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Abstract

A spectrahedron is the feasible set of a semidefinite program, SDP, i.e., the intersection of
an affine set with the positive semidefinite cone. While strict feasibility is a generic property
for random problems, there are many classes of problems where strict feasibility fails and this
means that strong duality can fail as well. If the minimal face containing the spectrahedron is
known, the SDP can easily be transformed into an equivalent problem where strict feasibility
holds and thus strong duality follows as well. The minimal face is fully characterized by the
range or nullspace of any of the matrices in its relative interior. Obtaining such a matrix
may require many facial reduction steps and is currently not known to be a tractable problem
for spectrahedra with singularity degree greater than one. We propose a single parametric
optimization problem with a resulting type of central path and prove that the optimal solution
is unique and in the relative interior of the spectrahedron. Numerical tests illustrate the efficacy
of our approach and its usefulness in regularizing SDPs.

Keywords: Semidefinite programming, SDP, facial reduction, singularity degree, maximizing
log det.
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53 A spectrahedron is the intersection of an affine manifold with the positive semidefinite cone. Specif-
s« ically, if S denotes the set of n x n symmetric matrices, S C S™ denotes the set of positive
55 semidefinite matrices, A : S™ — R™ is a linear map, and b € R™, then

F = f(.A, b) = {X S S1 : A(X) = b} (1.1) 7eq:feasset?

s6 1S a spectrahedron. We emphasize that F is given to us as a function of the algebra, the data A, b,
57 rather than the geometry.

58 Our motivation for studying spectrahedra arises from semidefinite programs, SDPs, where a
s0 linear objective is minimized over a spectrahedron. In contrast to linear programs, strong dual-
0 ity is not an inherent property of SDPs, but depends on a constraint qualification (CQ) such
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as the Slater CQ. For an SDP not satisfying the Slater CQ, the central path of the standard in-
terior point algorithms is undefined and there is no guarantee of strong duality or convergence.
Although instances where the Slater CQ fails are pathological, see e.g. [12] and [27], they occur in
many applications and this phenomenon has lead to the development of a number of regularization
methods, [923},24,31,32].

In this paper we focus on the facial reduction method, [5H7], where the optimization problem
is restricted to the minimal face of S} containing F, denoted face(F). We note that the different
regularization methods for SDP are not fundamentally unrelated. Indeed, in [32] a relationship
between the extended dual of Ramana, [31], and the facial reduction approach is established and
in [39] the authors show that the dual expansion approach, [23,24] is a kind of dual of facial
reduction. When knowledge of the minimal face is available, the optimization problem is easily
transformed into one for which the Slater CQ holds. Many of the applications of facial reduction
to SDP rely on obtaining the minimal face through analysis of the underlying structure. See, for
instance, the recent survey [11] for applications to hard combinatorial optimization and matrix
completion problems.

In this paper we are interested in instances of SDP where the minimal face can not be obtained
analytically. An algorithmic approach was initially presented in [7] and subsequent analyses of
this algorithm as well as improvements, applications to SDP , and new approaches may be found
in [826,128-30,38,[39]. While these algorithms differ in some aspects, their main structure is
the same. At each iteration a subproblem is solved to obtain an exposing vector for a face (not
necessarily minimal) containing F. The SDP is then reduced to this smaller face and the process
repeated until the SDP is reduced to face(F). Since at each iteration, the dimension of the ambient
face is reduced by one, at most n — 1 iterations are necessary. We remark that this method is a
kind of dual approach, in the sense that the exposing vector obtained in the subproblem is taken
from the dual of the smallest face available at the current iteration. We highlight two challenges
with this approach: (1) each subproblem is itself an SDP and thereby computationally intensive
and (2) at each iteration a decision must be made regarding the rank of the exposing vector.

With regard to the first challenge, we note that it is really two-fold. The computational expense
arises from the complexity of an individual subproblem and also from the number of such problems
to be solved. The subproblems produced in [8] are nice in the sense that strong duality holds,
however, each subproblem is an SDP and its computational complexity is comparable to that of
the original problem. In [29] a relaxation of the subproblem is presented that is less expensive
computationally, but may require more subproblems to be solved. The number of subproblems
needed to solve depends of course on the structure of the problem but also on the method used to
determine that facial reduction is needed. For algorithms using the theorem of the alternative, [5H7],
a theoretical lower bound, called the singularity degree, is introduced in [35]. In [36] an example is
constructed for which the singularity degree coincides with the upper bound of n —1, i.e., the worst
case exists. In [28], the self-dual embedding algorithm of [9] is used to determine whether facial
reduction is needed. This approach may require fewer subproblems than the singularity degree.

The second challenge is to determine which eigenvalues of the exposing vector obtained at each
iteration are identically zero, a classically challenging problem. If the rank of the exposing vector
is chosen too large, the problem may be restricted to a face which is smaller than the minimal
face. This error results in losing part of the original spectrahedron. If on the other hand, the rank
is chosen too small, the algorithm may require more iterations than the singularity degree. The
algorithm of [8] is proved to be backwards stable only when the singularity degree is one, and the
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arguments can not be extended to higher singularity degree problems due to possible error in the
decision regarding rank.

Our main contribution in this paper is a primal approach to facial reduction, which does not rely
on exposing vectors, but instead obtains a matrix in the relative interior of F, denoted relint(F)
Since the minimal face is characterized by the range of any such matrix, we obtain a facially reduced
problem in just one step. As a result, we eliminate costly subproblems and require only one decision
regarding rank.

While our motivation arises from SDPs, the problem of characterizing the relative interior of
a spectrahedron is independent of this setting. The problem is formally stated below.

(prob:main) prohlem 1.1. Given a spectrahedron F(A,b) CS", find X € relint(F).
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This paper is organized as follows. In Section [2] we introduce notation and discuss relevant
material on SDP strong duality and facial reduction. We develop the theory for our approach in
Section [3] prove convergence to the relative interior, and prove convergence to the analytic center
under a sufficient condition. In Section ] we propose an implementation of our approach and
we present numerical results in Section We also present a method for generating instances of
SDP with varied singularity degree in Section [5 We conclude the main part of the paper with an
application to matrix completion problems in Section [6}

2 Notation and Background

(sec:prepjm) Throughout this paper the ambient space is the Euclidean space of n x n real symmetric matrices,
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S™, with the standard trace inner product

n n
(X,Y) = trace(XY) = > > XYy,
i=1 j=1

and the induced Frobenius norm
1XF = V(X X).

In the subsequent paragraphs, we highlight some well known results on the cone of positive semidef-
inite matrices and its faces, as well other useful results from convex analysis. For proofs and further
reading we suggest [33,36,41]. The dimension of S™ is the triangular number n(n + 1)/2 =: t(n).
We define svec: S — R1™) such that it maps the upper triangular elements of X € S” to a vector
in RY{™ where the off-diagonal elements are multiplied by v/2. Then svec is an isometry and an
isomorphism with sMat:= svec™!. Moreover, for X,Y € S?,

(X,Y) = svec(X)T svec(Y).
The eigenvalues of any X € S™ are real and indexed so as to satisfy,
A(X) = Xa(X) = - = A (X),

and A(X) € R™ is the vector consisting of all the eigenvalues. In terms of this notation, the operator
2-norm for matrices is defined as || X||2 := max;|\;(X)|. When the argument to || - ||2 is a vector,
this denotes the usual Euclidean norm. The Frobenius norm may also be expressed in terms of
eigenvalues: || X|p = ||A(X)|[2. The set of positive semidefinite (PSD) matrices, ST, is a closed

4



133 convex cone in S”, whose interior consists of the positive definite (PD) matrices, S’} . The cone S’}
130 induces the Lowner partial order on S". That is, for X,Y € S" we write X =Y when X —Y € S}
1o and similarly X =Y when X —Y € 8" ,. For X,Y € 8"} the following equivalence holds:

<X,Y> =0 <= XY =0. (2.1) eq:innerprodma:
?(def:facg)? Definition 2.1 (face). A closed convex cone f C S} is a face of ST if
X, YeS, X+Yef = X Ycf.

142 A nonempty face f is said to be proper if f # S} and f # 0. Given a convex set C' C S%, the
us  minimal face of ST} containing f, with respect to set inclusion, is denoted face(C). A face f is said
1 to be exposed if there exists W € S \ {0} such that

f={XeSL: (W, X) =0}

s Every face of S is exposed and the vector W is referred to as an exposing vector. The faces of ST}
146 may be characterized in terms of the range of any of its maximal rank elements. Moreover, each
147 face is isomorphic to a smaller dimensional positive semidefinite cone, as is seen in the subsequent

148 theorem.

<thm:fi§;e> Theorem 2.2 ( [11]). Let f be a face of S} and X € f a mazimal rank element with rank r and

150 orthogonal spectral decomposition

D 0
0 0
151 Then f = VSQVT and relint(f) = VS’_;__,_VT. Moreover, W € S"} is an exposing vector for f if and
152 only if W € UST,"UT.

153 We refer to U SZLF_TUT, from the above theorem, as the conjugate face, denoted f¢. For any
154 convex set C, an explicit form for face(C) and face(C)¢ may be obtained from the orthogonal
155 spectral decomposition of any of its maximal rank elements as in Theorem [2.2]

156 For a linear map A : S™ — R™, there exist S1,...,S, € S" such that

(AX)), =(X,8;), Vie{l,...,m}.
157 The adjoint of A is the unique linear map A* : R™ — S™ satisfying
(AX),y) = (X, A%(y)), VX eS", yeR™,

155 and has the explicit form A*(y) = >, y;S;, i.e., range(A*) = span{Si,...,Sn}. We define
19 A; € S” to form a basis for the nullspace, null(A) = span{A,..., A4}

X=[v U}[ }[V Ul'es?, Des,.

160 For a non-empty convex set C' C S™ the recession cone, denoted C'*°, captures the directions in
161 which C' is unbounded. That is
C™® = {Y eS": X+AY eC,VA>0, X € C} (2.2) ?eq:recession?

162 Note that the recession directions are the same at all points X € C. For a non-empty set S C S”,
163 the dual cone (also referred to as the positive polar) is defined as

St = {YeS": (X,Y) >0, VX € S}. (2.3) ?eq:dualcone?
164 A useful result regarding dual cones is that for cones K; and Ko,

(K1 N I(Q)+ = Cl(Kf— + K;—), (2.4) eq:dualinterse

165 where cl(-) denotes set closure.



16 2.1 Strong Duality in Semidefinite Programming and Facial Reduction

strongduality)? oonsider the standard primal form SDP
SDP p* = min{(C, X) : A(X)=b,X > 0}, (2.5) ?prob: sdpprimal
165 with Lagrangian dual
D-SDP d* :=min{bTy : A*(y) < C}. (2.6) ?prob:sdpdual?

10 Let F denote the spectrahadron defined by the feasible set of SDP . One of the challenges in
170 semidefinite programming is that strong duality is not an inherent property, but depends on a
11 constraint qualification, such as the Slater CQ.

sstrongduality) Theorem 2.3 (strong duality, [41]). If the primal optimal value p* is finite and FNS # 0, then
1713 the primal-dual pair SDP and D-SDP have a zero duality gap, p* = d*, and d* is attained.

174 Since the Lagrangian dual of the dual is the primal, this result can similarly be applied to the
175 dual problem, i.e., if the primal-dual pair both satisfy the Slater CQ, then there is a zero duality
176 gap and both optimal values are attained.

177 Not only can strong duality fail with the absence of the Slater CQ, but the standard central path
17s  of an interior point algorithm is undefined. The facial reduction regularization approach of [5-7]
179 restricts SDP to the minimal face of S} containing F:

SDP-R min{(C, X) : A(X) =0b, X € face(F)}. (2.7) ?eq:sdpr?

10 Since the dimension of F and face(F) is the same, the Slater CQ holds for the facially reduced
1s1 problem. Moreover, face(F) is isomorphic to a smaller dimensional positive semidefinite cone, thus
1.2 SDP-R is itself a semidefinite program. The restriction to face(F) may be obtained as in the
183 results of Theorem 2.2l The dual of SDP-R restricts the slack variable to the dual cone

Z =C — A*(y) € face(F)™.

12 Note that F™ = face(F)™. If we have knowledge of face(F), i.e., we have the matrix V such that
185 face(F) = VS”_"'_VT7 then we may replace X in SDP by VRVT with R > 0. After rearranging, we
156 obtain SDP-R.. Alternatively, if our knowledge of the minimal face is in the form of an exposing
17 vector, say W, then we may obtain V so that its columns form a basis for null(W). We see that
188 the approach is straightforward when knowledge of face(F) is available. In instances where such
189 knowledge is unavailable, the following theorem of the alternative from [7] guarantees the existence
wo of exposing vectors that lie in range(A*).

hm:alternatiye) Theorem 2.4 (of the alternative, [|7]). Ezactly one of the following systems is consistent:
102 1. A(X)=b, X >0,
103 2. 0# A*(y) =0, by = 0.

104 The first alternative is just the Slater CQ, while if the second alternative holds, then A4*(y)
195 is an exposing vector for a face containing F. We may use a basis for null(A4*(y)) to obtain a
16 smaller SDP . If the Slater CQ holds for the new SDP we have obtained SDP-R., otherwise, we
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find an exposing vector and reduce the problem again. We outline the facial reduction procedure
in Algorithm At each iteration, the dimension of the problem is reduced by at least one, hence
this approach is bound to obtain SDP-Rin at most n — 1 iterations, assuming that the initial
problem is feasible. If at each iteration the exposing vector obtained is of maximal rank then the
number of iterations required to obtain SDP-R is referred to as the singularity degree, [35]. For a
non-empty spectrahedron, F, we denote the singularity degree as sd = sd(F).

Algorithm 2.1 Facial reduction procedure using the theorem of the alternative.

Initialize S; so that (A(X)); = (S;, X) for i € {1,... ,m}
while Item 2. of Theorem do
obtain exposing vector W
D 0
W= V] {0 0] U V], Dro

S; é—-‘/jjSQ‘C 1€ {1,... ,Tn}
end while

We remark that any algorithm pursuing the minimal face through exposing vectors of the form
A*(+), must perform at least as many iterations as the singularity degree. The singularity degree
could be as large as the trivial upper bound n — 1 as is seen in the example of [36]. Thus facial
reduction may be very expensive computationally. On the other hand, from Theorem we see
that face(F) is fully characterized by the range of any of its relative interior matrices. That is,
from any solution to Problem we may obtain the regularized problem SDP-R .

3 A Parametric Optimization Approach

(sec:parampgb) [y this section we present a parametric optimization problem that solves Problem

(assump:main)
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em:boundedchar)

220

221

222

223

Assumption 3.1. We make the following assumptions:
1. A is surjective,
2. F is non-empty, bounded and contained in a proper face of S'}.

The assumption on A is a standard regularity assumption and so is the non-emptiness as-
sumption on F. The necessity of F to be bounded will become apparent throughout this section,
however, our approach may be applied to unbounded spectrahedra as well. We discuss such ex-
tensions in Section The assumption that JF is contained in a proper face of S restricts our
discussion to those instances of SDP that are interesting with respect to facial reduction.

In the following lemma are stated two useful characterizations of bounded spectrahedra.

Lemma 3.2. The following holds:
F is bounded <= null(A)NS} = {0} <= range(A") NS}, #0.

Proof. For the first equivalence, F is bounded if and only if 7> = {0} by Theorem 8.4 of [33]. It
suffices, therefore, to show that 7°° = null(A) N'S}. It is easy to see that (S'})* = S} and that
the recession cone of the affine manifold defined by A and b is null(A). By Corollary 8.3.3 of [33]



24 the recession cone of the intersection of convex sets is the intersection of the respective recession
25 cones, yielding the desired result.
Now let us consider the second equivalence. For the forward direction, observe that

null(A) NS% = {0} < (null(A)NST)" = {0}7,
= null(A)* +ST =8",
<= range(A*) + S} =8S".

26 The second inequality is due to and one can verify that in this case null(A)* N S is closed.
227 Thus there exists X € range(A*) and Y € S7 such that X +Y = —I. Equivalently, —X =
28 I+Y €8%,. For the converse, let X € range(A*) NS}, and suppose 0 # S € null(A) NS}. Then
29 (X,S) = 0 which implies, by (2.I), that X.S = 0. But then null(X) # {0}, a contradiction. O

230 Let r denote the maximal rank of any matrix in relint(F) and let the columns of V' € R™*"
231 form a basis for its range. In seeking a relative interior point of F we define a specific point from
232 which we develop a parametric optimization problem.

(def:analytic) Definition 3.3 (analytic center). The analytic center of F is the unique matriz X satisfying
X = arg max{log det(VTXV) X € ./—"} (3.1) 7eq:analytic?

234 Under Assumption the analytic center is well-defined and this follows from the proof of
235 Theorem below. It is easy to see that the analytic center is indeed in the relative interior of
236 J and therefore a solution to Probelm However, the optimization problem from which it is
237 derived is intractable due to the unknown matrix V. If V is simply removed from the optimization
238 problem (replaced with the identity), then the problem is ill-posed since the objective does not
239 take any finite values over the feasible set as it lies on the boundary of the SDP cone. To combat
240 these issues, we propose replacing V' with I and also perturbing F so that it intersects S ,. The
2 perturbation we choose is that of replacing b with b(a) := b+ aA(I), a > 0, thereby defining a
22 family of spectrahedra
Fla) ={X €S} : A(X) =b(a)}.

23 It is easy to see that if F # () then F(«) has postive definite elements for every o > 0. Indeed
2a F +al C F(a). Note that the affine manifold may be perturbed by any positive definite matrix
25 and [ is chosen for simplicity. We now consider the family of optimization problems for o > 0:

P(a) max{logdet(X) : X € F(a)}. (3.2)[eq:Palpha]

26 It is well known that the solution to this problem exists and is unique for each o > 0. We include a
227 proof in Theorem below. Moreover, since face(F(«)) = S for each a > 0, the solution to P(«)
28 is in relint(F(«)) and is exactly the analytic center of F(«). The intuition behind our approach
220 i that as the perturbation gets smaller, i.e., a \ 0, the solution to P(«) approaches the relative
250 interior of F. This intuition is validated in Section Specifically, we show that the solutions to
1 P(a) form a smooth path that converges to X € relint(F). We also provide a sufficient condition
22 for the limit point to be X in Section

253 We note that our approach of perturbing the spectrahedron in order to use the log det(-) function
254 is not entirely new. In [14], for instance, the authors perturb a convex feasible set in order to
255 approximate the rank function using log det(-). Unlike our approach, their perturbation is constant.



s 3.1 Optimality Conditions

257 We choose the strictly concave function logdet(-) for its elegant optimality conditions, though the
28 maximization is equivalent to maximizing only the determinant. We treat it as an extended valued
250 concave function that takes the value —oo if X is singular. For this reason we refer to both functions
20 det(-) and logdet(-) equivalently throughout our discussion.

261 Let us now consider the optimality conditions for the problem P(«). Similar problems have been
22 thoroughly studied throughout the literature in matrix completions and SDP, e.g., [2,/17,[37,41].
263 Nonetheless, we include a proof for completeness and to emphasize its simplicity.

(thn:maxdet) Theorem 3.4 (optimality conditions). For every o > 0 there exists a unique X (a) € F(a) N ST,

265 such that

X (o) = argmax{logdet(X) : X € F(a)}. (3.3)
26 Moreover, X (a) satisfies (3.3)) if, and only if, there exists a unique y(a) € R™ and a unique
7 Z(a) € ST, such that

p

=N

A*(y(@)) - Z(a)
.A(X(Ck)) - b(a) = 0. (3.4) eq:optimalsyste
Z(a)X(a) =1
28 Proof. By Assumption F # 0 and bounded and it follows that F(a) NS}, # 0 and by
20 Lemma it is bounded. Moreover, logdet(-) is a strictly concave function over F(a) N ST, (a
270 so-called barrier function) and
lim logdet(X) = —cc.
det(X)—0
Thus, we conclude that the optimum X (a) € F(a) NS’ exists and is unique. The Lagrangian of
problem (3.3) is

11 Since the constraints are linear, stationarity of the Lagrangian holds at X («). Hence there exists
o y(a) € R™ such that (X (a))™! = A*(y(a)) =: Z(a). Clearly Z(a) is unique, and since A is
2713 surjective, we conclude in addition that y(«) is unique. O

s 3.2 The Unbounded Case

:unbounded . . .
(seciun M- >Before we continue with the convergence results, we briefly address the case of unbounded spec-

o6 trahedra. The restriction to bounded spectrahedra is necessary in order to have solutions to (|3.3)).
277 There are certainly large families of SDPs where the assumption holds. Problems arising from lift-
a7 ings of combinatorial optimization problems often have the diagonal elements specified, and hence
279 bound the corresponding spectrahedron. Matrix completion problems are another family where the
280 diagonal is often specified. Nonetheless, many SDPs have unbounded feasible sets and we provide
281 two methods for reducing such spectrahedra to bounded ones. First, we show that the boundedness
22 of F may be determined by solving a projection problem.

prop:boundtgst) Proposition 3.5. Let F be a spectrahedron defined by the affine manifold A(X) = b and let
P :=argmin {||X — I||r : X € range(A")}.
28 Then F is bounded if P > 0.



285

286

287

288

289

291

292

293

294

296

297

298

299

300

301

302

303

304

ec: convergeglocse>

306

307

Proof. First we note that P is well defined and a singleton since it is the projection of I onto
a closed convex set. Now P > 0 implies that range(A*) NSt # 0 and by Lemma this is
equivalent to F bounded. O

The proposition gives us a sufficient condition for F to be bounded. Suppose this condition
is not satisfied, but we have knowledge of some matrix S € F. Then for ¢ > 0, consider the

spectrahedron
F={X eS": X € F, trace(X) = trace(S) + t}.

Clearly F' is bounded. Moreover, we see that 7' C F and contains maximal rank elements of F,
hence face(F’) = face(F). It follows that relint(F’) C relint(F) and we have reduced the problem
to the bounded case.

Now suppose that the sufficient condition of the proposition does not hold and we do not have
knowledge of a feasible element of F. In this case we detect recession directions, elements of
null(A) NS, and project to the orthogonal complement. Specifically, if F is unbounded then F (o)
is unbounded and problem is unbounded. Suppose, we have detected unboundedness, i.e., we
have X € F(a) NS" with large norm. Then X = Sy + S with S € null(A) N ST and ||S|| > ||So]|-
We then restrict F to the orthogonal complement of .S, that is, we consider the new spectrahedron

Fl={XeS":XeF ($X)=0}.

By repeated application, we eliminate a basis for the recession directions and obtain a bounded
spectrahedron. From any of the relative interior points of this spectrahedron, we may obtain
a relative interior point for F by adding to it the recession directions obtained throughout the
reduction process.

3.3 Convergence to the Relative Interior and Smoothness

By simple inspection it is easy to see that (X («),y(a),Z(a)), as in (3.4)), does not converge as
a N\, 0. Indeed, under Assumption

lim A, (X lim || Z .
lim A, (X(a)) >0 = Hm[|Z(e)]l2 = +o0

It is therefore necessary to scale Z(«) so that it remains bounded. Let us look at an example.

Example 3.6. Consider the matrix completion problem: find X > 0 having the form
11 7
1 11
711

The set of solutions is indeed a spectrahedron with A and b given by

11 1

T11 Ti2 T13 x12 1

.A T12 T22 I923 = 9292 s b:= 1
T13 To3 T33 x23 1

I33 1

10



In this case, it is not difficult to obtain

1
14+« 1 Tra
X(a) = 1 14a 1 ,
14%05 1 14+«
with inverse
14+« -1 0
X(a)™t = o 1 2f2a42 g
04(2 + Oé) 1+«
0 -1 14+«

Clearly limo | X (o) 7Y|2 = +oo. However, when we consider aX (a)™!, and take the limit as o
goes to 0 we obtain the bounded limit

0
1 -

D=

1
_ 2
Z=|-

DO
Sl

[an)

1
2

208 Note that X = X (0) is the 3 x 3 matriz with all ones, rankX +rankZ = 3, and X Z = 0.

N[

300 It turns out that multiplying X (a)~' by o always bounds the sequence (X (av),y(a),Z(e)).
sio Therefore, we consider the scaled system

A*(y) — Z
.A(X) — b(a) =0, X>0, Z2>0, a>0, (3.5) eq:scaledoptim:
ZX —al

s that is obtained from by multiplying the last equation by «. Abusing our previous notation,
sz we let (X (a),y(a),Z(a)) denote a solution to this system and we refer to the set of all such
313 solutions as the parametric path. The parametric path has clear parallels to the central path of
sie SDP, however, it differs in one main respect: it is not contained in the relative interior of F. In
315 the main theorems of this section we prove that the parametric path is smooth and converges as
st N\, 0 with the primal limit point in relint(F). We begin by showing that the primal component
s1i7 of the parametric path has cluster points.

primalconverge) [ oryma 3.7. Let & > 0. For every sequence {agtren C (0,a) such that ag \, 0, there exists a

510 subsequence {a;}ien such that X(ap) — X € F.

s20 Proof. Let @ and {ay}reny be as in the hypothesis. First we show that the sequence X (ay) is
21 bounded. For any k € N we have

X ()2 < 1 X (ar) + (@ — ax) ]2 < max [|X][z < +oc.
XeF(a)

22 The second inequality is due to X(ay) + (& — ag)l € F(a) and the third inequality holds since
323 F(a@) is bounded. Thus there exists a convergent subsequence {o;}eny with X (o) — X, that
34 clearly belongs to F. O

325 For the dual variables we need only prove that Z(«) converges (for a subseqgence) since this
326 implies that y(«a) also converges, by the assumption that A is surjective. As for X («a), we show
327 that the tail of the parametric path corresponding to Z(«) is bounded. To this end, we first prove
28 the following technical lemma. Recall that X is the analytic center of Definition
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chnicalbounded) 1 omma 3.8. Let & > 0. There exists M > 0 such that for all o € (0, @],
0< (X(a)™", X +al)<M.

350 Proof. Let & be as in the hypothesis and let o € (0, @]. The first inequality is trivial since both of
331 the matrices are positive definite. For the second inequality, we have,

(X(0)™ = X(0) ™, X +al — X(a) = (- A"(4(a)) — ~A(9(0)), X +al — X(0),

= (Zy(a) ~ ~y(a), AKX +al) — A(X(a)).
- (4@ - Ly(0). @ - aamy, (3.6)[ca:bomdodness
= (X(0)™ - X( )

322 On the other hand,
(X(@) t=X() L X +al - X(a)) =n+ (X(@)~ !, X) + atrace(X (a) 1)
1 1 < (37) eq:boundedness:
— (X(@), X(o)) = (X(a)7", X +al).
Combining (3.6) and ( we get

(@ — ) trace(X(o?)_l) —(X(a)"L(@—a)I) =n+ (X (a)~! X) + atrace(X (a)™h)

333 After rearranging, we obtain
(X(a) ™LX +al) =n+ (X(@)7 L, X) + atrace(X (@)} — (X (@)% X (o))

— (@ — a)trace(X (a)™*
= n 4 atrace(X(a)™ 1) + (X(

)7 (3.8) 7eq:boundedness
d)i 7X> - <X(6‘)717X(a)>'

33« The first and the third terms of the right hand side are positive constants. The second term is
135 positive for every value of a and is bounded above by atrace(X(a)~!) while the fourth term is
336 bounded above by 0. Applying these bounds as well as the trivial lower bound on the left hand
337 side, we get

0 < (X(a)™', X +al) <n+atrace(X(a)™!) + (X (a)~% X) =: M. (3.9) 7eq: boundedness
338 D
339 We need one more ingredient to prove that the parametric path corresponding to Z(«) is

ss0  bounded. This involves bounding the trace inner product above and below by the mazimal and
a1 manimal scalar products of the eigenvalues, respectively.

igenvaluebound) [ oyyma 3.9 (Ky-Fan [13], Hoffman-Wielandt [20]). If A, B € S™, then

Z/\ Ant1—i(B )S(A,B>§§:)\i(A))\i(B).

i=1

12



343 We now have the necessary tools for proving boundedness and obtain the following convergence
344 result.

2 1
paramc us;c4e5r> Theorem 3.10. Let @ > 0. For every sequence {aytren C (0, @] such that oy 0, there exists a

ss  subsequence {oy}oen such that
(X (), y(w), Z(ar)) = (X,9,Z) € {S x R™ x S}
a7 with X € relint(F) and Z = A*(¥).

us  Proof. Let & > 0 and {aj }ren be as in the hypothesis. We may without loss of generality assume
110 that X(ag) — X € F due to Lemma Let k € N. Combining the upper bound of Lemma
350 with the lower bound of Lemma [3.9] we have

Z)\i(X(ak)_l))\n—i-l—i(X +opl) < M.
i=1

351 Since the left hand side is a sum of positive terms, the inequality applies to each term:
(X (o) DX + o) <M, Vie{l,...,n}.

352 Equivalently,
M
)\i(X<Oék)_1> < = , Yie {1, B ,TL}. (3.10) eq:dualconverg:

Ani1-i(X) 4+ ag

353 Now exactly 7 eigenvalues of X are positive. Thus for i € {n —r+1,... ,n} we have

M M
Ai(X(ap)™h) < g < —,
Ant1—i(X) +ar  Apg1—i(X)

s and we conclude that the r smallest eigenvalues of X (ay)~! are bounded above. _Consequently,
35 there are at least r eigenvalues of X (ay) that are bounded away from 0 and rank(X) > r. On the
356 other hand X € F and rank(X) <r and it follows that X € relint(F).
357 Now we show that Z(ay) is a bounded sequence. Indeed, from (3.10|) we have
M M
Z(ay = apA Xak_l <oap——=—=ar— = M.
7@l = e (X o) ) < e = e

sss  The second to last equality follows from the assumption that X e ST\ S, ie. )\n(X ) = 0. Now
39 there exists a subsequence {ay}sen such that

Z(Ozg) — Z, X(Oze) — X.

s0  Moreover, for each ¢, there exists a unique y(ay) € R™ such that Z(ay) = A*(y(ay)) and since A
s1 18 surjective, there exists y € R™ such that y(ay) — § and Z = A*(y). Lastly, the sequence Z(ay)
32 is contained in the closed cone S7} hence Z € S}, completing the proof. O

363 We conclude this section by proving that the parametric path is smooth and has a limit point
¢ as a N\ 0. Our proof relies on the following lemma of Milnor and is motivated by an analogous
35 proof for the central path of SDPin [18,19]. Recall that an algebraic set is the solution set of a
366 system of finitely many polynomial equations.
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(tem:miloor) T emma 3.11 (Milnor [25]). Let V C R¥ be an algebraic set and U C R¥ be an open set defined by
s8  finitely many polynomial inequalities. Then if 0 € cl(U N'V) there exists € > 0 and a real analytic
0 curve p: [0,¢) — R¥ such that p(0) = 0 and p(t) € U NV whenever t > 0.

2paramconverge) Theorem 3.12. There exists (X,9,7) € St x R™ x S with all the properties of Theorem
sn1 such that

lim (X (@), y(a), Z(e)) = (X5, 2).

sz Proof. Let (X, 4, Z) be a cluster point of the parametric path as in Theorem [3.10) “ We define the
313 set U as

U={(X,y,2,a) ES"xR™" xS"xR: X+ X =0, Z+Z =0, Z=A"(y), a>0}.

s Note that each of the positive definite constraints is equivalent to n strict determinant (polynomial)
375 inequalities. Therefore, U satisfies the assumptions of Lemma Next, let us define the set V
376 as,
A (y) - Z
Vi=<¢(X,y,Z,a) € S" xR™ xS§" xR: A(X) + aA(T) =0,,
(Z+Z)(X+X)—al
377 and note that )V is indeed a real algebraic set. Next we show that there is a one-to-one corre-

s spondance between ¢ NV and the parametric path without any of its cluster points. Consider
s (X,9,Z,a) eUUNY and let (X (&),y(@), Z(&)) be a point on the parametric path. We show that

(X + X, Y+, Z + Z) = (X(a),y(a), Z(a)). (3.11)[eq:2paramfirst
80 First of all X + X = 0and Z+ Z > 0 by inclusion in U. Secondly, (X + X, + i, Z + Z) solves
381 the system (3.5)) when o = a&:
A +§) —(Z+2) A(G) = Z + (A*(§) - 2) 0
AX+X)-b@a) | = b+ aA(I) — b(a) = |0
(Z+Z)(X+X)—al 0 0

sz Since (3.5)) has a unique solution, (3.11)) holds. Thus,

(X,Q,Z) = (X(a)_X7y(a)_g>Z(a) _Z)a

se3 and it follows that & NV is a translation of the parametric path (without its cluster points):

UNY = {(X,y, Z,a) € S"xR™ xS"xR : (X,y, Z) = (X(a)=X,y(a)—y, Z(a)—Z), o > 0}. (3.12)[eq:2paramsecons
s« Next, we show that 0 € cl(d NV). To see this, note that
(X(a), y(a), Z(a)) = (X, 7, 2),
a5 as a \, 0 along a subsequence. Therefore, along the same subsequence, we have

(X(a) = X,yla) — 4, Z(a) — Z,cx) = 0.

14



36 Each of the elements of this subsequence belongs to U NV by and therefore 0 € cl(U NV).
387 We have shown that U and V satisfy all the assumptions of Lemma hence there exists
s € > 0 and an analytic curve p: [0,£) — S™ x R™ x §™ x R such that p(0) = 0 and p(t) e U NV for
80 t>0. Let

p(t) = (X)s ¥ty Zaty» )

s0 and observe that by (3.12), we have

(Xt uw)s Zay o) = (X () — X, y(aw) — 3, Z(aw) — Z). (3.13)[eq: 2paramthird

1 Since p is a real analytic curve, the map g : [0,¢) — R defined as g(t) = a(, is a differentiable
32 function on the open interval (0,¢) with

li t) =0.
Jim g(t)
503 In particular, this implies that there is an interval [0,&) C [0,e) where g is monotone. It follows

304 that on [0,&), g7! is a well defined continuous function that converges to 0 from the right. Note
305 that for any ¢ > 0, (X(t),y(t), Z(t)) is on the parametric path. Therefore,

. IRT —1 T
i X (t) = lim X (g(™())) = lim X (ay1(9):

36 Substituting with (3.13)), we have

th(t) = th(g—l(t)) + X =2X.

N0 N0

307 Similarly, y(¢) and Z(t) converge to 4 and Z respectively. Thus every cluster point of the parametric
ss  path is identical to (X, y, Z). O
309 We have shown that the tail of the parametric path is smooth and it has a limit point. Smooth-

a0 ness of the entire path follows from the Berge Maximum Theorem, [4], or [34, Example 5.22].

w1 3.4 Convergence to the Analytic Center

analyticeenter) Tho pegults of the previous section establish that the parametric path converges to relint(F) and

103 therefore the primal part of the limit point has excatly r positive eigenvalues. If the smallest positive
q04 eigenvalue is very small it may be difficult to distinguish it from zero numerically. Therefore it is
105 desirable for the limit point to be substantially in the relative interior, in the sense that its smallest
106 positive eigenvalue is relatively large. The analytic center has this property and so a natural
407 question is whether the limit point coincides with the analytic center. In the following modification
a8 of an example of [19], the parametric path converges to a point different from the analytic center.

{ex:nongye) Example 3.13. Consider the SDP feasibility problem where A is defined by

0

Sl = s Sg =

o O o O
o O O

0
0
O 7S2'*
0

oo o+
oo~ o
o~ oo
cor~ o
oo oo
o oo
oo~ o
—_ o oo

0
0
0
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410

411

412

413

414

415

416

417

418

419

00 0 0 00 0 0
00 0 0 00 0 0
Se=10 0 0 117 = o 0 0 ol
00 10 00 0 1

and b := (1,0,0,0,0)T. One can verify that the feasible set consists of positive semidefinite matrices
of the form

1-— o2 T12 0 0

| ma2 w2 0 O
X = 0 0O 0 0
0 0O 0 0

and the analytic center is the determinant maximizer over the positive definite blocks of this set and
satisfies xog = 0.5 and x12 = 0. However, the parametric path converges to a matrix with xoo = 0.6
and 12 = 0. To see this note that

AD=(2 110 1)7, ba)=(1+2a a a 0 a)’.

By feasibility, X (a) has the form

14 2a— T2 I12 13 T14
12 22 0 %(04 — x33)
z13 0 733 0
T4 $(a—wx33) O a

Moreover, the optimality conditions of Theorem indicate that X (o)™ € range(A*) and hence
1s of the form

* % ¥ O
* * * O
* ¥ % O

O O O *

It follows that x12 = x13 = x14 = 0 and X («) has the form

1+ 20 — 299 0 0 0
0 X929 0 %(O& — $33)
0 0 733 0
0 F(a—x33) O a

Of all the matrices with this form, X («) is the one mazximizing the determinant, that is

1

([X (a)]22, [X(a)]gg)T = argmax z33(1 + 2a — x92)(wes — Z(a — x33)2),

5.t. 0 < xTo2 <1+ 20,
xr33 > 0,

1
aToy > Z(Ox — .7533)2.
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Due to the strict inequalities, the maximizer is a stationary point of the objective function. Com-
puting the derivative with respect to xoo and x33 we obtain the equations

1
z33(—(owgy — —(a — m33)°) + a1 + 200 — wa2) = 0,

4
1 1
(1 + 200 — ZL‘QQ)((Oéwzg — Z(O& — 11333)2) + 51’33(0& - $33)) =0.
Since xzz > 0 and (14 2a — x92) > 0, we may divide them out. Then solving each equation for xao
we get
1 ) 1
Tog = 8—(0&—1‘33) —|—Oé—|—§, (3.14)[ex:first]
«
1 1
T = T(& — 233)° — 2—3:33(04 — T33). (3.15) [ex:second]
« «
Substituting (3.14) into (3.15) we get
1 1 1 1
0= @(Oé — x33)% — %1‘33(04 — 33) — @( — 233)° — o 2’
1 1 1 1
= Q(a —x33)% — 5%33 + %56:%3 —a-g,
Lo 11 1 1, 1
= — x5, — —T —a— —x —Ths—— —
Ba 33 4B T RT T 9T T g 2’
—ixQ —§:z: —i—la—a—f
8a 3 4"B g 2’
Now we solve for xss3,
3+ \/— —4(gs —a—1)
33 = )
33 = 285
_ ?ﬁ n 4£ 1laa+ 5
5 5 da
1
= —(3a + 2y/av/11a + 5).

5

Since x33 is fully determined by the stationarity constraints, we have [X («)]33 = x33 and [X («)]s3 —
0 as a (0. Substituting this expression for xss into (3.14]) we get

1 1 1
— —(Ba+2vaVila+5)? +a+ =,

[X(a)]22 = 83(04 E 2

1 1 1
=3 —(a? —2a5(3a+2\f\/11a+ 5) + (9a + 6ay/av1la + 5 +4a(11a+5)))+o¢+§,
«

1 1
goz—2—0(:so~r2\F\/1104+ )+%(9a—|—6\f\/11a+ +4(11la +5)) + +3

31

o — — a1l il

~ 2" 100\F SR

w20 Now it is clear that [X(a)]22 — 0.6 as a 0.
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21 3.4.1 A Sufficient Condition for Convergence to the Analytic Center

cientanalytic)?

22 Recall that face(F) = VST VT. To simplify the discussion we may assume that V = [ﬂ , so that

face(]-") = |:S(;_ 8:| . (3.16) eq:facialstruct

423 This follows from the rich automorphism group of S7, that is, for any full rank W € R"*", we
424  have WSCLFWT = S"!. Moreover, it is easy to see that there is a one-to-one correspondence between
425 relative interior points under such transformations.

426 Let us now express F in terms of null(A), that is, if Ay € F and recall that Aq,..., A4, ¢ =
w27 t(n) —m, form a basis for null(A), then

F = (Ao +span{Ay,... , A;}) NSY.
428 Similarly,
F(o) = (ad + Ag +span{Ai,... ,A;}) NST.
a0 Next, let us partition A; according to the block structure of (3.16)):

L M)
Ai:[MZT N] ic{0,....q}. (3.17) eq:partii]

430 Since Ag € F, from (3.16)) we have Ny = 0 and My = 0. Much of the subsequent discussion focuses
s on the linear pencil Y 7 | 2;N;. Let N be the linear mapping such that

null(N) = {zq:xiNi cx € Rq}.

=1

(Lem:maxdesN) Lemma 3.14. Let {Ny,..., Ny} be as in (3.17)), span{Ny,... , Ny} NS" = {0}, and let

q
Q := argmax{logdet(X) : X =T+ Y x;N; - 0, z € R}. (3.18)[eq:0]

=1

a3 Then for all a > 0,

q
aQ = argmax{logdet(X) : X =al + > x;N; = 0, z € R} (3.19)
i=1

as Proof. We begin by expressing @ in terms of A :
Q = argmax{logdet(X) : N (X) = N (I)}.

435 By the assumption on the span of the matrices V; and by Lemma the feasible set of is
136 bounded. Moreover, the feasible set contains positive definite matrices, hence all the assumptions of
437 Theorem are satisfied. It follows that @ is the unique feasible, positive definite matrix satisfying
s Q! €range(N *).

439 Moreover, a@ is positive definite, feasible for (3.19), and (a@Q)~! € range(N *). Therefore aQ
a0 18 optimal for . O
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441 Now we prove that the parametric path converges to the analytic center under the condition of

a2 Lemma [3.14]

analyticcenter) mheorem 3.15. Let {N1,..., Ny} be as in . If span{Ny,... ,N,} N ST = {0} and X is the
aa  limit point of the primal part of the pammetmo path as in Theorem then X=2X.

s Proof. Let B X
> Y O ; Y 0
<= [0 O}, %= [0 0}
ws and suppose, for eventual contradiction, that Y # Y. Then let 7, s € R be such that
det(Y) < r < s < det(Y).

47 Let @ be as in Lemma and let x € R? satisfy Q@ = I+ Y7, 2;N;. Now for any o > 0 we have

q A
5 Y—f—a[—i—a§ vl o>z M;
X+all+) xA)= =1 =171 )
( ; i4i) ( ad ! 1:):ZMT a®)

ws  Note that there exists € > 0 such that X + o >4 x;A; = 0 whenever a € (0,¢). It follows that

X + of I+sz ) € F(a), Vae(0,¢).
=1

Taking the determinant, we have

det(X+a I+le i)

q
— det (aQ—a le Y+O‘I+azl’z ;) 1(Z:mMZT)>
i=1

an T
i=1 =1 =1
R q
x det(Y + ol +« Z z; L;
i=1
q
:det( —aof Zazz Y—l—ozI—i—aZx, i) 1(ZxZMZT)>
i=1 i=1
R q
x det(Y + ol +« Z x; L)
i=1
49 Now we have
i{% — det(X + (I + le ) = det(Q) det(Y).

=1
a0 Thus, there exists o € (0,¢) so that for a € (0,0) we have

det(X+aI+Za:Z ) > sa™ " det(Q).
i=1

w1 As X(«) is the determinant maximizer over F(«), we also have
det(X () > sa™ " det(Q), VYa e (0,0). (3.20) [eq:detX|
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2 On the other hand X (o) — X and let

X(a) = al + 371 x(e)iLs iy x(a)iM;
' T z(a); MF al + 31 x(a)iN;| -

#s3 Then ol + Y%, z(a);L; — Y and there exists § € (0,0) such that for all a € (0, 6),
q
det(al + Zx(a)iLi) <.
i=1

44 Moreover, by definition of @,

q

det(al + Z z(a);N;) < det(aQ) = a" " det(Q).
i=1

a5 To complete the proof, we apply the Hadamard-Fischer inequality to det(X (a)). For o € (0,0) we

as6  have
q q
det(X (o)) < det(al + Z z(a);L;) det(ad + Z z(a);N;) < ra” " det(Q),
i=1 i=1
a7 a contradiction of (3.20]). O
s Remark 3.16. Note that Ezample fails the hypotheses of Theorem[3.15 Indeed, the matriz
0 0 0 O
0 0 0 — . . "y . .
® 10 0 2 0 lies in null(A) and the bottom 2 x 2 block is nonzero and positive semidefinite.
0 -1 0 O

w 4 'The Projected Gauss-Newton Method

(sec:projGN) We have constructed a parametric path that converges to a point in the relative interior of . In this
s62  section we propose an algorithm to follow the path to its limit point. We do not prove convergence
463 of the proposed algorithm and address its performance in Section We follow the (projected)
s6¢  Gauss-Newton approach (the nonlinear analog of the Newton method) originally introduced for
165 SDPsin [22] and improved more recently in [10]. This approach has been shown to have improved
466 robustness compared to other symmetrization approaches. For well posed problems, the Jacobian
467 for the search direction remains full rank in the limit to the optimum.

ws 4.1 Scaled Optimality Conditions

460 The idea behind this approach is to view the system defining the parametric path as an overde-
a0 termined map and use the Gauss-Newton (GN) method for nonlinear systems. In the process, the
411 linear feasibility equations are eliminated and the GN method is applied to the remaining bilinear
a2 equation. For a > 0 let G, : ST X R™ x 8% — 8" x R™ x R™ ™ be defined as

A'(y) - Z
Go(X,y,Z) = |A(X) —b(a) | . (4.1) 7eq:GdefaN?
ZX —al
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473

474

475

476

477

478

480

481

482

483

484

485

486

487

488

490

491

492

493

494

495

The solution to Go(X,y,Z) = 0 is exactly (X(«),y(a),Z(a)) when a > 0; and for o = 0 the
solution set is
F x (A")7Y(D) x D, D :=range(A*) N face(F)".

Clearly, the limit point of the parametric path satisfies Go(X,y,Z) = 0. We fix o > 0. The GN
direction, (dX,dy,dZ), uses the overdetermined GN system

dX
Go(X,y,Z) | dy | = ~Ga(X,y,2). (4.2)[eq:Gllorig]
dz

Note that the search direction is a strict descent direction for the norm of the residual, || vec(Go (X, y, Z2))||3,
when the Jacobian is full rank. The size of the problem is then reduced by projecting out the first

two equations. We are left with a single linearization of the bilinear complementarity equation,

i.e., n? equations in only #(n) variables. The least squares solution yields the projected GN direc-

tion after backsolves. We prefer steps of length 1, however, the primal and dual step lengths, «,

and aq respectively, are reduced, when necessary, to ensure strict feasibility: X + a,dX > 0 and

Z 4+ aqdZ =~ 0. The parameter « is then reduced and the procedure repeated. On the parametric

path, « satisfies

o= ), (4.3) oq:atphares]
n

Therefore, this is a good estimate of the target for a near the parametric path. As is customary,
we then use a fixed o € (0,1) to move the target towards optimality, « + oa.
4.1.1 Linearization and GN Search Direction

For the purposes of this discussion we vectorize the variables and data in Go. Let A € R™*H1) he
the matrix representation of A, that is

A =svec(S)T, ie{1,...,m}.

Let N € RUMX(#H)=m) he such that its columns form a basis for null(A4) and let & be a particular
solution to Az = b(«), e.g., the least squares solution. Then the affine manifold determined from
the equation A(X) = b(«) is equivalent to that obtained from the equation

r=z+ Nv, ve€E RY—m

Moreover, if z := svec(Z), we have the vectorization

ATy — 2 rq
ga($, ,Y, Z) = r—2— Nv =t (7rp|, (4.4) 7eq:systemg?
sMat(z) sMat(x) — ol R,

Now we show how the first two equations of the above system may be projected out, thereby
reducing the size of the problem. First we have

do ATdy — dz
gh(z,v,y,2) du | = dx — Ndv ,
di sMat(dz) sMat(z) + sMat(z)sMat(dzx)
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and it follows that the GN step as in (4.2)) is the least squares solution of the system

ATdy — dz rq
dr — Ndv =— 11
sMat(dz) sMat(z) + sMat(z) sMat(dx) R,

Since the first two equations are linear, we get dz = ATdy + ry and do = Ndv — rp. Substituting
into the third equation we have,

sMat (AT dy + r4) sMat(z) + sMat(z) sMat(Ndv — r,) = —R...

After moving all the constants to the right hand side we obtain the projected GN system in dy and
dv,

sMat (AT dy) sMat () + sMat(z) sMat(Ndv) = — R, + sMat(z) sMat(r,) —sMat(rq) sMat(z). (4.5)

The least squares solution to this system is the exact GN direction when r4 = 0 and r, = 0,
otherwise it is an approximation. We then use the equations dz = ATdy + r4 and dz = Ndv — Tp
to obtain search directions for x and z.

In [10, Theorem 1], it is proved that if the solution set of Go(X,y,Z) = 0 is a singleton such
that X + Z > 0 and the starting point of the projected GN algorithm is sufficiently close to the
parametric path then the algorithm, with a crossover modification, converges quadratically. As we
showed above, the solution set to our problem is

F x (A" YD) x D,

which is not a singleton as long as F # (). Indeed, D is a non-empty cone. Although the convergence
result of [10] does not apply to our problem, their numerical tests indicate that the algorithm
converges even for problems violating the strict complementarity and uniqueness assumptions and
our observations agree.

4.2 Implementation Details

Several specific implementation modifications are used. We begin with initial x,v,y, z with cor-
responding X, Z = 0. If we obtain P > 0 as in Proposition then we set Z = P and define y
accordingly, otherwise Z = X = I. We estimate a using and set a < 2« to ensure that our
target is somewhat well centered to start.

4.2.1 Step Lengths and Linear Feasibility

We start with initial step lengths oy, = oy = 1.1 and then backtrack using a Cholesky factorization
test to ensure positive definiteness

X+opdX =0, Z+aqdZ=0.

If the step length we find is still > 1 after the backtrack, we set it to 1 and first update v,y and
then update x, z using
r=3&+ Nv, z=ATly.
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s2 This ensures exact linear feasibility. Thus we find that we maintain exact dual feasibility after a
523 few iterations. Primal feasibility changes since o decreases. We have experimented with including
524 an extra few iterations at the end of the algorithm with a fixed « to obtain exact primal feasibility
s25 (for the given ). In most cases the improvement of feasibility with respect to F was minimal and
52 not worth the extra computational cost.

527 4.2.2 Updating o and Expected Number of Iterations

s28  In order to drive o down to zero, we fix o € (0, 1) and update alpha as a <— ca. We use a moderate
520 o = .6. However, if this reduction is performed too quickly then our step lengths end up being too
530 small and we get too close to the positive semidefinite boundary. Therefore, we change a using
531 information from min{a,, ag}. If the steplength is reasonably near 1 then we decrease using o; if
52 the steplength is around .5 then we leave « as is; if the steplength is small then we increase to
533 1.2c; and if the steplength is tiny (< .1), we increase to 2«. For most of the test problems, this
s34 strategy resulted in steplengths of 1 after the first few iterations.

535 We noted empirically that the condition number of the Jacobian for the least squares problem
53 increases quickly, i.e., several singular values converge to zero. Despite this we are able to obtain
537 high accuracy search directions[]

538 Since we typically have steplengths of 1, « is generally decreased using o. Therefore, for a
s30  desired tolerance € and a starting o = 1 we would want o* < €, or equivalently,

k <logyg(€)/logyg(o).

se0  For our o = .6 and t decimals of desired accuracy, we expect to need k < 4.5t iterations.

s« 5 Generating Instances and Numerical Results

(secinumerjss) 1y this section we analyze the performance of an implementation of our algorithm. We begin with
53 a discussion on generating spectrahedra. A particular challenge is in creating spectrahedra with

544 specified singularity degree. Following this discussion, we present and analyze the numerical results.

ss 5.1 Generating Instances with Varying Singularity Degree

sec :generat514rég>

Our method for generating instances is motivated by the approach of [40| for generating SDPs with
se7 - varying complementarity gaps. We begin by proving a relationship between strict complementarity
ss of a primal-dual pair of SDP problems and the singularity degree of the optimal set of the primal
ss9 SDP . This relationship allows us to modify the code presented in [40] and obtain spectrahedra
ss0  having various singularity degrees. Recall the primal SDP

SDP P = min{(C,X> : .A(X) =bX > 0}, (5.1) ?prob:sdpprimal

ss1 - with dual
D-SDP d* = min{bTy c A (y) = C} (5.2) ?prob:sdpdualco

!Our algorithm finds the search direction using . If we looked at a singular value decomposition then we get
the equivalent system %(V7d35) = (UT RHS). We observed that several singular values in ¥ converge to zero while
the corresponding elements in (U7 RHS) converge to zero at a similar rate. This accounts for the improved accuracy
despite the huge condition numbers. This appears to be a similar phenomenon to that observed in the analysis of
interior point methods in [42,/43] and as discussed in [16].
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ss2 Let Op C S and Op C S} denote the primal and dual optimal sets respectively, where the dual
553 optimal set is with respect to the variable Z. Specifically,

Op ={XeSt:AX)=b, (C,X)=p*}, Op:={Z€St:Z=C-Ay), bly=d*, ycR™}.

s« Note that Op is a spectrahedron determined by the affine manifold

] = ()

(C,X) p)

555 We note that the second system in the theorem of the alternative, Theorem for the spectrahe-
556 dron Op is

0#7C+ A*(y) = 0, T + yTb =0. (5.3)[eq:opalternatis

557 We say that strict complementarity holds for SDP and D-SDP if there exists X* € Op and Z* €
sss  (Op such that
(X*,Z*) =0 and rank(X™) + rank(Z*) = n.

sso  If strict complementarity does not hold for SDP and D-SDP and there exist X* € relint(Op) and
se0  Z* € relint(Op), then we define the complementarity gap as

g :=n —rank(X™) — rank(Z").

ss1. Now we describe the relationship between strict complementarity of SDP and D-SDP and the
se2  singularity degree of Op.

(prop:sgsd) Proposition 5.1. If strict complementarity holds for SDP and D-SDP , then sd(Op) < 1.

sea Proof. Let X* € relint(Op). If X* > 0, then sd(Op) = 0 and we are done. Thus we may assume
ses rank(X*) < n. By strict complementarity, there exists (y*, Z*) € R™ xS feasible for D-SDP with
sss  Z* € Op and rank(X™*) +rank(Z*) = n. Now we show that (1, —y*) satisfies (5.3)). Indeed, by dual
s67  feasibility,

C—-A"(y") =2" ST\ {0},

s and by complementary slackness,
p* = ()b = (X", C) — (A"(y), X*) = (X", Z") = 0.
seo  Finally, since rank(X*) + rank(Z*) = n we have sd(Op) = 1, as desired. O

570 From the perspective of facial reduction, the interesting spectrahedra are those with singularity
sn1 - degree greater than zero and the above proposition gives us a way to construct spectrahedra with
sz singularity degree exactly one. Using the algorithm of [40] we construct strictly complementary
573 SDPsand then use the optimal set of the primal to construct a spectrahedron with singularity
s degree exactly one. Specifically, given positive integers n,m,r, and g the algorithm of [40] returns
s7s  the data A, b, C corresponding to a primal dual pair of SDPs, together with X* € relint(Op) and
ste Z* € relint(Op) satisfying

rank(X™) =r, rank(Z*) =n—r —g.
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Now if we set (
p [ AX) s b
A= (65) 1= (1ex)
then Op = }"(fl, l;) Moreover, if g = 0 then sd(Op) = 1, by Proposition . This approach could
also be used to create spectrahedra with larger singularity degrees by constructing SDPs with

greater complementarity gaps, if the converse of Proposition were true. We provide a sufficient
condition for the converse in the following proposition.

p:sdscconverse) pronhosition 5.2. Ifsd(Op) = 0, then strict complementarity holds for SDP and D-SDP . More-
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over, if sd(Op) = 1 and the set of solutions to (5.3)) intersects Ry, x R™ | then strict complemen-
tarity holds for SDP and D-SDP .

Proof. Since we have only defined singularity degree for non-empty spectrahedra, there exists X* €
relint(Op). For the first statement, by Theorem there exists Z* € Op. Complementary
slackness always holds, hence (Z*, X*) = 0 and since X* > 0 we have Z* = 0. It follows that
rank(X™*) + rank(Z*) = n and strict complementarity holds for SDP and D-SDP .
For the second statement, let (7,4) and (7, 7) be solutions to (5.3) with 7 > 0 and 7C + A*(g)

of maximal rank. Let B .

7 :=7C+ A (T), Z :=7C+ A" ().
Then there exists € > 0 such that 7 + e7 > 0 and rank(Z 4 €Z) > rank(Z). Define

Ti=T+4ef, yi=G+ef, Z:=2Z+¢Z.

Now (7,y) is a solution to (5.3)), i.e.,

0#7C+ A*(y) =0, Tp* +ylb=0.

Moreover, rank(X*) + rank(Z) = n since sd(Op) = 1 and Z is of maximal rank. Now we define
1 1
7" =~-Z=C-A" <—y> )
T T

Since 7 > 0, it is clear that Z* = 0 and it follows that (—%y, Z*) is feasible for D-SDP . Moreover,
this point is optimal since

d* > —lyTb =p* > d*.
T

Therefore Z* € Op and since rank(Z*) = rank(Z), strict complementarity holds for SDP and
D-SDP. O

5.2 Numerical Results

o
" For the numerical tests, we generate instances with n € {50, 80,110,140} and m = 2n. These are

problems of small size relative to state of the art capabilities, nonetheless, we are able to demonstrate
the performance of our algorithm through them. In Table and Table we record the results
for the case sd = 1. For each instance, specified by n, m, and r, the results are the average of five
runs. By 7, we denote the maximum rank over all elements of the generated spectrahedron, which
is fixed to r = n/2. In Table we record the relevant eigenvalues of the primal variable, primal
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(tab:sdl)

(tab:sdldual)

(tab:sd2)

(tab:sd2dual)

605
606
607
608
609
610
611
612
613
614
615

616

n lm [ [ M [ AE) A [ X)) [TAK) -0 [ (Z.X) | ay

50 | 100 | 25 | 1.06e+02 | 2.80e+01 | 1.97e-11 | 5.07e-13 3.17e-12 1.26e-13 | 1.10e-12
80 | 160 | 40 | 8.74e+01 | 3.22e+01 | 1.20e-10 | 9.00e-13 7.28e-12 2.95e-13 | 2.01e-12
110 | 220 | 55 | 7.74e+01 | 3.73e+01 | 3.56e-10 | 7.23e-13 9.12e-12 3.65e-13 | 2.14e-12
140 | 280 | 70 | 7.82e+01 | 3.84e+01 | 4.11e-10 | 7.08e-13 1.26e-11 5.20e-13 | 2.65e-12

Table 5.1: Results for the case sd = 1. The eigenvalues refer to those of the primal variable, X,
and each entry is the average of five runs.

n m [ MED) | @) [ Aari@) | Aal2)
50 | 100 | 25 | 1.85e+00 | 9.07e-02 | 3.96e-14 | 1.27e-14
80 | 160 | 40 | 1.96e+00 | 6.91e-02 | 6.23e-14 | 2.30e-14
110 | 220 | 55 | 1.98e+00 | 2.61e-02 | 5.77e-14 | 2.78e-14
140 | 280 | 70 | 2.03e+00 | 2.46e-02 | 6.96e-14 | 3.39e-14

Table 5.2: Eigenvalues of the dual variable, Z, corresponding to the primal variable of Table
Each entry is the average of five runs.

n m r 9 A1(X) Ar(X) Arg1(X) [ Argg(X) | Arygra(X) An (X) IA(X) — bll2 (Z,X) o

50 | 100 | 17 | 5 | 9.89e+01 | 1.85¢+01 | 6.62e-05 2.61c-05 2.13¢-10 6.10c-13 4.99¢-12 2.04c-13 | 1.07e-12
80 | 160 | 27 | 8 | 1.11e02 | 2.00e+01 | 1.89e-05 1.28¢-05 7.36e-11 5.17¢-13 8.40e-12 2.73¢-13 | 1.27e-12
110 | 220 | 37 | 11 | 1.09e+02 | 2.42e+01 | 3.52e-05 2.33e-05 2.05e-10 1.52e-12 1.92e-11 6.46e-13 | 2.33e-12
140 | 280 | 47 | 14 | 1.63e+02 | 2.64e+01 | 1.07e-04 2.65e-05 1.02e-10 1.17e-13 9.84e-12 3.52e-13 | 1.48e-12

Table 5.3: Results for the case sd = 2. The eigenvalues refer to those of the primal variable, X,
and each entry is the average of five runs.

n m r g )\1(Z) )‘rd(Z) )\rd+1(Z) >‘rd+g(Z) )‘rd+g+1(2) )‘n(Z)

50 | 100 | 17 | 5 | 2.22e+00 | 2.51e-02 | 1.04e-07 | 8.38e-08 9.18e-14 1.51e-14

80 | 160 | 27 | 8 | 2.03e+00 | 3.65e-02 | 1.03e-07 | 7.45e-08 7.92e-14 1.69e-14

110 | 220 | 37 | 11 | 2.13e+00 | 6.11e-02 | 1.78e-07 | 1.23e-07 1.36e-13 2.76e-14

140 | 280 | 47 | 14 | 2.19e+00 | 4.16e-02 | 7.39e-08 | 4.35e-08 6.04e-14 8.14e-15

Table 5.4: Eigenvalues of the dual variable, Z, corresponding to the primal variable of Table
Each entry is the average of five runs.

feasibility, complementarity, and the value of o at termination, denoted ay. The values for primal
feasibility and complementarity are sufficiently small and it is clear from the eigenvalues presented,
that the first r eigenvalues are significantly smaller than the last n — r. These results demonstrate
that the algorithm returns a matrix which is very close to the relative interior of F. In Table
we record the relevant eigenvalues for the corresponding dual variable, Z. Note that vy :=n —r
and the eigenvalues recorded in the table indicate that Z is indeed an exposing vector. Moreover,
it is a maximal rank exposing vector. While, we have not proved this, we observed that it is true
for every test we ran with sd = 1.

In Table and Table we record similar values for problems where the singularity degree
may be greater than 1. Using the approach described in Section we generate instances of
SDP and D-SDP having a complementarity gap of ¢ and then we construct our spectrahedron
from the optimal set of SDP . By Proposition and Proposition the resulting spectrahedron
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617 may have singularity degree greater than 1. We observe that primal feasibility and complementarity
618 are attained to a similar accuracy as in the sd = 1 case. The eigenvalues of the primal variable
610 fall into three categories. The first r eigenvalues are sufficiently large so as not to be confused
620 with 0, the last n — r — g eigenvalues are convincingly small, and the third group of eigenvalues,
621 exactly g of them, are such that it is difficult to decide if they should be 0 or not. A similar
62 phenomenon is observed for the eigenvalues of the dual variable. This demonstrates that exactly g
623 of the eigenvalues are converging to 0 at a rate significantly smaller than that of the other n—r —g
624 eigenvalues.

s 6 An Application to PSD Completions of Simple Cycles
:psdeyclecompl) [y this final section, we show that our parametric path and the relative interior point it converges
627 to have interesting structure for cycle completion problems.

628 Let G = (V,E) be an undirected graph with n = |V| and let a € RIZl. Let us index the
s20 components of a by the elements of E. A matrix X € S" is a completion of G under a if X;; = a;;
0 for all {i,j} € E. We say that G is partially PSD under a if there exists a completion of G under
31 a such that all of its principle minors consisting entirely of a;; are PSD. Finally, we say that G is
622 PSD completable if for all a such that G is partially PSD, there exists a PSD completion. Recall
633 that a graph is chordal if for every cycle with at least four vertices, there is an edge connecting
s34« non-adjacent vertices. The classical result of [17] states that G is PSD completable if, and only if,
635 it is chordal.

636 An interesting problem for non-chordal graphs is to characterize the vectors a for which G
637 admits a PSD completion. Here we consider PSD completions of non-chordal cycles with loops.
638 This problem was first looked at in [3], where the following special case is presented.

m:simplecycle)? Theorem 6.1 (Corollary 6, [3]). Let n >4 and 6, ¢ € [0,7]. Then

1 cos(6) cos(9)
cos(0) 1 cos(6) ?
C:= cos(f) 1 . , (6.1)[simple]
? . . cos(0)
| cos(¢) cos(6) 1

has a positive semidefinite completion if, and only if,
p<(n-10<(n-—-2)r+¢  forn even

and

p<(n—-10<(n—1)mr—¢ for n odd.

0 The partial matriz (6.1) has a positive definite completion if, and only if, the above inequalities are
641 Strict.

Using the results of the previous sections we present an analytic expression for exposing vectors
in the case where a PSD completion exists but not a PD one, i.e., the Slater CQ does not hold
for the corresponding SDP . We begin by showing that the primal part of the parametric path
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is always Toeplitz. In general, for a partial Toeplitz matrix, the unique maximum determinant
completion is not necessarily Toeplitz. For instance, the maximum determinant completion of

6 1 = 1 1
16 1 y 1
z 1 6 1 2
1 y 1 6 1
1 1 2 16
642 is given by x = z = 0.3113 and y = 0.4247.
24 Theorem 6.2. If the parital matriz
[a b c|
b a b 7
P .= b a
? )
c b aj

64 has a positive definite completion, then the unique maximum determinant completion is Toeplitz.

645 First we present the following technical lemma. Let J, € S™ be the matrix with ones on the
46 antidiagonal and zeros everywhere else, that is, [J;];j = 1 when i + j = n + 1 and zero otherwise.

647 For instance, Js = [(1) (1)}

(persymm) Lemma 6.3. If A is the maximum determinant completion of P, then A = JAJ.

s Proof. As Aisa completion of P, sois JAJ. Furthermore, det(A) = det(JAJ). Since the maximum
650 determinant completion is unique, we must have that A = JAJ. O

s1. Proof of Theorem[6.4 The proof is by induction on the size n. When n = 4 the result follows from
2 Lemma,
Suppose Theorem holds for size n — 1. Let A be the maximum determinant completion of
P. Then by the optimality conditions of Theorem 3.4

* ok 0o --- 0 =
* % * 0o . 0
AL = 0 =x* * *
. 0
o0 0 * * %
* 0 --- 0 * %k

3 Let a:= Ay 1, and consider the (n — 1) x (n — 1) partial matrix

(0%

« (6.2)[smptez]

(a0 b

b a b 7
b
?

o b
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s« By the induction assumption, (6.2) has a Toeplitz maximum determinant completion, say B. Note

655 that ~
*
*
=0
0
| *
656 Now consider the partial matrix
o 7

* 0
* * 0

* * *

0O --- 0
B
7 b

(6.3) 7simpled?

(6.4) [sinples)]

Since this is a chordal pattern we only need to check that the fully prescribed principal minors are

positive definite. These are B and

o L
> Q9

L O

the latter of which is a principal submatrix of the positive definite matrix A. Thus (6.4)) has a
maximum determinant completion, say C'. Then

[+ 0

By the properties of block inversion,

C =

0*] *

(L - MNTMT)=1 ]

*

" )

MT N

*
* )

and it follows that B! = L — MN"'MT. Since MN~'M7" only has nonzero entries in the four

corners, we obtain that

*

*

0

* 0
* %
0 =
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661

662

663

664

665

666

667

We now see that C~! and A~! have zeros in all entries (i,j) with |i — j| > 1 and (4,7) € {(1,n —
1),(1,n),(n—1,1),(n,1)}. Also, A and C have the same entries in positions (i, j) where |i —j| <1
or where (4,5) € {(1,n —1),(1,n),(n —1,1),(n,1)}. But then A and C are two positive definite
matrices where for each (4,7) either A;; = Cj; or (A71);; = (C71);, yielding that A = C (see,
e.g., [1]). Finally, observe that the Toeplitz matrix B is the (n — 1) x (n — 1) upper left submatrix
of C, and that A = JAJ, to conclude that A is Toeplitz. O

When has a PD completion, then this result states that the analytic center of all the
completions is Toeplitz. When has a PSD completion, but not a PD completion then the
primal part of the parametric path is always Toeplitz and since the Toeplitz matrices are closed,
admits a maximum rank Toeplitz PSD completion. In the following proposition we see that
the dual part of the parametric path has a specific form.

(Tinverse) Proposition 6.4. Let T = (t;—;);;_; be a positive definite real Toeplitz matriz, and suppose that

668

669

ecsimplecycle)

(T Y1 =0 forallk € {3,...,n—1}. Then T~ has the form

a ¢ 0 d
c b ¢
0 Cc b o0
.
d 0 ¢ aj
with b= 1(a®> + % — d?).
Proof. Let us denote the first column of T' by [a c 0 -+ 0 d]T. By the Gohberg-Semencul

formula (see [1521]) we have that

T = 1(AAT — BBT),
a

where -~ ~ -~ _
a O 0 0 0 0 0 0
c a 0 - d 0 0
A=10 ¢ a o|-B=1o d o 0
0 0
_d 0 ¢ a c 0 d O_

O]

o
" Corollary 6.5. If the set of PSD completions of (6.1)) is contained in a proper face of S then
there exists an exposing vector of the form

a ¢ O d
c b ¢
Ce:=10 ¢ b "+ 0
.
d 0 ¢ a
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672

673
674
675
676
677
678
679
680
681
682
683
684
685

686

for a face containing the completions. Moreover, C'r satisfies
2cos(f)c+b=0 and a+ cos(f)c+ cos(¢p)d = 0.

Proof. Existence follows from Proposition By definition, C'r is an exposing vector for the face
if, and only if, Cr > 0 and (X, Cg) = 0 for all positive semidefinite completions, X, of C. Since
X and Cp are positive semidefinite, we have XCp = 0 and in particular diag(XCg) = 0, which is
satisfied if, and only if,

cos(f)c+ b+ cos(f)c=0 and a+ cos(f)c+ cos(¢)d =0,

as desired. O

7 Conclusion

In this paper we have considered a primal approach to facial reduction for SDPsthat reduces
to finding a relative interior point of a spectrahedron. By considering a parametric optimization
problem, we constructed a smooth path and proved that its limit point is in the relative interior
of the spectrahedron. Moreover, we gave a sufficient condition for the relative interior point to
coincide with the analytic center. We proposed a projected Gauss-Newton algorithm to follow the
parametric path to the limit point and in the numerical results we observed that the algorithm
converges. We also presented a method for constructing spectrahedra with singularity degree 1 and
provided a sufficient condition for constructing spectrahedra of larger singularity degree. Finally, we
showed that the parametric path has interesting structure for the simple cycle completion problem.

This research has also highlighted some new problems to be pursued. We single out two such
problems. The first regards the eigenvalues of the limit point that are neither sufficiently small to be
deemed zero nor sufficiently large to be considered as non-zero. We have experimented with some
eigenvalue deflation techniques, but none have led to a satisfactory method. Secondly, there does
not seem to be a method in the literature for constructing spectrahedra with specified singularity
degree.
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(A(X)); = (X, Sy),

(dX,dy,dZ), Gauss-Newton direction,

A, matrix representation, [21]
C®°, recession cone,
ST, dual cone,

1,
Cl(')v
face(-), minimal face,
X, analytic center of F,
s™, 2

.
F = F(A,b),
null(A) = span{Ai, ..., A.},[f
range(A*) = span{S1,... ,Sn},
relint(-), relative interior,
sMat, [4]
sd = sd(F), singularity degree,
svec, [4]

d*, [6, 23]

f¢, conjugate face,

", 6}

t(n), triangular number,
A:S"—R™ [

SDP , semidefinite program,

| O
=

adjoint,
analytic center of F, X,

chordal,
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conjugate face,

constraint qualification (CQ),
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dual cone,
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extended valued, [9]

face,
facial reduction,
Frobenius norm, [

Gauss-Newton direction, (dX,dy,dZ),
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self-dual embedding,
semidefinite programs, SDPs,
singularity degree, sd = sd(F),
spectrahedron,

trace inner product,
triangular number, t(n),

zero duality gap, [0]
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