-
-2

'W*ﬂs.ﬁ;m S

-
N

AR el daod ol bidaer 2 2 ‘J

Py

Ser sl 2

2 TP AT A DA

aand

LIPS

-

et e My

B sebiis Bl e -

i

EINN I S s




More Bounds for Eigenvalues Using Traces*

Henry Wolkowicz

Department of Mathematics
Dalhousie University
Halifax, Nova Scotia, Canada B3H 4HS

and
George P. H. Styan

Department of Mathematics
McGill University

: 805 Sherbrooke Street West

Montréal, Québec, Canada H3A 2K6

Submitted by R. S. Varga

ABSTRACT

Let the nXn complex matrix A have complex eigenvalues ApAg.... A, Upper
and lower bounds for Z(ReA,)* and Z(ImA,)* are obtained, extending similar bounds
for S]A\[* obtained by Eberlein (1965), Henrici (1962), and Kress, de Vries, and
Wegmann (1974). These bounds involve the traces of A®A; B, C3, and D?, where
B=1(A+A®), C=1(A—-A°)/i, and D=AA®~A®A, and strengthen some of the
gﬂi%%%:é?i&&ﬁﬁgsihg?

1. INTRODUCTION

Let A=(a,) be an nXn (nonzero) complex matrix with conjugate trans-
pose A®, and let A, A,,..., A, be the eigenvalues of A. Then

SAF<IAL= 3 af=trath ay
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2 HENRY WOLKOWICZ AND GEORGE P. H. STYAN
(cf. Schur [10]), where |A|| is the Euclidean norm of A. Let
B=1(A+A%),

ﬂ —_At
C=5;(A-A%).

soguﬁntnigiginnﬁ:nigggg&?
Then (cf. {7, p. 309)])

3 (ReA)* <IBI*= 3 [0y + ) =Bt (19
3 (mA) <K~ 3 (g~ )" =trc 13)

Equality in any one of the three inequalities (1.1), (1.2), and (1.3) implies .

equality in all three and occurs if any only if A is normal, i.e., AA® =A*A.
In [12] the above inequalities were used to deduce bounds for the
cigenvalues of A of the following type:

_.;_..»L.\. :>.>Sn|.\.
n ~>Aalr+~v A_?_AA n v +n>A» —v :

RetrA k-1 vz RetrA n 12
n lu-Aalr+—v <h< n T .ml—v :

~=.B.> wl—_\u -:.:..» a _\u
n Iqu=I»+~ << n +&AHI~V '

ig?_.ﬁ.ivassogggé.n&gigg
parts of the eigenvalues of A respectively, while

N ﬁ tT*T T
hﬂ.' -

. e u. T=AB,C.

In (1], Eberlein showed that

1D .
6 jiA®

ZAF<yAr- (14)

D=AA®—A°®A.
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This inequality was strengthened by Kress, de Vries, and Wegmann [4]:

SAE<(ian-qio) (15)
A corresponding lower bound given in [2] is
__>__.A ..h._m..v_\.__c__ <A (16)

The omg?vnnw.omgg&&ggmﬂnﬂ
M.Awo?vm and Z,(ImA,)*, which improve (1.2) and (1.3), and then use these
inequalities to improve the bounds given in [12).

gm?:ﬂﬁoﬂ-ﬁ%iﬁ:ﬂﬂ?i&%&ﬂ
well as the upper and lower bounds for SR Z(ReA)t, and Z,(mA).

The eigenvalue bounds are given in Theorems 3.1 and 32 in Sec. 3. We

conclude with several examples in Sec. 4.

2. PRELIMINARIES

ggéggggzﬁgﬁg?i%é.
ues, presented in [12]. (For related results see, e.g., [5], (8}, [11))

Lemma 2.1, Let A be an nxn complex matrix with real ordered
eigenvalues

APA> - 3A,
. .
A tA
me
and

1L

n
v«ggﬁ.&ggg@.g?uA‘ArA?

.Ifﬂl-.? — » :I»_\n
m=s ..iiv Ny .M,zA.iA k v » 1)

§+?I$..|.?lc|.\nunuwm W?. (2.2a)

=1
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where r=max(k,n — k),

whers r=max(n—k+1,k-1),

. 1/2
et oo
20 <A, ~A,, | 24)
?.nu.w.\. A=A, ifnisodd, (25)

Now suppose that A is X n complex matrix with val-
ves A A, ..., A,. Define mane (complex) eigen

SAP=SAE SR SRS, SATF-Z(mA),

Kr=(jlAl*- ipy)"", (2.6)

3

n3—n )8
Ki=iat-(252) "o,

(Usy*-2iy)*”* By >yCy,

Ki={ ga_ L IDI*
i8I - 3 AL otherwise,

Ki= __...__.IA *52) o

48

(lcu*- %) ey > sy

Ke=1,cp- L DI ;
ICF- 15 AR otherwise,

xi=torr-(252) " oy,

MORE BOUNDS FOR EIGENVALUES 5
Lesma 22.  If A is an n X n complex matrix, then for T=A,B,C,
K: < SN <K;. 27
i
Proof. 1f T= A, then (2.7) is just (1.5) and (1.6). Now, if R=A+M is a
Schur triangular form of A, i.e., A=URU®, U is unitary, A is diagonal and M
is upper triangular, then
HAI= 25 At = IAU"+ IM*— S0
=M%

The left-hand side of (2.7) with T= A, and Eberlein’s inequality (1.4), are
therefore equivalent to

1 DI et A..“r..v.\.
=—= < |IM|I*< D). 28
8 pap < MIT<(=5) 1o (28)

Furthermore
] 3
a“_ s) " SMIS — %
A= (S NP) = 1are+ M+ 2partiare - S )
= M+ YA M,
The right-hand side of (2.7) with T=A is now equivalent to

ML+ 2(IA]*IMJi* > FIDJ*. (29)

But

B~ 3 (Red)* =3 -+ M) = 1ngy (2.10)

T e L O
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Therefore, from (2.8), (2.10), and (2.11), we get that

T -lAa -n T g1 Dyt -
me-( g __u__AM_,._.A__a__ S TBC

Similarly
B [ 3 meAl| =3[ 1Mit+ ania+ ANt (213
tor'- [ S amnr ]~ 3 s ga-aof ] @1
Now, since
UB = 3 (A-+ A%)*+ Jmye
= 3 (Reh)"+ JUMIP,
__n__.-_m_ﬂsé.v_f__z__.

= 3 (1mA)+ vyt

1A= SN = 2 (ReN)'+ 3 (1m)),
we see that when ||B||® > ||C||®, then

2(A+A)*> JAJE. (2.15)

Therefore, (29), (2.13), and (2.15) imply that

SAP<(UBI*- D) when §BI>ICI  (216)

MORE BOUNDS FOR EIGENVALUES 7
Similarly,

S <(ici- LD|F)'/*  when (|CI>|B|.  (217)
The result now follows by combining (2.12), (2.16), and (2.17). ]

3. BOUNDS FOR EIGENVALUES

ioon:uoi&on:oo.&og?-zs&mogn_&omg&g

matrix. Let A be an nXn complex matrix with eigenvalues A, A,,... A,
Define

At =Nl

AP =Re),

AS=Tm,

50 that the ordered vectors (\T) satisfy
ATOA >+ 5N, T=A,B/C.
Further, define

LN L NN

5MlAmv.\n. S_UE.

n A n

trB . trC
my=my=—, mEmmg=—,

o, 2
Auu...vnl E. T=A,B,C,

(s7) ..ai Ei T=A,B,C,

where K,K} are as in (2.6),
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THxorEm 3.1. g>?§=xa§§§.9&§?§aﬁ.a&;
37, and &1 be defined as above. Then for T= A, B,C and 1<j<k<n,

R e SNTmrea(224)

n—j+1 k—-j+1 &,
(@.1)
mit(o=Br o) V<t S (32a)
where e max(k,n— k),

R SN -k Dr a1 (s

where r=max(n— k+1,k~1),
A=A <apn'/Y w+ .T” i v.\.. (3.3)
267 <AT-AT, (34)
»o..s\A...uc_\.A».F_rq if n is odd. (3.5)

* Proof. Note that

m,=- _M..z_ < M..y» - m_...._y._ < _ MP_._.\,.Asn.

by the triangle and Cauchy-Schwarz inequalities and Lemma 2.2. Further-
more, :

8 <s; <3y, T=A,BC.

The inequalities (3.1) to (3.5) now follow upon substituting the vectors (A7),
T=A,B,C, for the vector (A,) in Lemma 2.1. ]

MORE BOUNDS FOR EICGENVALUES 9

When A is real, then we know that the complex eigenvalues of A occur in
conjugate pairs. Moreover, when A is nonnegative, then the Perron-
Frobenius theorem implies that the largest cigenvalue of A, in modulus, is
real and nonnegative. This extra information enables us to strengthen several
of the bounds for the imaginary parts of the eigenvalues.

Tueorem 3.2, Suppose that A is real and

. — amJ if A is nonnegative,
_m_ othenwise,

where ] denotes integer part. Then for 1< j<k<p,

1 r . NM 1/2
k—j+1 .M.». AA.»IL o (a6)
LAY 3.1
(pag)) ide o

aa Nﬂ..lha..\nu — _\u
_zur_nﬂs% H AMJTI_V . (38)

Proof. Since A is real, the eigenvalues of A occur in conjugate pairs,
Furthermore, as mentioned above, if A is nonnegative, then the largest
eigenvalue of A in modulus is real (and nonnegative). Therefore, there are at
most 2p nonreal eigenvalues, and moreover, Af=A7_, ., for i=12,...,p.
This implies that

P n
22 W)= 3 (mA)"
From Lemma 2.2, we now conclude that

ka. P . K}
- < m_ W< (3.9)
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First, let us prove (3.6):

?_ .M,,.X Mz,

.l~

A 2 ?av.v kY%, by Cauchy-Schwarz

=]
<(Kr/2K)'%, by (39).
Next,

() <(3£07)". oo

A Q . Q l
| Q.M-? since \’ 30, i{=1,...,p

<3SA

=1

This proves (3.7). To prove (3.8), substitute the p-vector (AF) for the vector
(\) in Lemma 2.1. This gives

¢ c\8) Y/ 1
WAl < .... 9. ' A.Nu. ?%v w n%.\n? P M+~v i

pKe~K!) ¥y v
A 2p w ? P I_ by (39). "

4. EXAMPLES
Examprz 4.1.  Marcus and Minc [6, p. 148] considered the matrix

T+34 —~4-6i -4
A=| -1-8i 7 -2-6i
2 4-64 13-3i

MORE BOUNDS FOR EIGENVALUES

and found, using results due to Hirsch (cf. [6, p. 140}) that

A(A)] <40.03
|ReA(A)| <39
[ImA(A)] <20.12
while Gersgorin’s discs give
Jz—7-3i|<11.21

lz=7|<1240}.

|z—13+3i|< 921
In our earlier paper —n.m. Sec. 4], we obtained

9<AA <25.46]
2.64<A1<19.09}
0<A$ <1273 ]

9<A?<14.20]
6.40<A\2<1160}
381<AP< 9

and

0<AL<1L62
-581<Af< 5814

-1162<AS< 0

Let us now apply Theorem 3.1. First, we find that

K=256.90, Ky=472.31]
Ki=16895 K¥=27T7.65
Ki= 8795 Kg=198

mi=9, my=1255]
mi=my=9

mg=mg =0

sl=215 s¢=8.74]
si=0, s =3.40
s¢=541, s2=812)

3

0

1
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Then we have
- () moduli:

10.52< Af <24.9),
2.82< A2 <18.73,
0 < A{f<1109,
9.76< (A +A7')/2,
9 <AAHAA+AL)/3<1255,
AL +23)/2 <1079,
AA-A2 <1855,
Af-Af <2142
A2 -2 <1855,
4.57< Vmoly%" :

(b) real parts:

9 <AP<1381,

6.00< S <11.40,

420<A< 9,
AP-A9< 721,
AY—AJ< 833,
Ad=AJ< 725

(c) tmaginary parts:

381< Af< 1149,
—5.74< A< 5.74,
-1149< A < —-3.83,
L1 <AF+Af)/2,
A +A))/2< -1.91,
Af-Af <1723,
AS-Af <1990,
AS=-Af <1723,
1149< AF=-AL.

The cigenvalues of A are 9, 9494, 9—9i. [Note that since s} =0, we did not
obtain useful bounds from (3.2a), (3.2b), and (3.5) when T= B.]

Examriz 4.2. Now let

MORE BOUNDS FOR EIGENVALUES 13

This matrix was given in Scheffold [9], to illustrate bounds for the subdomi-
nant eigenvalues of a matrix with nonnegative elements. He found that

Pal. Al <.

Using the bounds in [12], it was found that

3< A, <9.89
0.89<A,|<7.311,
0<]A|<4.73

Let us apply Theorem 3.1 again. First, we obtain

K!=1976, Kr=62.70]
K!=3638, Ky=58831},
K{=—1662, Kg= 561

m! =30, my=457]
mp=my=3.0 b

mh=m& =00

5i=00, s¥=345
Sp=1TT, s¥=326}.
5¢=00, s2=137

. Then we have

(a) moduli:
480<AA=)2< 761,
0.5608 <AL <7.01,
00<A} <457,
A AP <732,
Ap-A2 <845,

A2 -0 <732
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3 real parts:

4.80<Al <761,
70< AL <530,
-18<AP<LT5,
35T<(A\F+AP)/2,
(A +AD)/2< 237,
Af-Al <69l
AP-AP <798,
AP-AP<69],
3TN =AY

(c) imaginary parts:

0<AFf <047,
-097<Af <097,
~-193<Af <00,
Af-Af<290,
Af—-A£<3.36,
Af—Af<290.

The eigeavalues of A are 6, 4, — 1. [Note that since s/ =5/ =0, we did not
obtain useful bounds from (32a), (3.2b), and (3.5) when T=B or C. In
u&&§n§>wg§§m<9€aru§o%§uki
E&.—Sggzﬁgﬁngﬁ_som>5gﬁw3&pa§§._

ExampiLx 4.3, O:..Eg,—._n_un—.og:aonomﬁgg
1 1 2
A=12 1 3l
2 3 5

This matrix was used in [6] to compare various bounds for the dominant
eigenvalue. The best bounds obtained there were ,

5.162 <A, <9.359.

MORE BOUNDS FOR EIGENVALUES

The bounds in [12] yield
2.33<A,| <9.67
0< A <704},
0< Ay <4.40
We obtain

Ky=5281, K}=5745

ﬁ..&.%.xnnmﬂe
Ki=—-419, Ki= 044

my=mp =233

a.TP.u. s»..-»%*

53=349, sF=3.70

nla.g.n.uu.é
8.=0, 3¢=0.38

Then we have
(a) moduli:

425< AP =A< 757,
0< A <7.02
0< A <207,
300< (A +AL)/2,
J00<AL+ A2 +02)/3<4.39,
(As'+AP)/2<3.23,
Ar-AL<7.89,
AL —-A2<7.89,
6.96< AM-AL<9.1);
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() real parts:

425 ».. 51,
-028< AM<4.95,
: A< -013,
u.an?.;.w\n.
AP+2A0)/2 <110,
».-uzn <7.85,
».-lyu- <7.85,
740< AP-)J <907;

~ (c) imaginary parts:

The eigenvalues of A are 7.531, 0, —0.531.
did not obtain useful bounds from (3.2a), (3.2b), and (3.5) when T=
furthermore we have applied Theorem 3.2 again.)
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