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Abstract

For a real polynomial system with finitely many complex roots, the
real radical ideal, RRI, is generated by a lower degree system that has
only real roots and the roots are free of multiplicities. RRI is a central
object in computational real algebraic geometry. The computation of
such RRI is of practical interest since multiplicities of roots yield sin-
gular Jacobians and cause problems for numerical solvers. Moreover
the number of real roots can be far less than the number of complex
roots and Lasserre and co-workers have shown that the RRI of a 0-
dimensional real polynomial system with finitely many real solutions
can be determined by a combination of techniques from a semidefinite
programming (SDP) feasibility problem and geometric involution. A
conjectured extension of such methods to positive dimensional polyno-
mial systems has been given recently by Ma, Wang and Zhi.

In this paper we show that regularity in the form of the Slater
constraint qualification (strict feasibility) fails for the moment matrix
in the SDP feasibility problem. We use facial reduction and obtain
a smaller regularized problem for which strict feasibility holds. We
use this framework for analyzing RRIs of 0 and positive dimensional
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real polynomial systems. The SDP methods are implemented in MAT-
LAB and our geometric involutive form is implemented in Maple. We
consider two approaches to find a feasible moment matrix. We com-
pare the SeDuMi interior point approach within the YALMIP package
for MATLAB with the Douglas-Rachford (DR) projection-reflection
method.

Tllustrative examples show the advantages of the DR approach for
some problems over standard interior point methods. We also see the
advantage of facial reduction both in regularizing the problem and also
in reducing the dimension of the moment matrices.

1 Introduction

The breakthrough work of Lasserre and collaborators [30,/45] shows that
the real radical ideal, RRI, of a real polynomial system with finitely many
solutions can be determined by a combination of a semidefinite program-
ming, SDP, feasibility problem and the geometric involutive form, GIF.
This RRI is generated by a system of real polynomials having only real
roots that are free of multiplicities. Global numerical solvers, such as homo-
topy continuation solvers typically compute all real roots by first computing
all complex (including real) roots. And if the roots have multiplicity, then
elaborate strategies are needed to avoid difficulties that arise as the paths
from the homotopy solvers approach these (singular Jacobian) roots [44].
Furthermore, random polynomial systems of k£ real polynomials of degree
d in n variables can have d™ roots, and if the coefficients follow a certain
probability distribution have only d/? real roots on average, see [21] and
the references therein. Therefore, consideration of only the real roots sim-
plifies the problem. A conjectured extension of such methods to positive
dimensional polynomial systems has been given recently by Ma, Wang and
Zhi [33,[34]. These extensions depend on the method of moments within a
SDP formulation.

Our SDP feasibility formulation is a moment problem equivalent to find-
ing X for a linear system of the following type (also Problem [1.1| below)

AX =b, XeSt, (1.1)

where S_’ﬁ denotes the convex cone of k x k real symmetric positive semi-
definite matrices, and A : Sfﬁ — R™ is a linear transformation. The stan-
dard regularity assumption for is the Slater constraint qualification or
strict feasibility assumption:

there exists X with AX =b, X € int Sf_ . (1.2)
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We let X > 0,> 0 denote X € S* , € int S¥ | respectively. It is well known
that the Slater condition for SDP holds generically, e.g., |19]. Surprisingly,
many SDP problems arising from particular applications, and in particu-
lar our polynomial system applications, are marginally infeasible, i.e., fail
to satisfy strict feasibility. This means that the feasible set lies within the
boundary of the cone, and even the slightest perturbation of the data can
make the problem infeasible. This creates difficulties with the optimality
and duality conditions as well as with numerical algorithms. To help regu-
larize such SDP problems so that strong duality holds, facial reduction was
introduced in 1982 by Borwein and Wolkowicz [11,]12]. However it was only
much later that the power of facial reduction was exhibited in many appli-
cations, e.g., [1,|49,52]. Developing algorithmic implementations of facial
reduction that work for large classes of SDP problems and the connections
with perturbation and convergence analysis has recently been achieved in
e.g., [14,/17,/18,28].

A polynomial system of maximum degree d equations in n variables can
be viewed as the equation Cx = 0, a function of its monomials [30,45].

(d+n)! d+n
! = d

Here z is a vector of the N(n,d) = monomials up to

the degree d of the polynomial system. This equation yields part of the
system of linear constraints in the SDP formulation of polynomial systems.
The convex cone for polynomials are semi-definite moment matrices encod-
ing the real solutions of the polynomial equations and certain generalized
Hankel-Macaulay structure possessed by the polynomial systems. Remark-
able advances have been recently made in this area [8,30,/45] which is an
intersection between optimization and algebraic geometry. In this article we
establish a framework for using facial reduction for such systems and then
solving the systems using the regularized smaller SDP. We note that familiar
methods for linear systems of equations when d = 1 are Gaussian elimina-
tion, GE, for exact solutions and singular value decompositions, SVD, for
least squares solutions. For polynomial systems, the corresponding method
in the exact case uses Grobner Bases [4]. A major difference for Grobner
Bases to the case d = 1 is that generalized row operations involving multi-
plication by monomials and not just scalars is permitted. The operation of
multiplying a polynomial by such a monomial raises its degree and is called
prolongation. Eliminating between prolonged equations, is called projec-
tion. In the approximate case, as in our paper, we use geometric involutive
bases |43] which use the SVD.

In particular a polynomial system can possess constraints resulting from
this process that are higher than the degree of the system. So in this paper,
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as in [30,45] and in Ma, Wang and Zhi [33,[34], higher degree systems can
result. This continual extension of the underlying space is a significant
practical and theoretical challenge in algorithm development.

The RRI of our system P is the set of all polynomials with the same
zero set as P. To give the reader an informal introduction to RRIs and
their interpretation, consider the simple case of univariate polynomials with
real coefficients, n = 1. In this case, the factors of the coefficients are
either complex or real. The RRI discards the complex factors and also
the multiplicities from the polynomial, to obtain a new polynomial. This
reduced polynomial is the generating polynomial for the RRI of the original
polynomial, and has the same real roots, no multiplicities and no complex
roots.

Combining SDP methods and applying them to a polynomial system
P with coefficient matrix C(P) and associated moment matrix M (u) €
RN (d)xN(n.d) vields the following problem central to our paper:

Problem 1.1 (Moment Matrix Feasibility Problem). Find u € RN(29)

where N(n,d) = ( d—gn > so that

C(P)M(u) = 0, Mn(u) = 1, M(u) E 0.

Also see Problem [5.1] in Section [

We continue in Section [2] with material on real polynomial systems, their
RRIs and the coefficient matrix representations. In Section |3 we give a
condensed and more formal description of geometric involutive bases and
the related algorithms. In Section [] we combine the moment matrix and
geometric involutive form algorithms to yield our fundamental Algorithm [4.1]
for polynomial systems. In particular Algorithm proceeds by putting
the polynomials into GIF using Algorithm we then solve the related
moment matrix problem using Algorithm These two steps are iterated
until satisfaction of the Rank-Dim-Involutive Stopping Criterion 4.1

In Section [5| we describe the facial reduction and projection methods for
finding feasible solutions for the moment matrix feasibility problem We
also describe the Douglas-Rachford (DR) projection/reflection method that
we use. We also present our implementation of facial reduction. Section [6]
gives the numerical experiments. Our concluding remarks are in Section
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2 Real radical ideals and moment matrices

We now present some material on real polynomial systems, their RRIs and
the coefficient matrix representation needed for our paper. For background
and references to real algebraic geometry see e.g., [2,4,[8/45].

2.1 Real polynomial systems

We consider a (finite) system of m polynomials in n variables
P i= {p1,spm} C Rlan, ..., 20] = Rls],

where R[z] is the set of all polynomials with real coefficients in the n variables
T = (ZL‘l, Ty ... ,xn)T. We let d = deg(P) denote the degree of the polynomial
system, i.e., the maximum of the degrees of the polynomials p; in P. The
solution set or variety of P is

Vk(P1,.;pm) = {z € K" : pj(x) =0, V1 < j < m}. (2.1)

This is the real variety of P if K = R and the complex variety of P if K = C.
The real ideal generated by P = {p1,...,pm} C R[z] is:

(P)p = (1, s Pm)p = {101+ o+ fonbm ¢ f; € Rz],V1 < j <m}. (2.2)

We denote a monomial by z% := z{* - 24", where o € N, N is the set
of nonnegative integers. The degree of the monomial is |a| := |al1 =
a1+ -+ ag. It is clear that the degree of each monomial satisfies |a| < d,
the degree of the polynomial. Throughout this paper we use graded reverse
lexicographic order, grevlex, to order the set of monomialsE

We can rewrite the system of m polynomials, P, as

P= Z agax® k=1,...,m . (2.3)

jal<d

This order respects the Cartan class of variables, which is important in our
numerical determination of the geometric features of the polynomial systems
such as those in Definition [3.3] below.

IThis is often called grevlez in the literature. It compares the total degree first and
then compares exponents of the last indeterminate but while reversing the outcome so
that the monomial with smaller exponent is larger in the ordering.
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Definition 2.1 (Coefficient matrix of P, C(P)). Let 2{=% = (z) be the
column vector of monomials ® with 0 < |a| < d ordered as in grevlex above.
Suppose that the coefficients ay o in are similarly ordered. Then define
the coefficient matriz of P by C(P) = (ak,q)-

The following lemma follows immediately.

Lemma 2.1. With C(P), =9 defined in Deﬁnition we have
P = C(P)=?, (2.4)

d+n

with C(P) € R™NMA) gnd N(n,d) := ( J

> is the number of mono-

mials in (=D,

The well known presentation of polynomial systems as linear functions
of their monomials along with the related coefficient matrix and its kernel
and rowspace has been exploited in [37-39,/46] and in the historical work by
Macaulay |36]. For an introductory example see [41].

2.2 Moment matrices

Moment matrices M (u) arise as a means of representing real polynomial
systems. We outline the procedure for finding M (u) in Algorithm For
theoretical background the reader is directed to e.g., [2,[31].

A moment matrix is an infinite real symmetric matrix M = (M, g) with
indices corresponding to the indices of the monomials o, 5 € N". Here « is
the index for rows and (3 is the index for columns. Without loss of generality,
we assume that Mpo = 1. The matrix arises from considering the product
of monomials z®2” = 2®# and then the correspondence uqy <+ % extends
to the formal correspondence z®z? «» Un3-

Definition 2.2 (Moment matrix). Let u = {uq : @ € N, |a| < d} € RN
be a vector of indeterminates where the entries are indexed corresponding to
the exponent vectors of the monomials in n variables of degree at most d.
The degree d moment matriz of u is a N(n,d) x N(n,d) symmetric matric
with rows and columns corresponding to monomials in n variables of degree
at most d, and defined as

M(u) = [uats] 0 1p1<a-

Given a multivariate polynomial system P C Rlz| with d = deg(P) we
let M denote the truncated moment matrix.
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Lemma 2.2. The truncated moment matriz M € Siv(n’d). The linear con-

straints imposed by P from (2.4) are C(P)M =0, where C(P) is the coeffi-
cient matriz function given in Definition [2.1]. O

Example 2.1 (Moment matrix for univariate example x = (z1)). The mo-
ment matriz in the univariate (n = 1) case is the infinite matriz whose
(o, B) entry is uq4p and o, B € N given by:

Up Ul U2 U3 U4
up U2 U3 U4 Us
U2 U3 U4 Us Us
uz Ug U5 Ue U7
Ug U5 Us U7 US

Note that is a Hankel matriz. Let us associate u, < z%. Then we

recover the polynomial equation using the coefficient matrix as C(P)I(Sd).
This implies that in terms of the moment matriz, we get C(P)M (u) = 0.

Algorithm 2.1: M- Moment Matrix

1 Input( P C Rlzy,...,zy,]. Set d := deg(P));

2 Use an SDP method to find a maximum rank moment matrix M (u*)
with the additional coefficient constraint C'(P) M (u*) = 0;

3 Output( M(u*) > 0, the maximum rank moment matrix)

3 Geometric involutive bases

In this section we introduce the basic objects for geometric involutive bases.
Algorithm m finds the GIF. For more details and examples see [9,41].
Involutivity originates in the geometry of differential equations. See
Kuranishi [29] for a famous proof of termination of Cartan’s prolongation
algorithm for nonlinear partial differential equations. A by-product of these
methods has been their implementation for linear homogeneous partial dif-
ferential equations with constant coefficients, and consequently for polyno-
mial algebraic systems. See [24] for applications and symbolic algorithms for
polynomial systems. The symbolic-numeric version of a geometric involutive
form, GIF, was first described and implemented in Wittkopf and Reid [47].
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It was applied to approximate symmetries of differential equations in [9]
and to polynomial solving in [40,/42,43|. See |51] where it is applied to the
deflation of multiplicities in multivariate polynomial solving.

Definition 3.1. Let P be a finite subset of R[x] of degree d. The k-th
prolongation of system P is

~k

D (P) :={2%p: 0 < deg(z®p) < d+ k,a € N*, p € P}.

~k
For example D (P) for P = {2? —x—1,2y—y—1} consists of P together
with the 4 polynomials in

r(@?—x—-1) = 23—22-2
vy —y—1) = 2%y —ay—=x (3.1)
y(@* —zx—-1) = 2Py—ay—y '
yley—y—1) = zy® —y* -y

We can project by eliminating higher degree monomials in favour of lower
degree ones. In the prolonged system we can project the system from degree
3 to degree 2 by eliminating the highest degree term 2%y that occurs in the
second and third equations of to obtain the new projected equation
y—ax=0.

Definition 3.2. Given a subspace V of J% := RN gnd m < d, define
7™ (V) as the vectors of V with the components of degree > d — m dis-
carded. Given P C R[x] of degree d define 7" (P) := n™ ker C(P). The k-th

prolongation of the kernel is D*(P) := ker C’(z\)kP).

See for example [43] and the references in [41] for the stable numerical im-
plementations of this paper’s operations using SVD methods. In Remark 3.5
of [41] we discuss how prolongation and projection can equivalently be com-
puted in the kernel or rowspace, and how polynomial generators can always
be extracted. Underlying this is a 1 — 1 correspondence between the relevant
vector spaces (not elements).

Definition 3.3 (Symbol, class and Cartan involution test). Suppose
P C Riz] of degree d. The symbol matriz S(P) of P is the submatriz of C(P)
corresponding to its degree d monomials. Then the class of a monomial x®
is the least j such that o # 0.

Suppose that the columns of S(P) are sorted in descending order by
class and that it is reduced to Gauss echelon form. For &k = 1,2, ..., n define
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the quantities ﬁc(lk) as the number of pivots in this reduced matrix of class
k. In a generic system of coordinates the symbol is involutive if

k=n
S kB = rank S(DP) (3.2)
k=1
Suppose @ C R[z] has degree d’ and a basis for ker C'(Q) is given by the
rows of the matrix B. To extract the Bék) in at projected degree d < d’
we first numerically project ker C(Q) onto the subspace J¢ by deleting the
coordinates in B of degree > d to give a spanning set B for 7% ~%Q. Then
delete the columns in B corresponding to variables of degree < d to obtain
a matrix Ay corresponding to the orthogonal complement of the degree d
symbol. Let Agg) be the submatrix of B with columns corresponding to
variables of class < k. In generic coordinates for k=1...n:

Bék) = < n+§:ll<:—1 ) — (rank Afik_l) — rank Afp) .

Then the SVD can approximate the ranks in this equation for carrying out

the Cartan Test (3.2]).

Definition 3.4 (Involutive System). A system of polynomials P C Rlz| is
involutive if dim w1 DP = dim P and the symbol of P is involutive.

Definition 3.5. Let P € Rz] with d = deg P and k, m be integers with
k>0and 0 < m < k+d. Then 7™DFP is projectively involutive if
dim 7 DFP = dim 7™t D* P and the symbol of ©™DFP is involutive.

In [9] we proved that a system is projectively involutive if and only if it
is involutive. In Algorithm we seek the smallest k£ such that there exists
an m with 7"DFP approximately involutive, and generates the same ideal
as the input system. We choose the system corresponding to the largest
such m < k if there are several such values for the given k.
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Algorithm 3.1: GIF: Geometric involutive form

Input( P C Rlz1,...,x,); tolerance €.);
Set k:=0, d := deg(P) and B for ker C(P), J ={} ;
while J # () do
Compute DF(P); initialize set of involutive systems I := {} ;
for j from 0 to (d + k) do

Compute R := 1/ DF(P);

if R involutive then

| I:=TU{R}

end if
end for
11 Select all R from I: D¥*~4R C D*(P) where d = deg(R) ;
12 Place the selected involutive R from I in the set J ;
13 k=k+1
14 end while
15 Output( Return R = GIF(P) the polynomial generators of the
involutive system in J of lowest degree.)

© 0w N O Ok W N

=
o

The degree of the geometric involutive basis in our method can be lower
than that given in [33}34] since Algorithm updates the generators with
projections. However, in the absence of a proof of determination of the real
radical, we conclude that the larger moment matrices of [34] can capture
new members of the real radical in situations where our method has already
terminated.

Additional discussion and examples are given in the long version of our
work [41].

4 Combining the moment matrix and geometric
involutive form algorithms

The complete method that combines the moment matrix and geometric
involution techniques is given in Algorithm

Recall that M = M(u) = (M,) denotes the moment matrix indexed
by a, B for rows and columns, respectively. And, d = deg(P), M € SN,
and the linear constraints imposed by our system of polynomials P C R[z]
are given using the coefficient matrix C(P)M = 0. We let (P)y denote the

10
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associated polynomial ideal and let
V(P)g = {feRx]: "+ ¢} € (P)g,q; € Rlz],m € Ny}
j=1

denote the RRI generated by polynomials P over R. A fundamental result [4]
that is a consequence of the real nullstellensatz is

V(P)g = {f(z) € R[z] : f(x) = 0,Vz € V&(P)}.

Algorithm proceeds by putting the polynomials into GIF using Al-
gorithm we then solve the related moment matrix problem using Algo-
rithm These two steps are iterated until satisfaction of the Rank-Dim-
Involutive Stopping Criterion that is » = d. If the ideal generated by
the input system is zero dimensional then the output is a GIF for the real
radical. If the input system is positive dimensional, then the output is a
GIF for an intermediate idea between the input ideal and the real radical.

Algorithm 4.1: GIF — SDP Method

1 Input( P ={p1,....,06} C Rlz1,...,24));

2 Set Py:=P, j:=0;

3 while r = d do

4 d := dimker GIF(P;), Pjt1 := GIF(P;));

5 Find v* € RVNM™2d): M (u*) = 0,C(Pj41)M(u*) = 0 (Described in

Algorithm ;

6 r:=rank(M(u*)), Pjyo := gen(kerM(u*));

7| ji=j+2

8 end while

9 Output(Pj11 C R[zq,...,xy,); Pj41 is in geometric involutive form ;
Pl 2 (Pide 2 (Pla)

The Algorithms and [4.2 are subroutines for our principal Algo-
rithm (.11

Algorithm 4.2: gen

1 Input( ker M(u*) where M(v*) is the optimal max-rank moment
matriz.);
2 Output(Polynomial generators corresponding to ker M(u*))

11
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Remark 4.1 (Rank-Dim-Involutive Stopping Criterion). A natural
termination criterion used in Algorithm s that the generators stabilize
at some iteration and the system is involutive:

gen(GIF(P)) = gen(ker M(u™)) and P involutive, (4.1)

where u* corresponds to the optimal moment matrix M(u*). From results
in [30], (gen(ker M(P;11))) is a sequence of ideals containing ¥/(P) . We
get an ascending chain of ideals in a Noetherian ring R[z,...,x,]. Hence,
together with the finiteness of the Cartan-Kuranishi geometric involutive
form algorithm, Algorithm [{.1] terminates in a finite number of steps.

5 Facial reduction and projection methods

In this section we describe the facial reduction and projection methods for
finding feasible solutions for the moment matrix feasibility problem. Our
moment problem is given in Problem where M (u) implicitly denotes the
moment matrix constraints, i.e., the intersection of the space of generalized
Hankel matrices with the semidefinite cone.

Problem 5.1 (Moment Matrix Feasibility Problem). Let C = C(P) be a
given N (n,d)xm (coefficient) matriz of full column rank. Find u € RN(2d)
so that

CTM(u)=0, M(u);=1, M(u)>D0.

5.1 Representations for linear constraints for moment prob-
lems

An important initial step for our methods is building an efficient (onto)
matrix representation for the linear constraints on the moment matrices
resulting from the polynomial systems. Recall that we introduced moment
matrices informally by a simple example in Section see also Definition
Let uq = U(q,,. o, Where a € N" and the degree of u, is [a] =
a1+ ...+ an. Let (ugg<q)) be an array of the uq’s with 0 < |a| < d and
sorted in grevlex order as described above.

Consider a truncated moment matrix M (u) = (Ua48)a,8eNm |af,|8|<d- L he
generalized truncated moment matrix can be represented as follows, where

(fi(w), fi(w))s = uli) + u(j)-

12
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We assume the length of (u(4<g)) is & + 1. (We provide a formula for k in
Algorithm [5.1| below.)

(folw), fo(w)s  (fo(w), fr(w))s (fo(u), fa(w))s .. (folw), fu(u))«
(fi(uw), folw)s  (fr(u), fr(w))s  (fr(u), fa(u))s ... (fi(w), fu(u))s
M(u) = | o) fo(w)  (folw), fr(w)) (fa(u), fa(w)) .o (f2(u), fi(u))

el folwhe (ulw) i(w)e (il fo@))s - (Fiulu), fulw)s

In the univariate case the moment matrices have Hankel structure as
shown in (2.5)). In Tablewe display a truncated bivariate moment matrix
partitioned into block submatrices having the same degree. Notice that the

) U1g Ul U0 U1 Uo2 u3z0 U1 U2 Up3 |
U10 Uzp Uil Uzp U1 U12 Ugp U1 U222 U3
Uo1 Uil Up2 U1 U2 UQ3 U3zp U2 U3 Up4
U20 uzp  U21 Ugp UL U22 Us0 Uq1 U2 U3
M(u) _ Uil U21  Ui2 Uzl U2z U3 Ug1 U3z U223 Ul4
Up2 U2  Up3 U2 U3  Uo4 U3z U3 Ui4 UQs
uso Uqgp  U31 Us0 Uq1  U32 Ugo Us1 U442  U3Z
U1 Uzl U2 Ug1 U3z  U23 Us1  Uqz U3 U4
u12 Uz2 U3 Uz2 U233  Ul4 Ug2 U3z U4 Uls
L Uo3 U3 Uo4 U23 U4  UQ5 U3z U4 U5  Uge |

Table 5.1:  block partitioned bivariate moment matrix; submatrices have
same degree

matrix in Table 5.1] is not Hankel. However each of its block matrices is
rectangular Hankel; though even this feature is lost for multivariate moment
matrices in more than two variables. As mentioned above, without loss of
generality we assume that ugy = 1.

Besides being a symmetric matrix, the moment matrix also has other
linear constraints among its entries. One can easily see these constraints
in the truncated univariate matrix and bivariate matrix in Table
An important requirement of our projection methods is to maintain these
constraints. For example, in the bivariate case above, the matrix elements
M (u)14 = M (u)22 are both equal to ugg. We now outline a simple algorithm
to find a non-redundant matrix representation of these constraints in the
general n variable case. To list these constraints we start from the first row
and traverse the matrix from left to right across the rows and then traverse
the rows from top to bottom. Note also that we only need to examine entries
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above the main diagonal since the matrix is symmetric.

For M(u) in Table the first linear constraint traversing from the
first row is M(u)14 = M(u)22. We denote e; as the i-th unit vector and
E;; = %(eiTej +ejTei) as the j-th unit matriz. To impose this first constraint
on a matrix M € S_’ﬁ“, we construct matrix As = F99 — F14. The constraint
is then given by

<A2, M> = trace((E22 - E14)M) =0.

Since we always assume M (u)1,1 = 1, we need to set A; = Ey;. We can
similarly construct As, A4, -+, A, where r is the number of the total lin-
ear constraints. We denote A; the matriz representative of the t-th linear
constraint.

Algorithm 5.1: Matrix representation of moment matrix constraints

1 Input(d,n) (d is the degree, n is the number of the variables) ;

2 Compute k := N(n,d) — 1 = ( d—gn > -1

3 Initialize an array T' = (o (<q)) of length k + 1, T'(4) is the i-th
element of 7.

4 Initialize an array S = (s) of length k + 1 with the i-th element

S(i) = [(1,4); T(3)].
5 Let t =2 and A; = Fyy. for i from 2 to k+ 1, do

for j fromitok+1, do
if 3g,h,a with s =[(g,h);a] € S such that T(i) + T(j) = «
then
| A =Ejj—Eg, t=t+1

else

10 Adjoin a new element s = [(7,); ] to S where
a = T() +T(j)

11 end if
12 end for

13 end for

14 Output( Return an array of (k + 1) x (k + 1) matrix representatives
{A:} where t € £, £ ={1,2,...,r} and r is the total number of the
linear constraints.);

Algorithm [5.1] determines all the (non-redundant) matrix representatives
of the linear constraints of the multivariate moment matrix. For example, if
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the input is (d,n) = (2,2), then T' = [(0,0),(1,0),(0,1),(2,0),(1,1),(0,2)]
and

S = [[(17 1); <O70)]7 [(17 2); (L 0)]7 T [(17 6)7 (07 2)“

There are no redundant constraints produced by this algorithm. This
avoids having an overdetermined linear system.

5.2 First step of facial reduction

Semidefinite programming has become an important tool in many areas of
optimization and algebraic geometry, e.g., |2,8,/48]. The semidefinite cone
Si has been extensively studied and the facial structure is well understood.
If X € S’ , then we let face (X, S’ ) denote the smallest face of S'. contain-
ing X. Andif f is a face of S, denoted f < S, then the conjugate face

is f¢ .= ft NSL. Let X = [U V] [g 8] [U V]T be the spectral de-

composition of X with [U V] orthogonal and both D € S, and diagonal.
Then
face (X,St) = USTUT
= {Yes&, : vy =0}
= {Y e S :trace(VVT)Y = 0}.

Similarly,
face (X, S8 )¢ = VS{'VT

{ZeS :UTZ=0}
= {Z e St :trace(UUT)Z = 0}.

Problem 5.2 (Moment Matrix Feasibility Problem). Our main problem is
the following feasibility problem for the moment matrix M :

AM)=b=e;, B'™M=0 MecS, (5.1)

Here k and the linear transformation A is obtained from Algorithm [5.1}
A(M) = (<At’M>)Vteg € R™L. The full column rank matriz B is obtained
from the coefficient matrix in Definition and equation ([2.4)).

The following Theorem provides the details of the system after 1 step
of facial reduction obtained by applying the coefficient matrix constraint to
the moment matrix, i.e., BTM = 0. Recall from Algorithm we get an
array of representing matrix A;’s wheret € £, £ = {1,2,...,r}.
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Theorem 5.1 (First step facial reduction). Let B € RN()X™ pe g5 above
and full column rank. Let V € RNdx(N(d)=m) gotisfy VIB = 0 and
[B V] nonsingular. Let

A =VTAV, YieE={1,2,...,r}

and define the linear transformation A : SN(md—m _y Rrx1 py,

A(P) := ({(At, P)) ¢ - (5.2)

Then Problem s equivalent to
A(P)y=b ~ PesYmdm (5.3)
where we can recover the moment matric using M = VPVT. O

Note that for stability, we need to process the linear constraint .
further to obtain an equivalent linear system A( ) = b where A is an onto
map.

5.2.1 Potential second facial reduction

Our initial semidefinite moment problem is a feasibility problem of the form
BTM(u) =0, M(u) >0, (5.4)

where B is a given coefficient matrix and the moment matrix M (u) is a
linear function of the variables u. Constraints on M (u) are described in
Section In Section the problem is changed to equality form and
then uses facial reduction to get the form

A(P) = b, P = 0. (5.5)

This form includes the first step of facial reduction using the matrix B, see
Theorem and .

The projection methods behave poorly, converge slowly, when the Slater
condition fails, e.g., [18]. We therefore attempt to apply further steps of
facial reduction and reduce system until a strictly feasible point exists.
We use the following theorem of the alternative or characterization of a
strictly feasible point; see e.g., [13]:

3P, A(P) =b,P = 0
) — (5.6)
Z=Ay>=0,bly=0 = Z=0.
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Note that if a Z # 0 can be found satisfying the left part of the bottom half
of (5.6) and for the top half P = 0, A(P) = b, then

0=>bly=(A(P),y)=(P,Z) = PZ=0 = range P C null Z.

Therefore, if the full column rank matrix W satisfies range W = null Z, then
we can facially reduce the problem to a lower matrix P using the substitution
P =WPWT, ie., we can restrict the feasibility problem in to the face
WS . wT,

We can implement the test in (5.6 in several ways. One way is to solve
the following minimization proble

p* := min %(BTyf
st. Z = .A_*y =0
trace A*y = 1

where
Aty = Z(Aty).
t=1
If the objective p* is 0, then it implies we may need a second facial

reduction. A stable approach, in the sense that strict feasibility holds, to
solving this auxiliary problem is given in [13] as

max o

st. Z=A% =61
EraceZ =1 (5.7)
by =0

5.2.2 Backward stability for facial reduction steps

We now see that we can find the equivalent facial reduced problem efficiently
and accurately. We start with the Moment Matrix Feasibility Problem in

).
AM)=b=e, B"™M=0 MecSY™

As above, B € REtDxm and is full column rank. We apply the QB fa~c—
torization and numerically obtain the output B ~ QR, where ) = [U V]

is orthogonal, and R upper triangular with the last m rows being zero, see

2 This can be implemented in e.g., CVX using the norm function or absolute value
function for the objective, i.e., we minimize |bTy| rather than using the squared term.
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e.g., [25]. The QR factorization is backwards stable, i.e., we get the exact
equation

loBl} _
1B
Thus we have ezxactly found the QR factorization of a nearby matrix. We
then use Theorem to obtain the facially reduced problem in i.e., we
form the matrices A;. The matrix V has orthonormal columns. Therefore
the congruence is a backward stable operation and we have

QR =B+ 5B7 O(Emachine)v (58)

164 _
T4

At = VT(At + 5At)‘77 O(Emachine)v\Wf €& = {1a 2,... 7T}' (59)
Therefore, we can combine the above two steps and conclude that the first
step of facial reduction is a stable operation, i.e.,

AP)y=b,  Pesyrmdm (5.10)

is obtained efficiently and accurately; we have found the ezxact facial reduc-
tion of a nearby problem.

Note that we then use a singular value decomposition to remove the
redundant linear constraints so that the linear map A in the resulting lin-
ear constraints can be assumed to be onto. This can be done using the
SVD factorization, again a backwards stable algorithm. We have shown the
following.

Theorem 5.2 (Backward stability of first FR). The first step of facial
reduction is backward stable. More precisely, we find a linear system ([5.10))
with A onto and equivalent to a nearby system to the original moment matriz

feasibility problem in the sense of (5.8) and (5.9). O

We do not include the analysis for a second step of facial reduction. This
is more difficult as we need to include the accuracy in solving the auxiliary
problem for the theorem of the alternative discussed in Section Such
an analysis can be found in |13, Theorem 1.38].

5.3 Projection methods

We now consider two projection methods. We first consider the method of
alternating projection, MAP and use the defined projections to introduce
the Douglas-Rachford reflection-projection method. It is the latter method
that we implement as it displayed better convergence properties in our tests.
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5.3.1 Method of alternating projections, MAP

The method of alternating projections, MAP, is particularly simple, see
e.g., the recent book [22]. Let s2vec denote the mapping (isometry) from a
matrix to a column vector taken columnwise with the off-diagonal elements
multiplied by /2. Let s2Mat = s2vec* = s2vec™! be the inverse mapping
from a column vector to a matrix. The inverse here is identical to the adjoint
map. Let L = (s2vec(A4;)T)ice denote the matrix representation for A in

Theorem ( s2vec(Ay)T is the t-th row of L).

We begin with an initial estimate, e.g., P, = al € Siv " for a large
a > 0. There are two projections we use to update the current point P..
First, we look at P, the linear manifold projection. We map P, to a column
vector p. = s2vec(F,), then for the linear system Lp = b = e; where L has
full row rank, we solve the nearest point problem min {%H p—p3: Lp= b},
i.e., we find the projection onto the linear manifold for the linear constraints.
We use LT, the Moore-Penrose generalized inverse of L. The residual and
the p; satisfying the minimization problem are then

(nvd)_

re = b— Lp,; P = pe+ Lir,. (5.11)

Second, we project the updated symmetric matrix Pr, = Pr(P.) = s2Mat(p;)
onto the semidefinite cone using the Eckart-Young Theorem [20], i.e., we di-
agonalize and zero out the negative eigenvalues. We denote Ps, , the positive
semidefinite projection and get the new positive semidefinite approximation
Ps, (Pr).

We repeat the projection steps in Items described above till a
sufficiently small desired tolerance is obtained in the norm of the residual.

1. Evaluate the residual r. = b — Lp.. Use the residual to evaluate the
linear projection and obtain the update

PL = PE(PC)'

2. Evaluate the positive semidefinite projection using the Eckart-Young
Theorem and update the current approximation

Ppsp = Ps, (Pr).

3. Update the cosine value in (5.12)). Then update P, = Ppgp.

The (linear) convergence rate is measured using cosines of angles from three
consecutive iterates

trace ((Pr — )" (Ppsp — PL))> (5.12)

cos(0) =
(6) < 1Py — Bl | Psp — Po)l
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5.3.2 Douglas-Rachford reflection method

Recall the projections defined above Pr, Ps,, Ppsp. We want to find, see

©3),
PegnsYm D= where G:= {P: A(P) =b=R}.

We now apply the Douglas-Rachford (DR) projection/reflection method [16].
(See also e.g., [3,/10].)
Using the QR algorithm applied to B to find V and A, we start with an
initial estimate
Py=al € Siv(n’d)_m for some o . (5.13)

Define the refiections R., Rpsp : Siv(n’d)fm — Siv(n’d)fm using the corre-
sponding projections, i.e.,

Re(P) :=2Ps(P)— P, Rpsp(P) := 2Ps, (P) — P.

e Initialization: We set our current estimate P, = F,. We calculate
the residual Resp = R — A(F.), set normres = ||Resz||, denote the
reflected residual Resrefl; = Res, and reflected point Rpsp = P..

o Iterate: We continue iterating from this point while normres > toler,
our desired tolerance.

o 1. We use Resrefly to project the current reflected PSD point
Rpsp onto the linear manifold to get the projected point Py =
Rpsp + s2Mat(LTResrefl;). Then we reflect to get our second
reflection point Ry = 2P, — Rpsp.-

2. At this time we set our new/current estimate for convergence to
be Py = Ppew = (P.+Rpr)/2.

3. We now project P. to get Ppsp = Ps,(P.). We check the
residual here for the stopping criteria normres = ||Resz| =
IR — A(Ppsp)]|-

4. We now calculate the first reflection point Rpsp = 2Ppsp — P,
and update the reflected residual Resrefl; = R — A(Rpsp).

Also according to the basic theorem on the convergence of the sequence
e (Xk), 5 [10, Thm 3.3, Page 11], the residuals of the projections of the
iterates on one of the sets have to be used for the stopping criteria. We use
the residual after the projection onto the SDP cone since we want our final
matrix to be semidefinite.
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Algorithm [5.2)summarizes our Facial reduction & Douglas-Rachford method.

Algorithm 5.2: FDR method

1 Input( Degree of system d, number of variables n, a N(n,d) x m
coefficient matrix B) ;

2 Compute the matrix representation A using Algorithm ;

3 Use QR to find V s.t. VIB =0 and [B V] nonsingular; compute

the matrix representation L of the linear transformation A described

in Theorem ;

Start at an initial point Py satisfying .;

Iterate: Pjiq = %(Pj + RPSD(RL(Pj))a forall j =0,1,...;

Stop if normres < toler.;

Output( A PSD N(n,d) x N(n,d) moment matrizx M =V P;;,VT.)

Lo =T L BN

Our empirical studies showed that the Douglas-Rachford approach out-
performed MAP and also outperformed the SeDuMi interior point method
within the YALMIP toolbox. Though the Douglas-Rachford iteration has
only a linear convergence rate, the method converged robustly to the inter-
section of the linear constraints and the semidefinite cone. We not that for
two subspaces, the linear rate for the method is given by the cosine of the
Friedrichs angle between them, see e.g., [5,6]. Details on the numerical tests
follow.

6 Numerical experiments

In this section we present the numerical tests for the GIF-Moment Matrix
Algorithm that combines the Geometric Involutive Form with an SDP
solver. We consider the two SDP feasibility solving algorithms: the FDR
Algorithm with facial reduction and the standard interior point solver
SeDuMi but without facial reduction. GIF is combined with the two SDP
approaches to yield GIF-FDR and GIF-SeDuMi, respectively.

In Section [6.1| we consider a class of random univariate polynomials with
varying degree d. The results are displayed in Figure [6.1] on page 23] and
Figure [6.2] on page Results for the examples given in Sections [6.2] and
[6.3] are summarized in Table page

We used MATLAB version 2014a and Maple version 18. The computa-
tions were carried out on a desktop with ubuntu 12.04 LTS, Intel Core™™?2
Quad CPU Q9550 @ 2.83 GHz x 4, 8GB RAM, 64-bit OS, x64-based pro-
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6.1 A class of random univariate polynomials

We first consider root finding for polynomials of the form
pd(:L') =aq0+ a41 T+ aq2 z? + -+ agqq a:d, d=1,3,5,--- (6.1)

where aqj ~ N(0,1). A famous early work on random polynomials such as
is given by Kac in [27] Who derived an integral formula for the average
number of real roots of pg(z

d+ 1) ¢2d
=y ¢ - 62

An asymptotic form for large d was determined to be F; ~ %log (d) +
0.6257358072... + 2 + O (&), e.g., [21] and the references therein.

We applied GIF-FDR and GIF-SeDuMi to the random polynomials pg(z)
for odd degrees d with 3 < d < 51. For each odd degree j, 10 sample random
polynomials were generated by selecting their coefficients as independent
samples from N(0,1). Algorithms GIF-FDR and GIF-SeDuMi were then
applied to approximate the minimal polynomial generating their real radical.
The residual error for each polynomial at odd degree 7 was computed by
substituting that roots of the minimal polynomial into the original input
polynomial |p;|. The average of the logy of all these 10 residual errors was
computed for each degree j. We also checked that the mean number of the
real roots of these samples was approximately given by .

We report on the comparison of the average residual errors versus degree
in Figure It is clear that GIF-FDR consistently obtains significantly
better accuracy than GIF-SeDuMi. Figure [6.1] also contains comparison for
cpu-time. Each instance was solved by GIF SeDuMi first and the residual
error recorded. This error was then used for the desired residual error when
applying GIF-FDR. The average cpu-times per degree are plotted. Again
we see that GIF-FDR performed consistently better even though it has a
theoretical linear convergence time whereas interior point methods have a
theoretical superlinear convergence time. In Figure[6.2) we used the popular
performance profile approach [15] with the following performance profile
function

size{pe P :rps <7}

ps(T) = size(P) ’

s=1,2 (6.3)

22



423

424

425

426

427

428

429

Figure 6.1:
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Comparison in residual and cputime of GIF-FDR vs GIF-

SeDuMi for random polynomials pg(z) = chad,jxj at odd degrees 3 < d <51
with aq; ~ N(0,1).

where P is the set of problems and 7, s is the ratio of the performance of
solver s to the best performance by any solver on this problem p. These
figures show FDR (s = 2) has outperformed SeDuMi (s = 1) in residual and

cputime.

—— SeDuMi(s=1)
—o—FDR(5=2)

08 =

=
—+— SeDuMi(s=1)|
—©—FOR(s=2)

Figure 6.2: Performance profile of GIF-FDR vs GIF-SeDuMi for random
polynomials py(z) = Sfay; 27 at each odd degrees 3 < d < 51 with ag; ~
N(0,1). The profile function used is (6.3)).

6.2 Examples of Ma, Wang and Zhi

Ma, Wang and Zhi present an approach using Pommaret Bases cou-
pled with moment matrix completion to approximate the real radical ideal
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of a polynomial variety. We applied our approach to [34, Examples 4.1-4.6],
with the results shown in Table In each of the examples we first applied
GIF-FDR and then GIF-SeDuMi (i.e., FDR replaced with SeDuMi SDP
solver). In each case we obtained a geometric involutive basis which can be
independently verified as a geometric involutive basis for the real radical.
In [34] Pommaret bases are successfully obtained for the real radical for
these examples.

Here are the 6 systems of polynomials corresponding to the examples
in [34]:

2 2
{z] + 1290 — T123 — T1 — T2 + T3, T1T2 + TH; — Tox3 — T1 — T2 + T3,

T1T3 + T3 — CL‘% —x1 —xo + T3} (6.4a)
{2? — 9, z129 — 23} (6.4b)
{22+ 22+ 22 -2 22 423 — 23} (6.4c)
{22 + zox3 — 23, wiw3 4 21200 — 23, Towy + 235 + 27 — 11} (6.4d)
{(z1 — 22) (1 + 22)* (w1 + 23 + 12), (z1 — z2)(x1 + 22)%(2? + 23)} (6.4¢)

{(z1 — x2)(x1 + x2) (21 + 37% +x2), (21 —z2)(z1 + 332)(37% + 37%)7
I Z 1, xI9 Z 1} (6.4f)

System for (34, Example 4.1]: The first step of applying Algorithm
is to use Maple and apply the GIF Algorithm page with input
tolerance 1010 to . This shows that the system is already in geometric
involutive form. The corresponding Pommaret basis is given in |34, Example
4.1]. The Pommaret basis looks different from the system, but is just a
linear combination of the system’s polynomials to accomplish the Grébner-
like requirement for its highest terms under the term ordering prescribed in
the problem. The resulting coefficient matrix of this GIF form, is a full rank
m = 3, 3 x 10 matrix which is input to the FDR algorithm. The dimension
of the kernel for GIF form is d = 7. Since the coefficient matrix has rank
m = 3, one facial reduction yields a reduced (10 —m) x (10 —m) =7 x 7
moment matrix. Application of the FDR algorithm yields convergence in
2 iterations and 0.02 secs, with a projected residual error of 107, These
statistics are shown in Table[6.1] The output of FDR is a full 10 x 10 moment
matrix of rank r = 7. Since d = 7 = r, Algorithm terminates with the
input system as its output. It can be checked that the ideal generated by
this system is real radical.

For comparison, application of GIF-SeDuMi to using a tolerance
of 1071 in Maple resulted in a residual error of 10719, as listed in the last
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column of Table and an approximation of the generators of the real
radical.

System for |34, Example 4.4]: This is very similar to the previous
system (6.4a). As [34] notes the coordinates for this example are not delta-
regular, which they and we remedy by a linear change of coordinates. We
show that the original system is geometrically involutive, which is equivalent
to the determination of a Pommaret basis by [34]. Just as in the previous
example, we form a 10 x 10 moment matrix from the GIF form, which
is transformed by one facial reduction to a 7 x 7 matrix. There are no
additional facial reductions, and the full moment matrix and its rank r are
determined. We find that dimension of the kernel for GIF formisd =7 = r,
so Algorithm terminates with the input system as its output. It can be
verified the the output is a GIF form for the real radical of the ideal.

Application of GIF-SeDuMi to using a tolerance of 10~® in Maple

resulted in a residual error of 1078 and an approximation of the generators
of the real radical.
System (6.4b) for [34, Example 4.2]: This is quite similar to the sys-
tems (6.4b)) and (6.4d)). Our methods are similarly efficiently applied to this
system. Our GIF algorithm first applied one prolongation to the second
system to yield a degree 3 system. After projecting from this de-
gree 3 system it shows that the resulting degree 2 system is involutive and
consists of 3 polynomials. This degree 2 system is geometrically equivalent
to the Pommaret basis found by [34]. This system is simply the original
2 polynomials, together with their compatibility condition or S-polynomial
x2(2? —29) — 21 (v122 — 73) = 2123 — 3. Thus the input system R is replaced
with TDR represented by its 3 x 10 coefficient matrix. The resulting 10 x 10
moment matrix is facially reduced to a 7 x 7 moment matrix. As in the
previous examples, no new relations are detected in the kernel of the output
matrix of the FDR method, d = r = 7 and the algorithm terminates. It can
be verified that the GIF form is a basis for the real radical ideal of the input
system.

Application of GIF-SeDuMi to using a tolerance of 10~ in Maple
resulted in a residual error of 107 and an approximation of the generators
of the real radical.

Unlike the systems ([6.4a]),(6.4b)),(6.4d), the remaining three systems
(6.4c)),(6.4€]),(6.41) of [34] lead to new members in the kernel of their moment
matrices.

System for |34, Example 4.3]: Our initial application of FDR
showed slow convergence. However a random linear change of coordinates
applied to the input system R dramatically improved the convergence. Ap-
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plying the GIF algorithm we found that DR is involutive and has a 8 x 20
coefficient matrix. The dimension of its kernel is d = 12. Applying the FDR
algorithm, we obtain a PSD moment matrix with rank » = 7 # d so the
algorithm has not terminated. The new member of the real radical arising
in the moment matrix kernel can be alternatively derived by hand by elimi-
nation of two of the systems polynomials: 2% +x3 + 2% —2— (23 + 23 —23) =
23 +x3 — 2 = (w3 + 2)(w3 — 1). Then noting, as explained in [34], that only
the root x3 = 1 leads to real solutions. The GIF form of the new system
from the kernel of the moment matrix is computed which has degree 2. Its
coefficient matrix is 5 x 10 and has kernel of dimension d = 5. After ap-
plying FDR algorithm, the second PSD moment matrix then was computed
quickly and accurately as a 10 x 10 matrix. The rank of the second moment
matrix is r = 5 = d, so our algorithm has terminated. It can be checked
that the output is equivalent to that found by [34] and that the resulting
GIF form is a basis for the real radical.

Application of GIF-SeDuMi to using a tolerance of 10~® in Maple

resulted in a residual error of 1072 and an approximation of the generators
of the real radical.
System for |34, Example 4.5]: Direct application of Algorithm
to (6.4€) is relatively inefficient. Instead of this approach we consider an al-
ternative subsystem approach which has the potential to be applied to larger
systems. Exploiting subsystem structure is a long established approach in
system solving.

We apply Algorithm to the subsystem consisting of the first polyno-
mial of P| = (z1 —x2)(z1 +22)? (71 + 23 + x2) of (6.4¢). The GIF form of Py
is just P, and its coefficient matrix is 1 x 21 matrix with a kernel of dimen-
sion d = 20. The corresponding moment matrix is 21 x 21, which is reduced
to a 20 x 20 matrix after one facial reduction. It has rank r = 18 # d. So
the algorithm has not terminated, and new members of the real radical are
identified from the kernel of the moment matrix. The new system is degree
5 and has 3 polynomials. Algorithm GIF shows that the first projection
of this system is involutive and is a single fourth degree polynomial. Its
coefficient matrix is 1 x 15 and its kernel has dimension d = 14. The FDR
algorithm produces a 15 x 15 positive semidefinite moment matrix with the
rank being r = 14 = d. The algorithm terminates to coefficient errors within
10719 with output as a single polynomial which is approximately:

(w1 — @2) (w1 + w2) (w1 + 23 + 2) (6.5)

It can be checked that (6.5)) is a geometric involutive basis for the real radical
for the ideal generated by P;.
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Similarly we apply Algorithm to the second polynomial of ((6.4e)
which is given by Py = (71 — x2)(z1 + 22)?(z} + 23). The algorithm now
terminates with output as a single polynomial which is approximately:

(371 — wg)(a:l + xg) (6.6)

This can be verified to be a geometric involutive basis for the real radical of
the ideal generated by Ps.
Then we consider the system

(x1 — x2)(z1 + x2) (21 + ;17% +x2), (1 —z2)(x1 + x2) (6.7)

Application of GIF to (6.7]) reduces it to a geometric involutive basis which
is approximately
(a1 — 23) (6.8)

A further application of FDR reveals that is a GIF form for the real
radical of the ideal of .

Application of GIF-SeDuMi to also yields an approximation of the
generators of the real radical. The most notable feature of this calculation
was the its requirement of fairly large tolerances (10~* and 107%). Reference
[34, Example 4.5] also notes a similarly large tolerance in their calculations,
to correctly compute the real radical for this example.

System for [34, Example 4.6]: Let Q1 = {(z1 — z2)(z1 + x2) (21 +
T3 + 12), (w1 — m2)(21 + 22)(23 + 23)} then is 1 subject to the
constraints z1 > 1, o > 1.

Applying Algorithm [4.1]to @; yields a geometric involutive basis which is
approximately :E% - $% This can be independently verified to be a geometric
basis for the real radical of (1. The statistics of this reduction are given in
Table in the row labeled as Fx 4.6 Q1.

To impose 1 > 1, x9 > 1 we substitute z; = x% + 1,20 = xi +1
into the geometric involutive basis of the real radical of ()1, that is into
x? — 23, and reduce the resulting polynomial Q2 = (23 +1)? — (23 +1)? =
(23 — 23) (23 + 22 + 2) with Algorithm {4.1|to yield a basis for its real radical
which is 23 — 2% or equivalently z1 — 22 in agreement with [34, Example 4.6].
The statistics of this reduction are given in Table in the row labeled as
Ex 4.6 QQ.

Application of GIF-SeDuMi to also yields an approximation of
the real radical. The most notable feature of this calculation was the large
tolerance 1075 and residual error for the reduction of Q;.
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Input FDR FDR FDR Mom Mtx GIF-SeDuMi

Polyn. data # its cpu-sec res-err redn factor Int Pt
System (n,d,m) (1,2) (1,2) max(1,2) s(M)/s(N) tol, res err
Ex 4.1 (3,2,3) 2 0.02 1015 10 10—10 10— 10
Ex 4.2 (3,2,2) 156 0.23 1014 0 1079,107°
Ex 4.3 (3,2,2) 256, 2 2.4,0.08 1013 20,10 10-8,107°
Ex 4.4 (3,2,3) 106 0.06 1015 10 10-8,10°8
Ex 4.5 P; | (2,5,1) 9582,29 7.0, 0.17 1013 2L 18 1074,10°8
Ex 4.5 Py | (2,5,1) 148, 1 0.3,0.06 10~ 14 ZL¢ 107%,1078
Ex 4.6 Q1 | (2,4,2) 34, 2 0.11,0.08 1013 2L 8 1076,10~8
Ex 4.6 Q2 | (2,4,1) 86, 1 0.28, 0.03 10~ 14 8 10—8,1079
Cyl2d (2,2,1) 1 0.06 1071° g 1071010713
Cyl3d (3,2,2) 2 0.09 10~ 15 20 10-8,107°
Cyl4d (4,2,3) 7 0.31 1014 0 10-7,10°8
Cylsd (5,2,4) 10 0.52 1014 252 DNC

Table 6.1: Statistics for the application of GIF-FDR and GIF-SeDuMi:
Ex 4.1-4.6 are 6 examples in MWZ [34]; Cyl2d-Cyl5d are cylinder examples; n
number of variables; d maximum polynomial degree; m number of polynomials;
two entries (1,2) are included for the number of iterations and cpu-time if FDR is
used twice in the example; (s(M), s(M)) sizes of moment matrix M and facially
reduced matrix M , resp. Rightmost two columns are SVD tolerance and moment
matrix residual error for the Interior Point calculation using SeDuMi combined with
GIF. DNC - Did Not Converge. The Maple SVD computations in GIF-FDR were
executed with tolerance := 1071% and Digits := 15.
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6.3 Intersecting higher dimensional cylinders

Consider the systems of polynomials defining the intersection of n — 1 cylin-
ders in R"

Cylpg =23+ 23 — 1,29+ 22 —1,-- 22 +22 — 1. (6.9)

Application of the GIF algorithm to the systems Cyl,q for n = 2,3,4,5
show that the systems become geometrically involutive after 0,1,2,3 pro-
longations respectively. The GIF-FDR algorithm converges quickly and ac-
curately (see Table . It can be independently determined that in each
case it yields an geometric involutive basis for the real radical. However
SeDuMi-GIF crashes after several hours on the largest system Cylsg .

Further it can be determined that the cylinders form a complete inter-
section and the length of the prolongation to make them involutive, can be
determined from the symbol of the initial system [37]. The lower degree
input systems are geometrically formally integrable, and it would be
interesting to develop methods based on such lower degree systems, to de-
termine, whether one can rule out new members in the kernel of the moment
matrix of the prolonged involutive system from such lower degree systems.

Recently certain critical point methods have been developed for deter-
mining witness points [26,50] on real components of real polynomial systems.
Indeed the method developed in [50] is successful in finding a point on every
component, if the ideal is both real radical, and forms a regular sequence.
Consequently for systems such as those above, the real radical is an im-
portant property for such solvers. The regular sequence requirement can be
checked by dimension computation and can exploit a formally integrable sys-
tem which has lower degree than the involutive system. Interesting related
results are given in [35]. By experiment we found that the 0 dimensional
systems for the critical points of are also real radical and remarkably
have no non-real roots. The number of real critical points corresponding to
n =2,3,4,5 can be determined to be 2,4, 8, 16.

7 Conclusion

SDP feasibility problems typically involve the intersection of the convex cone
of semidefinite matrices with a linear manifold. Their importance in appli-
cations has led to the development of many specific algorithms. However
these feasibility problems are often marginally infeasible, i.e., they do not
satisfy strict feasibility as is the case for our polynomial applications. Such
problems are ill-posed and ill-conditioned.
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The main contribution of this paper is to introduce facial reduction, for
the class of SDP problems arising from analysis and solution of systems
of real polynomial equations for real solutions. Facial reduction yields an
equivalent problem for which there are strictly feasible points and which, in
addition, are smaller. Facial reduction also reduces the size of the moment
matrices occurring in the application of SDP methods. For example the
determination of a k x kK moment matrix for a problem with m linearly inde-
pendent constraints is reduced to a (k—m) x (k—m) moment matrix by one
facial reduction. We use facial reduction with our MATLAB implementation
of Douglas-Rachford iteration (our FDR method). In the case of only one
constraint, say as in the case of univariate polynomials, one might expect
that the improvement in convergence due to that facial reduction would be
minor. However we present a class of random univariate polynomials, where
one such facial reduction combined with DR iteration, yields the real radical
much more efficiently than the standard interior point method in SeDuMi.
The high accuracy required by facial reduction and also the ill-conditioning
commonly encountered in numerical polynomial algebra [46] motivated us
to implement Douglas-Rachford iteration.

A fundamental open problem is to generalize the work of [30,45] to
positive dimensional ideals. The algorithm of [33,34] for a given input real
polynomial system P, modulo the successful application of SDP methods at
each of its steps, computes a Pommaret basis Q:

VPr 2 (@r 2 (P (7.1)

and would provide a solution to this open problem if it is proved that
(Q)r = V(P)g- We believe that the work [33,]34] establishes an impor-
tant feature — involutivity — that will necessarily be a main condition of
any theorem and algorithm characterizing the real radical. Involutivity is
a natural condition, since any solution of the above open problem using
SDP, if it establishes radical ideal membership, will necessarily need (at
least implicitly) a real radical Grébner basis. Our algorithm, uses geomet-
ric involutivity, and similarly gives an intermediate ideal, which constitutes
another variation on this family of conjectures.

In addition to implementing an algorithm to determine a first facial
reduction. We also implemented a test for the existence of additional facial
reductions beyond the first (e.g., in the cases of Examples 4.3 and 4.5 of
[34]). By using the CVX package or Douglas-Rachford iteration to solve
for the auxiliary problem , we can determine if we need a second facial
reduction by checking whether the optimal value of the auxiliary problem
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is close to 0. Our implementation of auxiliary facial reductions, as still
preliminary and needs improvement. So a more detailed study of this aspect
is worthwhile.

Numerical polynomial algebra has been a rapidly expanding and pop-
ular area [46]. Its problems are typically very demanding, motivating the
implementation of methods to improve accuracy. For example Bertini, the
homotopy package developed for numerical polynomial algebra, uses vari-
able precision arithmetic, with particularly demanding problems requiring
thousands of digits of precision. Consequently this is also a motivation to
develop higher accuracy methods, such as the FDR method of this paper.
Manipulations with radical ideals would be a by-product from such work.
An important open problem is the following: Give an numerical algorithm,
capable in principle of determining an approrimate real witness point on
each component of a real variety. We note that the methods of Wu and
Reid [50] and Hauenstein |26] only answer this question under certain con-
ditions, say that the ideal is real radical and defined by a regular sequence.
Also see [32], which gives an alternative extension of complex numerical
algebraic geometry to the reals, in the complex curve case.

We provided a small set of examples, that illustrate some aspects of
our algorithms. In Maple all of our examples were executed with Maple’s
Digits := 15 and the input tolerance := 107!° for the GIF algorithm which
intensively uses LAPack’s SVD. Accuracy in the projected residual error
for our tests were between 107 and 107'2. The normalized generators
obtained for our experiments had coefficients differing less than 10719 from
the exact coefficients.

In addition we prove that our facial reduction steps are backwards sta-
ble. See Theorem and Section [5.2.2] The advantage for the use of
Douglas-Rachford iterations in our SDP solution techniques and its linear
convergence is discussed at the end of Section We note that the sim-
plest structured matrices from polynomial systems are Hankel matrices and
are notoriously ill-conditioned, see e.g., [7,23]. In particular such matrices
all lie close to the boundary of the semidefinite cone. Therefore, even after
successful facial reduction guarantees a strictly feasible solution, the set of
Hankel matrices are all nearly singular. This makes the related feasibility
problems particularly difficult. Despite this we were successful in finding
feasible solutions. Such conditioning issues warrant further study. Indeed
consider p(z,y) = 22 +y% + e = 0. Even though (z,y) = (0,0) is the unique
solution for e = 0, with associated real radical ideal (x,y)y, the solution
is not a real continuous function of € as € passes through 0. So the prob-
lem in terms of the variety is not well-posed. An interesting challenge is to
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formulate appropriate well-posed nearby problems in an appropriate space.
The backwards stable tools, of facial reduction and auxiliary reduction, and
associated spaces are interesting possibilities for such approaches.
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