ vec(X)[B ® G]vec(X)
= vec(X)T O vec(X) — 2 trace GXBX' +a.

For the first two terms of g1, proceeding as in (3.16), we have
a +trace CZT = —a 4 2trace GXBX' .

Furthermore, recall from Lemma 3.6 that with X and Z related by (3.8), X € D if,
and only if, VZwI M > —X.

The conclusion in (4.9) now follows by substituting the above expressions into
(4.8).

Finally, from (4.11) we see that Q is positive semidefinite when restricted to the
range of MW ® V. This is precisely the tangent space of £. O

Although the dimension of the feasible set in (4.9) is slightly larger than the dimen-
sion of the feasible set in (4.8), tlle former feasible set is much simpler. Moreover, as
mentioned above, even though Q is not positive semidefinite in general, it is when
restricted to the tangent space of £. Thus, as in [5], one may apply the Frank—Wolfe
algorithm on (4.9) to approximately compute the QP lower bound p*é p (G) for prob-
lems with huge dimension.

Since Q > 0, itis easy to see from (4.8) that p*QP (G) > p;mjeig(G). This inequal-
ity is not necessarily strict. Indeed, if G = —L, then C = 0 and @ = 0 in (4.8). Since
the feasible set of (4.8) contains the origin, it follows from this and the definition of
p;rojeig(—L) that p*QP (=L) = p;rojeig(—L). Despite this, as we see in the numerics
Sect. 7, we have p*QP(A) > p;‘;rojeig (A) for most of our numerical experiments. In
general, we still do not know what conditions will guarantee p"é p(G) > p; rojeig (G).

5 Semidefinite programming lower bounds

In this section, we study the SDP relaxation constructed from the various equality
constraints in the representation in (2.1) and the objective function in (2.4).

One way to derive an SDP relaxation for (2.5) is to start by considering a suitable
Lagrangian relaxation, which is itself an SDP. Taking the dual of this Lagrangian
relaxation then gives an SDP relaxation for (2.5); see [28,29] for the development for
the QAP and GP cases, respectively. Alternatively, we can also obtain the same SDP
relaxation directly using the well-known lifting process, e.g., [3,17,24,28,29]. In this
approach, we start with the following equivalent quadratically constrained quadratic
problems to (2.5):
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cut(m) = min %trace GXBXT = min %trace GXBXT
st. XoX =X, st. XoX =xpX,
[Xe—el* =0, [ Xe — xoe|* =0,
I1XTe —m|? =0, I1XTe — xom|® = 0, 5.0
Xi0X.;=0,Vi# ], Xi0X.;=0,Vi# ],
XTX -M=0, XTX -M=0,
diag(XXT) —e = 0. diag(XXT) —e =0,
xé =1.

Here: G = A — Diag(d), d € R"; the first equality follows from the fifth equality
in (2.1), and we add x and the constraint xg = 1 to homogenize the problem. Note
that if xp = —1 at the optimum, then we can replace it with xo = 1 by changing the
sign X < —X while leaving the objective value unchanged. We next linearize the
quadratic terms in (5.1) using the matrix

X = vee(X) (1 vec(X)").

Then Yx > 0 and is rank one. The objective function becomes

1 1
Etrace GXBXT = Etrace LgYy,

where

o= 0 5.
““lo Beoc| ©:2)

By removing the rank one restriction on Yx and using a general symmetric matrix
variable Y rather than Yy, we obtain the following SDP relaxation:

cut(m) > pspp(G) :=min %trace LgY
s.t. arrow (Y) = eg,

trace D1Y =0,

trace DY =0,

G;(¥) =0, (5.3)
Do(Y) =M,

De(Y) =,

Yoo = 1,

Y >0,
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where the rows and columns of ¥ € S¥"*1 are indexed from 0 to kn, and e is the first
(Oth) unit vector. The notation used for describing the constraints above is standard;
see, for example, [28]. For the convenience of the readers, we also describe them in
detail in the “Appendix”.

From the details in the “Appendix”, we have that both D and D, are positive
semidefinite. From the constraints trace D;Y = 0,i = 1,2 we conclude that the
feasible set of (5.3) has no strictly feasible (positive definite) point ¥ > 0. Numerical
difficulties can arise when an interior-point method is directly applied to a problem
where strict feasibility, Slater’s condition, fails. Nonetheless, as in [28], we can find a
simple matrix in the relative interior of the feasible set and use its structure to project
(and regularize) the problem into a smaller dimension. This is achieved by finding a
matrix V with range equal to the intersection of the nullspaces of Dy and D;. This is
called facial reduction, [4,7]. Let V; € R/*U=D, v]Te =0,e.g.,

1 0 ...... 0
0 1 ..... 0
Vie=| 0 0 1 0
S
! —t Gy

and let

~ 1 0
V=1, )
;m®en Vi @ Vi

where e, is the vector of ones of dimension n. Then the range of Vis equal to the range
of (any) Y € relint F, the relative interior of the minimal face, and we can facially
reduce (5.3) using the substitution

Y — VZ{/\T c Sk}’l“rl’ Z = S(k*l)(l’l*l)‘}*l.
The facially reduced SDP is then given by

cut(m) > pk,p(G) = min %trace ViLsVZ
s.t. arrow (\72\7T) = e
G;(VZVT) = Gj(eoel)
Do(VZVT) =M
D(VZVT) = e
Z>0, ZeSk Dbt

(5.4)

where we let J := J U 0, 0).
We now present our final SDP relaxation (SDP ;) in Theorem 5.1 below and dis-
cuss some of its properties. This relaxation is surprisingly simple/strong with many of
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the constraints in (5.4) redundant. In particular, we show that the problem is indepen-
dent of the choice of d € R” in constructing G. We also show that the two constraints
using Do, D, are redundant in the SDP relaxation (SDP ;). This answers affirma-
tively the question posed in [28] on whether these constraints were redundant in the
SDP relaxation for the GP.

Theorem 5.1 The facially reduced SDP (5.4) is equivalent to the single equality con-
strained problem

cut(m) > pip,p(G) = min 1 trace (VTLG ‘7) Z
st Gi(VZVT) =Gj(eoed)  (SDPfinar)
Z>0, Ze8k-Du=n+l,

The dual program is

1
max 5 W,
2 (5.5)
st. VIG;w)V < VI LGV.
Both primal and dual satisfy Slater’s constraint qualification and the objective function
is independent of the d € R" chosen to form G.

Proof 1Tt is shown in [28] that the second constraint in (5.4) along with Z > 0 implies
that the arrow constraint holds, i.e., the arrow constraint is redundant. It only remains
to show that the last two equality constraints in (5.4) are redundant. First, the gangster
constraint using the linear transformation G ; implies that the blocks in ¥ = vzvT
satisfy diag Y(;;) = O for all i # j, where Y respects the block structure described
in (9.3). Next, we note that D; > 0,i = 1, 2 and Y > 0. Therefore, the Schur
complement of Y implies that

T
Y > YO:kn,OY();]myo‘
Writing vy := Yo.xn,0 and X = Mat(Y1.x,,0), we see further that

[ Xe —e|? ifi =1,

0 = trace(D;Y) > trace(DivlvlT) = [
I1XTe —m|> ifi=2.

This together with the arrow constraints show that trace Y(;;y = Z’}iz(ifl)n 1 Yo=
m;. Thus, DO(V\Z VT) = M holds. Similarly, one can see from the above and the
arrow constraint that D, (VZ VT) = ¢ holds.

The conclusion about Slater’s constraint qualification for (SDP f;,,4;) follows from
[28, Theorem 4.1], which discussed the primal SDP relaxations of the GP. That relax-
ation has the same feasible set as (SDP f;;4;). In fact, it is shown in [28] that

1| 0
7= eS—(f—l)(n—l)+1’

0 (n Diag(iig—1) — g—1m} ) ® (nly—1 — En—1)

.
n2(n—1)
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where nﬁ,{_l = (my,...,mg—1) and E,_1 is the n — 1 square matrix of ones, is a
strictly feasible point for (SDP f;,4;). The right-hand side of the dual (5.5) differs
from the dual of the SDP relaxation of the GP. However, let

N o 0
W= .
[0 (Ek_lk)®ln:|

From the proof of [28, Theorem 4.2] we see that G J-(W) — W and
—VIG; W)V =VI(=Ww)V

(1 mT ® el /n —a 0 1 0
"o viev! } [ 0 ((Ik—Ek)®Ini| [m@e/n Vk®Vn:|
[ —et+m U= Eom/n T U — EQVi) ® (T Vo) /n
|V = Eom)y @ (Ve/n (VU= E)Vi) ® (VI Vi) }

[ —o+mT (I — Exym/n 0
B i 0 (Ig—1+ Ex—1) @ Up—1 + Ey—1)
> 0, for sufficiently large — «.

Therefore Vng(ﬂ W)V < VT LV for sufficiently large —a, B, i.e., Slater’s con-
straint qualification holds for the dual (5.5).

Finally, we let ¥ = VZV7 with Z feasible for (SDP fi4/). Then Y satisfies the
gangster constraints, i.e., diag ¥(;;) = O for all i # j. On the other hand, if we restrict
D = Diag(d), then the objective matrix L p has nonzero elements only in the same
diagonal positions of the off-diagonal blocks from the application of the Kronecker
product B ® Diag(d). Thus, we must have trace LpY = 0. Consequently, for all
d e R",

trace (VTLg\?) Z =trace LGvZVT:trace LgY =trace LY =trace VLA‘7TZ.

m}

We next present two useful properties for finding/recovering approximate partition
matrix solutions X from a solution ¥ of (SDP f;;4;).

Proposition 5.2 Suppose that Y is feasible for (SDP finq1). Let vi = Yin,0 and

(vo UZT )T denote a unit eigenvector of Y corresponding to the largest eigenvalue.
Then X1 := Mat(vy) € € NN. Moreover, if vg # 0, then X, = Mat(vl—ovz) € €.
Furthermore, if. Y > 0, then vy # 0 and X, € N.

Proof The fact that X; € £ was shown in the proof of Theorem 5.1. That X; € N
follows from the arrow constraint. We now prove the results for X;. Suppose first that

vo # 0. Then
T
v v
vy J\ 2
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Using this and the definitions of D; and X5, we see further that

Mgl Xoe —el?, ifi=1,
0 = trace(D;Y) > (5.6)
MV IXTe —m|?, ifi=2.

Since A1 (Y) # 0 and vg # 0, it follows that X, € £.

Finally, suppose that Y > 0. We claim that any eigenvector (vo vZT ) r corresponding
to the largest eigenvalue must satisfy:

1. vg # 0;
2. all entries have the same sign, i.e., vovy > 0.

From these claims, it would follow immediately that X, = Mat(vy/vg) € N.

To prove these claims, we note first from the classical Perron—-Frobenius theory,
e.g., [6], that the vector (| vol| |v2| T) "isalsoan eigenvector corresponding to the largest
eigenvalue.2 Letting x := Mat(vy) and proceeding as in (5.6), we conclude that

llxe —voell* =0 and |l|x]e — [vole]|* = 0.

The second equality implies that vg # 0. If vg > O, then foralli =1, ..., n, we have

k k
ZXU =v = Z Ixijl,
j=1 j=1

showing that x;; > O for all i, j, i.e., v2 > 0. If vg < 0, one can show similarly that
vy < 0. Hence, we have also shown vgvy > 0. This completes the proof. O

6 Feasible solutions and upper bounds

In the above we have presented several approaches for finding lower bounds for cut(m).
In addition, we have found matrices X that approximate the bound and satisfy some of
the graph partitioning constraints. Specifically, we obtain two approximate solutions
X4, Xp € £1in(3.19), an approximate solution to (4.8) which can be transformed into
an n x k matrix via (3.9), and the X, X» described in Proposition 5.2. We now use
these to obtain feasible solutions (partition matrices) and thus obtain upper bounds.

We show below that we can find the closest feasible partition matrix X to a given
approximate matrix X using linear programming, where X is found, for example, using
the projected eigenvalue, QP or SDP lower bounds. Note that (6.1) is a transportation
problem and therefore the optimal X in (6.1) can be found in strongly polynomial time
(0(n?)), see e.g., [25,26].

2 Indeed, if Y is irreducible, the largest in magnitude eigenvalue is positive and a singleton and the corre-
sponding eigenspace is the span of a positive vector. Hence the conclusion follows. For a reducible Y, due to
symmetry of Y, it is similar via permutation to a block diagonal matrix whose blocks are irreducible matri-
ces. Thus, we can apply the same argument to conclude similar results for the eigenspace corresponding to
the largest magnitude eigenvalue.
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Theorem 6.1 Let X € & be given. Then the closest partition matrix X to X in Frobe-
nius norm can be found by using the simplex method to solve the linear program

min — trace X7 X
S.t. Xe =e,
XxTe =m,
X >0.

6.1)

Proof Observe that for any partition matrix X, trace X7 X = n. Hence, we have

min | X — X} = trace(X" %) +-n +2 min trace (—)’(TX) .
XeM,,

XeM,,

The result now follows from this and the fact that M,,, = ext(D), as stated in (2.1).
(This is similar to what is done in [29].) |

7 Numerical tests

In this section, we provide empirical comparisons for the lower and upper bounds
presented above. All the numerical tests are performed in MATLAB version R2012a
on a single node of the COPS cluster at University of Waterloo. It is an SGI XE340
system, with two 2.4 GHz quad-core Intel E5620 Xeon 64-bit CPUs and 48 GB RAM,
equipped with SUSE Linux Enterprise server 11 SP1.

7.1 Random tests with various sizes

In this subsection, we compare the bounds on structured graphs. These are formed
by first generating k disjoint cliques (of sizes my, ..., my, randomly chosen from
{2, ..., imax + 1}). We join the first k — 1 cliques to every node of the kth clique. We
then add u( edges between the first k — 1 cliques, chosen uniformly at random from
the complement graph. In our tests, we set ug = |e.p], where e, is the number of
edges in the complement graph and O < p < 1. By construction, ug > cut(m).

First, we note the following about the eigenvalue bounds. The two Figs. 1 and 2
show the difference in the projected eigenvalue bounds from using A — y Diag(d)
for a random d € R” on two structured graphs. This is typical of what we saw in
our tests, i.e., that the maximum bound is near y = 0. We had similar results for the
specific choice d = Ae. This empirically suggests that using A would yield a better
projected eigenvalue lower bound. This phenomenon leads us to use A in subsequent
tests below.

In Table 1, we consider small instances where k = 4, 5, p = 20 % and imax = 10.
We consider the projected eigenvalue bounds with G = —L (eig_; )and G = A (eig,),
the QP bound with G = A, the SDP bound and the doubly nonnegative programming
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Bounds:

max point is (-0.060606,641.7825)
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641

640

639

638

Porojeig G(Y )

x

Porojeig G(r @)
max point
point 0

635
1

Fig. 1 Negative value for optimal y

Bounds: max point is (0.30303,518.7646)

0.5

519

518

517

516

515

514

513

Prroig G )

512

Porojeig

X

(G(yd))
max point
point 0

Fig. 2 Positive value for optimal y

0.5

-

(DNN) bound.? For each approach, we present the lower bounds (rounded up to the
nearest integer) and the corresponding upper bounds (rounded down to the nearest
integer) obtained via the technique described in Sect. 6.* We also present the following

3 The doubly nonnegative programming relaxation is obtained by imposing the constraint vzvT >0
onto (SDP £;;41). Like the SDP relaxation, the bound obtained from this approach is independent of d. In
our implementation, we picked G = A for both the SDP and the DNN bounds.
4 The SDP and DNN problems are solved via SDPT3 (version 4.0), [27], with tolerance gaptol set to be
le—6 and le—3 respectively. The problems (4.4) and (4.8) are solved via SDPT3 (version 4.0) called by
CVX (version 1.22), [11], using the default settings. The problem (6.1) is solved using simplex method in
MATLAB, again using the default settings.
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Table 1 Results for small structured graphs

Data Lower bounds Upper bounds Gap

n k |E| wuyg eig_; eiggy QP SDP DNN eig_; eigy QP SDP DNN

31 4 362 25 21 22 24 23 25 68 102 25 36 25 0.0000
18 4 8 16 13 14 15 16 16 22 35 16 19 16 0.0000
29 5 229 44 32 37 40 39 44 76 74 44 53 44 0.0000
41 5 453 91 76 84 86 86 91 159 162 101 125 102  0.0521

Table 2 Results for medium-sized structured graphs

Data Lower bounds Upper bounds Gap

n k |E| ug eig_; eigqg QP SDP  eig_; veigy QP SDP

69 8 1077 317 249 283 290 281 516 635 328 438 0.0615
114 8 3104 834 723 785 794 758 1475 1813 834 1099  0.0246
85 8§ 2164 351 262 319 327 320 809 384 367 446 0.0576
116 10 3511 789 659 725 737 690 1269 2035 796 1135 0.0385
104 10 2934 605 500 546 554 529 1028 646 631 836  0.0650
78 10 1179 455 358 402 413 389 708 625 494 634 0.0893
129 12 3928 1082 879 988 1001 965 1994 1229 1233 1440 0.1022
120 12 3102 1009 833 913 926 893 1627 1278 1084 1379 0.0786
126 12 2654 1305 1049 1195 1218 1186 1767 1617 1361 1736  0.0554

measure of accuracy, defined as

_ best upper bound — best lower bound

= . 7.1
best upper bound + best lower bound 7.

In terms of lower bounds, the DNN approach usually gives the best lower bounds. The
SDP approach and the QP approach are comparable, while the projected eigenvalue
lower bounds with A always outperforms the ones with —L. On the other hand, the
DNN approach usually gives the best upper bounds.

We consider medium-sized instances in Table 2, where k = 8, 10, 12, p = 20%
and imax = 20. We do not consider DNN bounds due to computational complexity.
We see that the lower bounds always satisfy eig_; < eigy, < QP. In particular, we
note that the (lower) projected eigenvalue bounds with A always outperform the ones
with —L. However, what is surprising is that the lower projected eigenvalue bound
with A sometimes outperforms the SDP lower bound. This illustrates the strength of
the heuristic that replaces the quadratic objective function with the sum of a quadratic
and linear term and then solves the linear part exactly over the partition matrices.

In Table 3, we consider larger instances with k = 35,45,55, p = 20 % and imax =
100. We do not consider SDP and DNN bounds due to computational complexity. We
see again that the projected eigenvalue lower bounds with A always outperforms the
ones with —L.

@ Springer



358 T. K. Pong et al.

Table 3 Results for larger structured graphs

Data Lower bounds Upper bounds Gap

n k |E| uo eig_j eigy eig_; eigy

2012 35 575,078 361,996 345,251 356,064 442,567 377016 0.0286
1545 35 351,238 210,375 193,295 205,921 258,085 219,868 0.0328
1840 35 439,852 313,006 295,171 307,139 371,207 375,468 0.0944
1960 45 532,464 346,838 323,526 339,707 402,685 355,098 0.0222
2059 45 543,331 393,845 369,313 386,154 469,219 483,654 0.0971
2175 45 684,405 419,955 396,363 412,225 541,037 581,416 0.1351
2658 55 924,962 651,547 614,044 638,827 780,106 665,760 0.0206
2784 55 1,063,828 702,526 664,269 690,186 853,750 922,492 0.1059
2569 55 799,319 624,819 586,527 612,605 721,033 713,355 0.0760

We now briefly comment on the computational time (measured by MATLAB tic-
toc function) for the above tests. For lower bounds, the eigenvalue bounds are fastest
to compute. Computational time for small, medium and larger problems are usually
less than 0.01 s, 0.1 s and 0.5 min, respectively. The QP bounds are more expensive to
compute, taking around 0.5-2 s for small instances and 0.5 to 10 min for medium-sized
instances. The SDP bounds are even more expensive to compute, taking 0.5-3's for
small instances and 2min—2.5h for medium-sized instances. The DNN bounds are
the most expensive to compute. Even for small instances, it can take 20s—40min to
compute a bound. For upper bounds, using the MATLAB simplex method, the time
for solving (6.1) takes a few seconds for small and medium-sized problems; while for
the larger problems in Tables 3, it takes 2—10 min.

Finding a vertex separator Before ending this subsection, we comment on how the
above bounds can possibly be used in finding vertex separators when m is not explicitly
known beforehand. Since there can be at most (Z:%) k-tuples of integers summing up
to n, theoretically, one can consider all possible such m and estimate the corresponding
cut(m) with the bounds above.

As an illustration, we consider a concrete instance of a structured graph, generated
with n = 600, m; = my = m3 = 200 and p = 0. Thus, we have k = 3, and, by
construction, cut(m) = 0.

Suppose that the correct size vector m is not known in advance. Therefore we now
consider a range of estimated vectors m’. In Table 4, we consider sizes m’1 and m’2
with values taken between 180 and 220, with m} = 600 — m/ — m,. Since the roles
of m and m/, are symmetric, we only include the cases where m)| < m’,. We report
on the eigenvalue bounds, the QP bounds and the SDP bounds for each m’. Observe
that the SDP lower bounds are usually the largest while the QP upper bounds are
usually the smallest. The existence of a vertex separator when m| = my = m3 = 200
is identified by the QP and SDP bounds.> Furthermore, the QP upper bound being

5 In this case, the approximate optimal value of (4.8) returned by the SDP solver is in the order of 1075,
We obtain a 1 for the QP lower bound since we always round up to the smallest integer exceeding it.
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Table 4 Results for medium-sized graph without an explicitly known m

Data Lower bounds Upper bounds

m m, eig_; eigy QP SDP eig_; eigy QP SDP
180 180  —3600 —2400  —2400  —1800 2520 32,400 0 540
180 200 —1922 —1281  —1270 —949 2538 36,000 0 3240
180 220 -99 —66 —16 0 3600 39,600 3600 4312
200 200 0 0 1 0 2200 39,801 0 0
200 220 2074 2716 2759 4000 4000 40,000 4398 11,832
220 220 4400 5867 5867 8400 8400 40,241 8400 12,916

zero for the cases (m/1 s m/z) = (180, 180), (180, 200) also indicates the existence of a
vertex separator.

7.2 Large sparse projected eigenvalue bounds

We assume that n >> k. The projected eigenvalue bound in Theorem 3.7 in (3.13) is
composed of a constant term, a minimal scalar product of k — 1 eigenvalues and a linear
term. The constant term and linear term are trivial to evaluate and essentially take no
CPU time. The evaluation of the k — 1 eigenvalues of B is also efficient and accurate
as the matrix is small and symmetric. The only significant cost is the evaluation of
the largest k — 2 eigenvalues and the smallest eigenvalue of G. In our test below, we
use G = A for simplicity. This choice is also justified by our numerical results in the
previous subsection and the observation from Figs. 1 and 2.

We use the MATLAB eigs command for the k — 1 eigenvalues of VT AV for
the lower bound. Since the corresponding (6.1) has much larger dimension than we
considered in the previous subsection, we turn to IBM ILOG CPLEX version 12.4
(MATLAB interface) with default settings to solve for the upper bound. We use the
MATLAB tic-toc function to time the routine for finding the lower bound, and report
output.time from the function cplexlp.m as the cputime for finding the upper bound.

We use two different choices Vj and V; for the matrix V in (3.7).

1. We choose the following matrix Vy with mutually orthogonal columns that satisfies
VOT e=05°

11 1 1
1 1 1 1
0 -2 1 1

Vo =

0 0 0 -3 1
0 0 0 ... —(n—1

6 Choosing a sparse V in the orthogonal matrix in (3.7) would speed up the calculation of the eigenvalues.
Choosing a sparse V would be easier if V did not require orthonormal columns but just linearly independent
columns, i.e., if we could arrange for a parametrization as in Lemma 3.6 without P orthogonal.
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Lets = (| Vo(:, i)|l) € R"~!. Then the operation needed for the MATLAB large
sparse eigenvalue function eigs is (x denotes multiplication and -" denotes trans-
pose, ./ denotes elementwise division)

Asxv=V%(Ax(Vxv)) = Vi * (A x (Vo * (v./5)))./s. (7.2)
Thus we never form the matrix A and we preserve the structure of V{ and sparsity

of A when doing the matrix-vector multiplications.
2. An alternative approach uses

1
1 1 1 1
V= [1L3J®ﬁ[—lﬂ )
0(1-2(3]). 14 -1
O("*“L%J)’L%J nxn—1

i.e., the block matrix consisting of ¢ blocks formed from Kronecker products along
with one block V to complete the appropriate size sothat VI'V = I, 1, Ve = 0.
We take advantage of the 0, 1 structure of the Kronecker blocks and delay the
scaling factors till the end. Thus we use the same type of operation as in (7.2) but
with V| and the new scaling vector s.

The results on large scale problems using the two choices Vj and V; are reported
in Tables 5, 6 and 7. For simplicity, we only consider random graphs, with various
imax and k and generate m as described in the beginning of Sect. 7.1. We then use the
command

A=gprandsym(n,dens); A(l:n+l:end)=0; A(abs(A)>0)=1;

to generate a random incidence matrix, with dens = 0.05/i, fori = 1, ..., 5. In the
tables, we present the number of nodes, sets, edges (n, k, | E|), the true density of the
random graph density := 2|E|/(n(n — 1)), the lower and upper projected eigenvalue
bounds, the gap (7.1), and the cputime (in seconds) for computing the bounds.

The results using the matrix Vjy are in Table 5. Here the cost for finding the lower
bound using the eigenvalues becomes significantly higher than the cost for finding the
upper bound using the simplex method.

Table 5 Large scale random graphs; imax 400; k € [65, 70], using Vjy

n k |E| Density Lower Upper Gap CPU CPU
(low)  (up)

13,685 68 4,566,914  4.88 x 1072 3,958,917 4,271,928  0.0380 4094 7.1
13,599 65 2,282,939 247 x 1072 1,967,979 2,181,778  0.0515 330.1 6.1
13,795 68 1,572,487 1.65 x 1072 1,314,033 1,495,421 0.0646 3162 79
13,249 66 1,090,447 1.24 x 1072 832,027 985,375  0.0844 2656 74
12,425 66 767,961 9.95 x 103 589,226 710,093  0.0930 2532 6.0
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Table 6 Large scale random graphs; imax 400; k € [65, 70], using V;

n k |E| Density Lower Upper Gap CPU CPU
(low)  (up)

14,680 69 5,254,939  4.88 x 1072 4,586,083 4,955,524  0.0387 2629 6.4
14,464 65 2,583,109 247 x 1072 2,133,187 2,397,098  0.0583 1355 6.0
14,974 69 1,852,955 1.65 x 1072 1,555,718 1,776,249  0.0662 98.2 69
13,769 65 1,177,579 1.24 x 1072 956,260 1,124,729  0.0810 444 59
13,852 69 954,632 9.95 x 103 775,437 924,265  0.0876 513 6.0

Table 7 Large scale random graphs; imax 500; k € [75, 80], using V;

n k |E| Density Lower Upper Gap CPU CPU
(ow)  (up)

22,840 80 12,721,604 4.88 x 1072 11,548,587 12,262,688  0.0300 782.4 12.5
16,076 77 3,190,788  2.47 x 102 2,754,650 3,053,622 0.0515 199.1 8.9
20,635 77 3,519,170 1.65 x 1072 2,916,188 3,287,657  0.0599 228.5 10.1
19,408 79 2,339,682 1.24 x 1072 1,989,278 2,272,340  0.0664 147.3 10.6
17,572 76 1,536,161  9.95 x 103 1,188,933 1,417,085  0.0875 83.6 9.0

The results using the matrix V] are shown in Tables 6 and 7. We can see the obvious
improvement in cputime when finding the lower bounds using Vi compared to using
Vo, which becomes more significant when the graph gets sparser.

In all three tables, we note that the relative gaps deteriorate as the density decreases.
Also, the cputime for the eigenvalue bound is significantly better when using V)
suggesting that sparsity of V; is better exploited in the MATLAB eigs command.

8 Conclusion

In this paper, we presented eigenvalue, projected eigenvalue, QP, and SDP lower
and upper bounds for a minimum cut problem. In particular, we looked at a variant
of the projected eigenvalue bound found in [22] and showed numerically that our
variant is stronger. We also proposed a new QP bound following the approach in
[1], making use of a duality result presented in [19]. In addition, we studied an SDP
relaxation and demonstrated its strength by showing the redundancy of quadratic
(orthogonality) constraints. We emphasize that these techniques for deriving bounds
for our cut minimization problem can be adapted to derive new results for the GP.
Specifically, one can easily adapt our derivation and obtain a QP lower bound for the
GP, which was not previously known in the literature. Our derivation of the simple
facially reduced SDPrelaxation (SDP ;) can also be adapted to simplify the existing
SDP relaxation for the GP studied in [28].

We also compared these bounds numerically on randomly generated graphs of
various sizes. Our numerical tests illustrate that the projected eigenvalue bounds can
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be found efficiently for large scale sparse problems and that they compare well against
other more expensive bounds on smaller problems. It is surprising that the projected
eigenvalue bounds using the adjacency matrix A are both cheap to calculate and strong.
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Appendix: Notation for the SDP relaxation

In this appendix, we describes the constraints of the SDP relaxation (5.3) in detail.

1. The arrow linear transformation acts on SK*+1,
arrow (¥) := diag(¥) — (0, Yo, 1), ©.

Y0.1:kn 1s the vector formed from the last kn components of the first row (indexed
by 0) of Y. The arrow constraint represents X € Z.

2. The norm constraints for X € £ are represented by the constraints with the two
(kn + 1) x (kn + 1) matrices

n —ekT ® e,f

Dy = T ,
—er Qen (exey) ® Iy
mTm -m!’ ® enT

D2 = ’

—-m@Pe, I1® (e,,enT)
where ¢ is the vector of ones of dimension j.
3. We let G, represent the gangster operator on S *1 i.e., it shoots holes/zeros in a

matrix,

Yij if G, j)or(j,i) €J

Y))ij =
(Gr(Y))ij 0 otherwise,
Ji={)i=(p—n+q. j=0-Dn+g,
<r, NS la""k
P p { } . 9.2)
qe{l,.u»n}

The gangster constraint represents the (Hadamard) orthogonality of the columns
of X. The positions of the zeros are the diagonal elements of the off-diagonal
blocks Y(;jy, 1 <i < j, of Y; see the block structure in (9.3) below.
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4. Again, by abuse of notation, we use the symbols for the sets of constraints Dy, D,
to represent the linear transformations in the SDP relaxation (5.3). Note that

(W, XTX) = trace IXWXT = vec(X)T (¥ ® I) vec(X).

Therefore, the adjoint of Do is made up of a zero row/column and k2 blocks that
are multiples of the identity:

0 O

* -

o) = [ol v Ini| '
If Y is blocked appropriately as

Yan Yaz) - Yaw

' [%YH | e 93)
Yoy o T Yo

with each Y;;) being a n x n matrix, then

Do (Y) = (trace Yj)) € S*. 9.4)
Similarly,

(¢, diag(XXT)) = (Diag(¢), XXT) = vec(X)" (Ix ® Diag(¢)) vec(X).
Therefore we get the sum of the diagonal parts
k
D.(Y) = > diag Y1) € R". 9.5)

i=1
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