PMATH 145 - Introduction to Number Theory

1 Greatest Common Divisor
Lecture 1 Wed 09/06

Number theory is in some sense about the interplay between addition and multiplication. The
theorems tend to be very innocent looking but the proofs tend to involve every branch of pure mathematics.
For example, Fermat’s Last Theorem states that the equation ™ 4+ y™ = 2™ has no nonzero integers solutions
when n > 3. The proof by Wiles and Taylor almost 30 years ago uses techniques from geometry, topology,
analysis and algebraic number theory. Some examples of innocent looking but unsolved conjectures include
Landau’s four problems about primes:

e (Goldbach) Every even integer at least 4 is a sum of two primes.

o (Twin prime) There are infinitely many primes p such that p + 2 is prime.

« (Legendre) For any positive integer n, there is a prime between n? and (n + 1)2.
« (Bunyakovsky) There are infinitely many integers n such that n? + 1 is prime.

The motivating problem for the first three quarters of this course will be the following result of Dirichlet.

Theorem 1.1 Suppose a and m are coprime integers. Then there are infinitely many integers k such that
mk + a is a prime.

We will give proofs of this result for various values of a and m and in the process discuss many
abstract ideas in mathematics. You will encounter these ideas again in PMATH 347, 348, 440, 441.

In the beginning, there was nothing. Then god said, let there be 1. There is not much one can do
with just 1, so addition was added. We can then define 2 as 1 + 1 and then 3 = 1 + 2. We now have two
choices for the next number, as 1 + 3 or as 2 4+ 2. Note that

143=1+(1+42), 242=>1+1)+2

By requiring that addition is associative, we have that these two numbers are equal and we call it 4.
Continuing forever gives the set of natural numbers

N=1{1,2,3,...}.

We may view the addition n + m as adding 1 to n a total of m times.

In order to reverse the process of addition, we need a number that adds 1 to give 1. This number
is called 0. Continuing lowering the numbers gives the usual subtraction and expands our set of numbers to
the set of integers

z={..,-2,-1,0,1,2,...}.

Another familiar operation now appears. We can define multiplication n x m as adding n to 0 a total of m
times if m > 0 and as adding —n to 0 a total of —m times if m < 0. The set Z along with 4+, —, x, 0,1 with
the usual laws of arithmetic is a commutative ring.



In order to reverse the process of multiplication, namely division, the set of rational numbers
a
Q= {B a,b € Z,b # 0}

naturally appears. This process in general is called taking the field of fractions. The next set up is the set
R of real numbers, which is the completion of Q. In other words, one can think of real numbers as limits of
sequences of rational numbers that should converge. For example, the sequence 3, 3.1, 3.14, 3.141, 3.1415, . ..
should converge and its limit is w. The sequence 1,—1,1,—1,... shouldn’t converge because it keeps fluc-
tuating. “Should converge” roughly means that if you go far out enough, any two terms are close enough.
The precise terminology is Cauchy sequence, which you will learn in MATH 147. Note here we say two
numbers a,b are close if the absolute value |a — b| is small. There are other absolute values that people
consider in number theory using prime factorizations, leading to other completions @, of Q.

Finally the set R is not “complete” in the algebraic sense. There are polynomial equations with
coefficients in R that don’t have solutions. For example 22 + 1 = 0 has no solutions in R. Adding, or more
precisely adjoining, v/—1 to R, gives the set C of complex numbers. The quadratic formula then allows us to
solve quadratic equations in C. It is only until the 16th century when people wanted to solve cubic equations
that we finally sat down to understand how complex numbers work. Around 1800, the Fundamental theorem
of Algebra was proved, which states that every non-constant polynomial equation with coefficients in C has
a solution in C. We say C is algebraically closed.

At this point, our number system is complete in both analytic and algebraic senses. This is also the
reason why you don’t hear “breaking news: mathematicians discovered new numbers”. If we start relaxing
the laws of arithmetic, we get the Quarternions where multiplication isn’t commutative, or Octonions where
multiplication also isn’t associative.

Proposition 1.2 The set N is well-ordered. In other words, every non-empty subset has a smallest element.

Proof: Let S be a non-empty subset of N. Let n € S be an element. Let T = {z € S: 2 <n}. Then T is a
non-empty finite set and thus has a smallest element ny. For any z € S, if x > n, then x > n > ng; if £ < n,
then z € T and so x > ng. Therefore, ng is the smallest element of S. O

Corollary 1.3 The set NU {0} is well-ordered.

Corollary 1.4 (Induction) For any n € N, let P(n) be a statement such that the following are true:
1. P(1) is true,
2. (P(L)A---ANP(n—1)) = P(n) is true for all integers n > 2.

Then P(n) is true for all n € N.

Proof: Let S be the set of natural numbers n such that P(n) is false. If S is empty, then we are done.
Suppose for a contradiction that S is non-empty. Let m € S be its smallest element. Since P(1) is true, we
know that m # 1 and so m > 2. Since m is the smallest element of S, we know that P(1),..., P(m — 1) are
all true, but then by property 2, we have P(m) is true. Contradiction. O

Remark: There are variant forms where multiple base cases are needed or where the starting point is > 1.

Proposition 1.5 (Division algorithm) Let a,b be integers such that a > 0. Then there exists integers q,r
such that
b=aq+r, 0<r<a.

Proof: Consider the set S = {b—ak: k € Z,b— ak > 0}. By taking k = —|b|, we have since a > 1,

b—ka=0b+l|bla>b+1[b] > 0.



Hence S C NU {0} is non-empty. Let r € S be its smallest element. Then r = b — ak for some k € Z and
r > 0. Let ¢ = k so that b = ag + r. It remains to prove that » < a. Suppose for a contradiction that » > a.
Thenr—a>0andr—a=b—ak—a=b—a(k+1) € S. However, r — a < r contradicting the minimality
of r. O

Remark: The integers ¢,r are unique and are called the quotient and remainder when b is divided by a.
We also have the division algorithm for negative a. In general, we have

dg,r€Z, b=aq+rand 0<r <]al.
Suppose we are given two integers a, b not both 0. Suppose WLOG that a # 0. Consider
S ={ax+by: z,y € Z,ax + by > 0}.

If a >0, thena=a(l) €S. If a <0, then —a = a(—1) € S. Hence S is non-empty. Let d be the smallest
element of S. Write d = axg + byg for some xg,yo € Z.

Lemma 1.6 The number d divides every element of the form ax + by where xz,y € Z. In particular, d | a
and d | b.

Proof: Let ¢ = azq + by; be an arbitrary element with z1,y1 € Z. Suppose for a contradiction that d t c.
Applying the division algorithm gives ¢q,r € Z such that ¢ = dg + r with 0 < r < d. The assumption that
d t ¢ implies that r # 0. So r > 0. Now

r=c—dq=ax1+ by — (azo + byo)q = a(x1 — oq) + b(y1 — Yoq)-
Since r > 0, we have r € S, but this contradicts the minimality of d. O
Lemma 1.7 Any common divisor of a,b divides d. In other words, d = ged(a,b) is the greatest common
divisor of a and b.
Proof: If e | a and e | b, then e | axg + byo. Soe|d. O
We define ged(0,0) = 0 so that ged(0,a) = |a| for any a € Z.

Corollary 1.8 (Bezout’s Lemma) Let a,b be integers. Then there exist integers x,y such that ged(a,b) =
ax + by.

Corollary 1.9 Let a,b be integers. Then there exist integers x,y such that ax + by = 1 if and only if
ged(a,b) = 1. We say a and b are coprime.

Proof: («) follows immediately from Bezout’s lemma. For (=), we have 1 € S and so is its smallest
element, implying that ged(a,b) = 1. O

Example: (Easiest IMO problem 1959P1) Prove that for any integer n,
ged(ldn + 3,21n 4+ 4) = 1.

Follows immediately from
3(14n+3) + (-2)(2ln+4) = 1.
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Proposition 1.10 Let a,b,c be integers such that ged(a,c) = 1. Then ged(c, ab) = ged(c, b). In particular,

¢ | ab <= ged(c, ab) = ¢ <= ged(c,b) = c <= ¢ | b.



Proof: We note that it suffices to prove that
(a) ged(e,b) = cx + aby for some z,y € Z,
(b) ged(c, ab) = cx + by for some x,y € Z.

Indeed, they would imply that ged(c, ab) | ged(e, b), and ged(e, b) | ged(e, ab), and so ged(c, ab) = ged(c, b)
because they are both non-negative.

Statement (b) is obvious. We know ged(c, ab) = cxg + abyg for some xg,y9 € Z. So x = xp and
y = byo do the job. For statement (a), we have

ged(e,b) = cxy +byr
1 = cxa+aye
for some integers x1,y1, T2, y2. Multiply them to get
ged(e, b) = c(cxiza + az1yz + brayr) + ab(y1yz).
We take © = cxixs + ax1ys + broy; and y = y1y2. O

We can similarly prove that the greatest common divisor ged(a, b, ¢) of three integers a, b, ¢ (that are
not all 0) is the smallest positive integer of the form ax + by + cz. Exercise: prove that

ged(a, b, ¢) = ged(a, ged(d, ¢)).

Last time, we give an interpretation of ged(a,b) as the smallest positive integer that can be written
as an integer combination of a and b. For computational purposes, this is pretty useless.

Proposition 1.11 Let a,b, q be integers. Then ged(a,b) = ged(a, b — aq).

Proof: As we saw last time, to prove ged(a, b) = ged(c, d), it suffices to prove ged(a,b) = cx + dy for some
x,y € Z and ged(e, d) = ax + by for some x,y € Z. This is obvious in this case. O

Euclidean algorithm: By swapping a and b, we may assume |b| > |a|. If |b] = |a| or if |a| = 0, then
ged(a,b) = |b|. Suppose |b| > |a| > 0. Then there is a very natural choice of ¢, namely the quotient when b is
divided by a, in which case b — aq equals the remainder, which is less than |a|. We then repeat this process.

Note that the above formula holds without requiring ¢ to be the remainder when b is divided by a.
For example,

ged(14n + 3,21n + 4) = ged(14n + 3,21n 4+ 4 — (14n + 3)) = ged(14n + 3, 7n + 1)

and
ged(1dn + 3,7+ 1) = ged(1dn +3 — (Tn + 1)2,7n 4+ 1) = ged(1,Tn + 1) = 1.

Example: How many elements does the following set have?
S = {ged(506 — n?,506 — (n +1)%): n € Z}.
We have
ged (506 — 12,506 — (n + 1)?) = ged(506 — n?,506 — n? — 2n — 1) = ged(506 — n?,2n + 1).
Note that ged(2,2n + 1) = 1 since 2n + 1 is not divisible by 2. Hence, we have
ged(506 —n?,2n +1) = ged(2(506 —n?),2n + 1)
= gcd(1012 — 2n® + (2n 4+ 1)n, 2n + 1)
= ged(1012 4+ n,2n+ 1)
= ged(1012 +n, (2n + 1) — 2(1012 4+ n))
= gcd(1012 4 n,2023).



Now ged (1012 + n,2023) is a non-negative divisor of 2023. Conversely, given any non-negative divisor d of
2023, by taking n = d — 1012, we have gcd (1012 4 n,2023) = ged(d, 2023) = d. In other words, S is the set
of positive divisors of 2023. The prime factorization of 2023 is 7 x 172. Hence 2023 has 6 positive divisors:

1, 17, 172, 7, 7x17, 7x17%

Exercises

1.1 Prove that the set Z with the usual order is not well-ordered.
1.2 Prove that the set Q=9 of non-negative rational numbers with the usual order is not well-ordered.
1.3 Prove that that any finite subset of R with the usual order is well-ordered.

1.4 (Uniqueness of division algorithm) Given integers a, b such that a # 0, prove that the integers ¢, r such
that b = aq+r and 0 < r < |a| are unique.

1.5 Prove that if a,b, ¢ € Z such that a | c and b | ¢ and ged(a, b) = 1, then ab | c.

1.6 Given a, b, c € Z that not all 0, let gcd(a, b, c) be the smallest positive integer of the form az + by + cz.
Prove that ged(a, b, ¢) = ged(a, ged(b, ¢)).

1.7 Let a,b, ¢, d be nonzero integers such that ad — be = + ged(a, ¢). Prove that ged(an + b,en + d) = 1 for
every integer n.

1.8 Find an example for a,b,c,d € Z such that ged(an + b,cn + d) = 1 for every integer n but ad — be #
+ ged(a, ©).

2 Prime factorization

A prime is an integer p > 1 such that its only positive divisors of 1 and p. For any integer a,

1 ifpta,
p ifp|a.

ged(p,a) = {
Proposition 2.1 (Fuclid’s Lemma) Let p be a prime. Then for any integers a,b, if p | ab, then p | a or
plo.
Proof: Suppose pta. Then ged(p,a) = 1. Then from p | ab, we get p | b. O

The converse of Euclid’s Lemma is also true:

Proposition 2.2 Letn > 1 be an integer such that whenever n divides a product of integers, n must divide
one of the factors. Then n is a prime.

Proof: Let d | n be a positive divisor of n. Then n = de for some e € Z. Since d,n > 0, we have e > 0 and
e | n. From n | de, we get n | d or n | e. If n | d, then along with d | n, we get d = n. If n | e, then along
with e | n, we get e=nandsod=1. O

Remark: The proof of EL=-prime uses only division, whereas the proof of prime=-EL requires the theory
of gcd. There are number systems in general where the notion of ged doesn’t exist, or worse where unique
factorization doesn’t hold.

Theorem 2.3 (Fundamental Theorem of Arithmetic) Fvery positive integer can be written as a product of
primes, unique up to reordering.



For any prime p and any integer n # 0, we define v,(n) to be the largest integer k such that Pk | n.
A commonly used notation is
pvr(?) | n.

Alternatively, v,(n) is the unique non-negative integer k such that
k. n
p®|n and  pt—.
pF
We use the convention v,(0) = oo.
Proposition 2.4 Let p be any prime and let n,m nonzero integers. Then

vp(nm) = wvy(n) +vp(m),  vp(n+m) = min{yy(n), vp(m)}.

If vp(n) # vp(m), then
vp(n +m) = min{v,(n),v,(m)}.

Proof: Let k = v,(n) and £ = v,(m). From p* | n and p* | m, we have p*** | nm. From p { n/p* and
ptm/p’, we have p f nm/p*** by the contrapositive of EL. Therefore, v,(nm) = k + £.

Suppose WLOG that k& < £. Then p* | p* and so p* | m. Since p* | n, we have p* | n +m. Thus
vp(n +m) > k. Suppose k < ¢. Then p | m/p* but ptn/p*. Hence pt (n+m)/p*. So vp(n+m)=k. O
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It then follows by induction on ¢ that for any ¢ € N and nonzero integers nq, ..., nys, we have
V(s -+ me) = wplnr) + <+ vp(ne).
Note that for primes p, ¢ we have v,(¢) = 0 for p # ¢ and v,(p) = 1. Hence, we have the following result.

Corollary 2.5 Let ng be non-negative integers for primes q such that all but finitely many of them are 0.

Then for any prime p,
Vp <H qnq> = Np-
q

In particular, prime factorizations are unique. (Unless otherwise specified, a sum or product over an index
p or q is running only over primes p.)

We prove next the existence of prime factorization.

Theorem 2.6 Let n € N. Then v,(n) = 0 for all but finitely many primes p and
n = Hp”p(")
P

In particular, prime factorizations exist.

Proof: If p > n, then clearly p { n and so v,(n) = 0. We prove the second statement by induction on n.
Suppose first that n = 1. Then v,(1) = 0 for all primes p and Hp p° =1
Suppose now n > 2 and n = ¢ is a prime. In this case,

Hp”p(Q) — (]1 Hpo =q.
p

P#q



Suppose now n > 2 and n is not a prime. Let d be a positive divisor of n with 1 < d < n. Let
e =n/d. Then 1 < e < n. By induction, we have

a=T[p" @,  e=T[r"".
p p

Multiplying them gives
n = de = Hpup(d)Jer(e) — le/p(n)
P P

since v,(d) + vp(e) = vp(de) = vp(n). O

We can extend v, to all rational numbers by defining v,(a/b) = vp(a) — vp(b). The multiplicative
property of v, implies that if a/b = ¢/d, then ad = bc and so v,(a) + vp(d) = v,(b) + vp(c). In other words,

vp(a) = vp(b) = vp(c) —vp(d).
Hence v,,(a/b) is independent on the choices of a and b.

Corollary 2.7 Let r € Q be nonzero. Thenr =+ Hp”P(T). Moreover,
P

1. r € Z if and only if v,(r) > 0 for all primes p;
2. r = =1 if and only if vp(r) =0 for all primes p.
Corollary 2.8 Let d,n be nonzero integers. Then d | n if and only if v,(d) < vy(n) for all primes p.

Proof: We have d | n if and only if n/d € Z if and only if v,(n/d) = vp(n) — vp(d) > 0 for all primes p. O

Corollary 2.9 Let n be a nonzero integer. Then the number of positive divisors of n is
H(l + vp(n)).
P

Proof: Any positive divisor d is uniquely determined by v,(d) for all primes p. There are 1+ v,(n) possible
values for v,(d) in order for v,(d) < vp(n). O

Corollary 2.10 Let n,m be nonzero integers. Then for any prime p,

vp(ged(n, m)) = min{vy(n), vp(m)}.

Proof: Since ged(n,m) divides n and m, we see that for any prime p, vp(ged(n,m)) < v,(n) and also
< vp(m). Hence v,(ged(n,m)) < min{v,(n),v,(m)}. For the other inequality, let d, = min{v,(n),v,(m)}.
Note that d, = 0 for p > max{n,m}. We let d = prdp. From d, < vu(n) for all p, we get d | n and
similarly d | m. Hence d | ged(n, m) and so d,, < v,(ged(n, m)) for all primes p. O

Similarly for nonzero integers x,y, z, we have

vp(ged(z, y, 2)) = min{v,(x), v, (y), vp(2) }-

A related concept is the least common multiple lem(m, n) of two integers m, n, or of multiple integers.
One easily checks that
vy(lem(n, m)) = max{v, (n), v,(m)}.

Since
min{a, b} + max{a,b} = a + b,

we get
ged(n, m)lem(n, m) = nm.



Exercises
2.1 Prove Proposition 1.10 using v,,: Let a, b, ¢ be integers such that ged(a, ¢) = 1. Then ged(c, ab) = ged(c, b)
2.2 Prove Exercise 1.5 using v,: If a,b, ¢ € Z such that a | ¢ and b | ¢ and ged(a,b) =1, then ab | c.

2.3 Let k € N. Prove that n € N is a perfect k-th power (that is, n = m” for some m € N) if and only if
k| vp(n) for any prime p.

2.4 Prove that if x,y € N are coprime and k € N such that xy is a perfect k-th power, then = and y are both
perfect k-th powers.

2.5 Prove that the equation 2 = 232 has no non-zero integer solutions. This implies that /2 is irrational.
2.6 Prove that the equation 2% = 3¥ has no positive integer solutions. This implies that log, 3 is irrational.

2.7 Let p be a prime. Define |r|, for any nonzero r € Q by |r|, = p~*»(") and define 0], = 0. Then for any
r,s € Q, prove that

(@) [rslp = [rlplslp,

(b) |r + slp < max{[r[p, [s[p} < |rlp + [slp-
In other words, |.|, behaves similar to the usual absolute value, and is called the p-adic absolute value.

2.8 Prove that the equation 23 = 2y% + 423 has no non-zero integer solutions.

3 Prime counting function

The number
L, =lem(1,2,...,n)

is closely related to the prime counting function. Let p be any prime. Let k be a nonnegative integer such
that p* < n < p**1. Then no integer from 1 to n is divisible by p**! and p* < n with z/p(p’“) = k. In other

words |
ogn
vp(Ln) = max{wp(1), ..., vp(n)} = b = Long ,

which is also the number of integers from 1 to n that are powers of p. We define the von Mangoldt function

logp if m is a positive power of a prime p
A(m) =

0 otherwise.
Then |
— ogn — _.
log L = Y Long logp =Y A(m) =: ¥(n),
p<n m<n
is the Chebyshev’s 1-function.
Theorem 3.1 (Prime number theorem) We have
lim @ =1.
r—o00 I

As a consequence, we have L,, ~ e™.
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You might be more familiar with the Prime number theorem stated in terms of the prime counting
function 7(x) which counts the number of primes less than or equal to z. From the trivial bound

logn | _ g

logp | ~ logp’

we see that ¥ (n) < w(n)logn.

Theorem 3.2 The Prime number theorem is equivalent to
(x)

li =1
00 z/logx

The other inequality needs a bit of estimate. See below for a proof of the equivalence of Theorems 3.1 and
3.2.
You will also prove in HW2 a lower bound for L,, of the form

L, >2"

for n > 7, which will then give a lower bound for 7(x) of the form Cyz/logx for some constant C; > 0. We
will prove next that
Ln S 4n—1

which gives an upper bound of 7(z) of the form Cyz/logx for some constant Cy > 0.

Exercises

3.1 For any n € N, we use the notation Z to denote a sum over the positive divisors of n. Prove that
d|n

Z A(d) = logn.
d|

3.2 Compute L126/L120 and L145/L135.
This following subsection is only for personal entertainment and will not be covered in class or the exam.

A very sketchy sketch of the proof of the prime number theorem

We prove first the following comparison between ¢ (z) and 7(x):

() 1 loglogz +logloglogz) 1 < Y(x) < ()
x/logx log = loglogz = « ~— z/logzx’

Then by taking limit as * — oo, we have the equivalence of Theorems 3.1 and 3.2 by the Squeeze Theorem.
The upper bound was already proved. For the lower bound, let

O1(z) = > logp < ¢(z).
z/(log z-loglog z)<p<z

We can now bound 6y (x) from below by

X
0 > 1
@) = Z og( log z loglog x
z/(log z-log log z)<p<z

x x
= log(—— =y _ log(—*
Z Og(logxloglogx) Z Og(logwloglogm)

p<w p<z/(log z-loglog z)
> m(x)(logx — loglogx — logloglog ) — _r log =
log xzloglog x
loglog x + logloglog x x
= 7(x)logx 1— - )
log x loglog x



Dividing by x gives the desired lower bound.
We now give a sketch for the proof of Theorem 3.1. We define the Riemann-zeta function

o0

1
C(S) = E7
n=1
which a priori is only defined for s > 1. For example,
=1 w2 =1 7
@)= —=7% ZTZ*
n=1 n=1

The value of ¢ at an even positive integer n is some rational multiple of 7. It is known that ((3) is
irrational and that infinitely many of the {(2k + 1) are irrational. They are of course all conjectured to be
transcendental.

Using prime factorization, we have the factorization
1
<) =TI o) =1l
P p

P
Note that if there were only finitely many primes, then this product is a finite product and thus always exist.
However, (1) is the harmonic series which diverges. This is Euler’s proof of the infinitude of primes.

+>

We take the logarithmic derivative of ((s) to get

d p ‘(’logp
d—logg Z—log 1—-p %) =— Zlogp

P

In other words, we see the von Mangoldt function popping up:

¢'(s) _ ~Aln)
¢(s) =2

There is a somewhat reasonable way to define ((s) for 0 < s < 1. We note that

o5 > 1 °°1+—" 1 (X1 & (=)
o-Lar- LS (SR 5 )
So - »
1 —1)"
<<s>=1_2”21( U

and the alternating series converges for s > 0. To connect the two regions s > 1 and 0 < s < 1, we go to the
complex world! The exponential n® is defined as

n® = e*Inm = gRels) mnilm(s)lnn _ ,Re(s) (co5(Im(s) Inn) + i sin(Im(s) Inn).

Theorem 3.3 The function ((s) is analytic for Re(s) > 1. It has a simple pole at s = 1 with residue 1 and
admits a (unique) analytic continuation to all s € C\{1}. Moreover,

e
P(x) =z —log(2mw) — —.
¢(o=o0 ?

Here:
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1. analytic means differentiable in the complex world. It turns out that being differentiable implies being
infinitely differentiable.

1
s—1"

2. simple pole at s = 1 with residue 1 means that for s near 1, ((s) ~

3. analytic continuation means that there is a function L that is analytic on C\{1} such that L(s) =
((s) for Re(s) > 1. (The meme where 1 + 2 + --- = —1/12 is the statement that L(—1) = —1/12.
Another notable value is L(0) = —1/2.)

4. ¢ has trivial zeroes at the negative even integers and the contribution from them is

— 1 1
Z S = log(1 —z72).

2naxn
n=1

All other zeroes of (, called nontrivial zeroes, lie in the critical strip where 0 < Re(s) < 1 and are
symmetric under s — 1 — s.

Theorem 3.1 then follows from the following result on the zeroes of the zeta function.

Theorem 3.4 If (S +it) =0 where 1/2 < § <1, then

1

<l— —/—.
ps 71log(|t| + 2)

These results are enough to conclude that ¢¥(x) ~ x. Theorem 3.4 has been improved to

1
~ 57.54(log [¢))2/3(log log |¢])1/3~

p<1

The Riemann hypothesis predicts that 5 = 1/2.

4 Binomial coefficients

Our goal now is to prove that
L, =1lem(1,2,...,n) <4"!

without using the prime number theorem. This implies Erdés’ bound

H p< 4n71.

p<n

Recall the binomial coefficients

<n> n! nn—1)--(n—r+1)

r) = rli(n —r)! - 7!

for 0 < r < n. We define it to be 0 if » < 0 or if » > n. They have combinatoric interpretations as the
number of ways to pick r objects from a collect of n objects. Some well-known identities include:

1. Binomial Theorem: (a + b)" = g (n) a"b" .
r
r=0

2. Hypergeometric Identity: ") = Z . When a = 1, we have Pascal’s Identity ") =
m m

—\r)\m—r
(n—l) (n—l)

+ .
m—1 m

11



Pascal’s identity (or the above combinatorial interpretation) can be used to prove that the binomial coeffi-
cients are all integers. Alternatively, we can use Legendre’s formula:

Proposition 4.1 For any prime p and any positive integer n,

w53 [ 3 ) (3]

Proof: For any k € N, let u(k) denote the number of integers from 1 to n that are multiplies of p*. Then
u(k) — u(k + 1) is the number of integers from 1 to n with v, = k. Then

vp(n!) = (u(l) —u(2)) + 2(u(2) —u(3)) + 3(u(3) —u(4)) + -+ = u(l) + u(2) + u(3) +--- .

We are done because u(k) = [n/p*|. O

Lemma 4.2 Let a,m,n € N with m <n. Let n,,m, be the remainders when n,m are divided by a. Then

2= 2] 252 o s

Proof: We have

and

n—m nN—MNMg M—Mg Ng— My VLJ {mJ Ng — Mg

a a a [¢ a [¢ [¢

Since ng, m, are remainders, we know that —1 < (ng, — mg)/a < 1. If n, > mg, then (n, — mg)/a € [0,1)

IS

If ng, < myg, then (n, — my)/a € (—1,0) and so

= L

Hence we are done. O

Corollary 4.3 Suppose p is a prime and n is a positive integer. Let k be an integer such that p* < n < pF+1.
Then for any integer m = 0,...,n, we have

Proof: By Legendre’s formula, we have

(()-2 -1 152)

Jj=1

By Lemma 4.2, every term in the above sum is at most 1. Moreover, if m = p”*, then the remainder of m
when divided by p? for any j =1,...,k is 0, and so each term is 0. O

12



Corollary 4.4 Suppose p is a prime and m < n are positive integers. Suppose n = pF for some positive

integer k. Then
n
Vp ((m)) =k —vp(m) > 0.

Proof: The remainder when n is divided by a power p* of pis 0 for all a = 1,...,k. So 1, ((7’;)) is the
number of these a such that p®{m. O
Lecture 5 Fri 09/15

The aim of this section is to prove L, < 4"~! giving an upper bound for the product of primes, which will
then allow us to prove Bertrand’s postulate that there is always a prime in (n,2n]. We begin with some
basic bounds on the binomial coefficients (Q"le) and (27?): for n € N, we have

4n 2n+1 n 4n 2n "
< < 4™ < < 4",
n+1 n 2n+1 n

2n+1 2n
2n+1 2n
22n+1 — 2277. —
> (7, ) > 5

r=0 r=0

They follow from

and that (2”:1) = (27;?11) is the largest binomial coefficient of the form (Q"TH), and (277) is the largest

binomial coefficient of the form (2;1) From the Stirling’s approximation

n! ~V2mn (ﬁ) ,
e

2n 4n

n N
One may view the above as an “archimedean” estimate for these binomial coefficients. In our applications
below, we will be making “p-adic” estimates for them. Fun fact: 10! seconds is exactly 6 weeks.

we can get the more precise estimate

Theorem 4.5 For any n € N, we have L, < 4qn—1,

Proof: We prove it by induction on n. When n = 1, we have L; = 1 = 4!~!. Suppose now n > 2. Suppose
first n = 2k is even. Then k < n—1so k| L,_; and we have L, < 2L, 1 < 2-4""2 < 4"~ Hence, it
remains to consider the case where n = 2k + 1 is odd, where k£ > 1. We prove that

2k +1
Lopt1 | Lk+1< A )

which then implies
2k +1
Logsr < Lk+1< N ) < dk gk < g2k

by induction.
Let p be any prime. It suffices to prove that

Vp(Lags1) — vp(Lis1) < Vp((%; 1))

Let r be the unique non-negative integer such that p” < k+1 < p"*'. Then v,(Lyy1) =7. Ifp" <2k +1<
p" 1, then we also have v, (Lax4+1) = 7 and there is nothing to prove. Suppose now Pt <2k 41 < prt2.
Then vy (Lag+1) = 7+ 1 so we need to prove that Vp((gk,jl)) > 1. Note that

k kE+1 2k+1
IR S R E=

13



Hence

v

2k +1 2k +1 k+1 k
VP( k ) prtl o prtl o prtl > L.
2k +1<2(k+1)<2p Tt <prt2
Hence, it is not possible for 2k + 1 > p" 2. O

Finally we note that

2n
Let’s now consider the binomial coefficient ( ) For any positive integer a, write (2n), and n,
n

for the remainders as last time. We note that if n, < a/2, then (2n), = 2(ny) > n4; and if n, > a/2, then

(2n)q = 2(ng) —a < ng. Hence
VnJQVLJ 1 ifng, >a/2,
a al )0 ifn, <a/2.

2
Corollary 4.6 For any positive integer n, we have n+1 | ( n> . The quotients
n

(2n) are the Catalan
n

n+1
numbers.

Proof: One can prove this directly by checking that
1 2 2 2
n\ _ (2n) _ "oy
n+1\n n n+1
Alternatively, suppose v,(n + 1) = k. Then for any a = p,p?,...,p", we have n, = a —1 > a/2. So
I/p(<2:)) >k O

Corollary 4.7 Let n > 3 and let p be a prime such that 2n/3 < p < 2n. Then

(<2n>> 1 ifn<p<2n

V. =

P n 0 if2n/3<p<n

Proof: The statement for n < p < 2n is obvious because |2n/p] = 1 and |n/p] = 0. Suppose now

2n/3 <p<n. Thenn—p<3p/2—p=p/2. So \_%”J —2[3] =0. Now p? > 4n%/9 > 2n for n > 5. When

n =4, we have 8/3 < p < 4 and so p = 3 and p? > 2n. When n = 3, we have 2 < p < 3 and so p = 3 and
2
p“>2n. 0O

For primes p < 2n/3, we have the “trivial” bound

( <2n) > log 2n
Vp < .
n logp

Note for v2n < p < 2n/3, we have

Vp<<2n>> §10g2n<2 . Vp<<2n>>_1'
n logp n

Combining these, we find that

; gqr 1 < (277,) < H p10g2n/logp_ H p- H p< (2,”)\/% X 42n/3—1 . (2n)7r(n,2n)
n " v VEn<p<an/s  n<p<en

where 7(n,2n) denotes the number of primes in (n,2n|. Taking log, we get

> (n/3+41)log4 —log(2n + 1) Vmso ™

2
m(n, 2n) log 2n logn

for some positive constant C' > 0 when n is sufficiently large.

14



Theorem 4.8 (Bertrand’s postulate) For any positive integer n, there is a prime p € (n,2n].

Proof: The above lower bound is positive for n > 459. We can verify the result directly for small n using
the primes 2,3,5,7,13,23,43,83,163,317,631. O

Exercises

4.1 Prove that for any non-negative integers r, n,

i(njr) _ (n+11:+1)'

r=0

4.2 Prove that for every prime p, there exists a positive integer n, an integer a = 0,1 and an integer
b=0,1,...,n — 1 such that p = n% 4 an + b.

4.3 How many 0’s does the number 40! ends in?
Can you figure out what the last nonzero digit of 40! is?
4.4 Prove that for any n € N, we have that vo(n!) = n — #1’s in the binary representation of n.
4.5 Prove that for any n € N and any prime p, we have v,(n!) < n/(p —1).
4.6 Prove that for any n € N, if n | (::L) forallm=1,...,n — 1, then n is a prime.
4.7 According to the Prime number theorem, we know that L, ~ e™. Prove (without using the PNT) that

for any a > 0, we have L,, > 4"~ for n sufficiently large (depending on «).

4.8 Use Exercise 4.5 to conclude that

1
>8P o
p P

With a little bit more effort, one can prove that

1
Z 8P _ logn 4+ O(1).

p<n

In other words, there exists an absolute constant C' > 0 such that for any n € N,

Z logp —logn| < C.

p<n

Lecture 6 Mon 09/18

5 Euclid’s proof of the infinitude of primes

Before all of these fancy results on the prime counting function, the very first proof of the infinitude of primes
was due to Euclid. Here is another way to think about the proof. The key ideas are as follows:

(a) Every integer n > 2 has a prime divisor.

(b) Construct an infinite sequence of pairwise coprime integers at least 2.

15



The sequence constructed from Euclid’s proof is a; = 2 and
Gpy1 = @102 - ap + 1, for n > 1.

Then for i < j, we have a; | a1as - --aj—1 and so ged(a,, a;) = ged(a;, 1) = 1.
Alternatively, if we take a; odd and use ap4+1 = a1 - - - a, +2, we also have ged(a;, a;) = ged(a;,2) =1
since each a; is odd.

Proposition 5.1 The sequence defined by Fy = 3 and
Fn+1:FQF1"'Fn+2, fOT’TlZO
is the sequence of Fermat numbers F, = 22" + 1.

Proof: It suffices to prove that F,, = 22" + 1 satisfies the recursion formula. This follows easily from
induction along with F,,1; — 1= (F, —1)2. O

There is a more general result on the infinitude of primes satisfying congruence conditions. Recall
that a = b (mod m) means that m | a—b, or equivalently that a and b have the same remainder when divided
by m. Since numbers congruent to a mod m form an arithmetic progression, this result is also referred to
as the infinitude of primes in arithmetic progressions. It marks the beginning of modern analytic number
theory.

Theorem 5.2 (Dirichlet) Let a,m be coprime positive integers. Then there are infinitely many primes p = a
(mod m).

We now know (Siegel-Walfisz) that there are an equal number of them, asymptotically, over all
possible congruence classes. More precisely, if p = a (mod m), then ged(p, m) = ged(a, m). If p is prime large
enough to not divide m, then ged(p,m) = 1. The number of integers a = 1,...,m such that ged(a,m) =1
is ¢(m), the Euler-¢ (or the Euler-Totient) function of m. Then

# primes p < z,p = a (mod m) 1

li = :
7100 z/logz $(m)

We can give an Euclid’s type proof for this result in some special cases.

Primes of the form 4k + 3

We modify the key idea of Euclid’s proof to:

(a) Every integer n > 2 of the form 4k + 3 has a prime divisor of the form 4k + 3.

(b) Construct an infinite sequence of pairwise coprime integers at least 2 that are of the form 4k + 3.

Property (a) follows because products of numbers of the form 4k + 1 are still of the form 4k + 1. In terms of
congruences, we can say that if a =1 (mod 4) and b = 1 (mod 4), then ab =1 (mod 4). Hence a number
of the form 4k + 3 has a prime divisor that is not of the form 4k + 1. Since it can’t be divisible by 2, primes
of the form 4k + 3 are the only possibilities left. For the sequence in (b), we take a; = 7 and

ant1 =4(ay - - a,) + 3.
Then similar to before, for i < 7,
ged(as, aj) = ged(a;,3) = ged(ar ---a;-1,3) =1
by induction.

The same idea also works for primes of the form 3k + 2 and primes of the form 6k + 5 because
#(3) = ¢(6) = 2 so that if not all the prime divisors are of the form 3k + 1 (resp. 6k + 1), and it is not
divisible by 3 (resp. 2 or 3), then it has a prime divisor of the form 3k + 2 (resp. 6k + 5).

16



Primes of the form 4k +1

This is a bit trickier. Let p be an odd prime. We consider the congruence equation
r?=—-1 (mod p).

Suppose it has a solution x = a. Then clearly p { a for if otherwise, we would have a? = 0. So by Fermat’s
little Theorem,
a?” ' =1 (mod p).

On the other hand,
aPt = (a®)PV/2 = (—1)P=D/2 (mod p).

Since p is an odd prime, we see that
1=(-1)®PY/2 (mod p) = 1= (—1)PD/2 = p=1 (mod4).

In other words, if p is an odd prime divisor of an integer of the form n? + 1, then p is of the form 4k + 1. By
taking 4n? + 1 instead, we remove the possibility of p = 2. So we have:

(a) Every integer n > 2 of the form 4n? + 1 has a prime divisor of the form 4k + 1.
(b) Construct an infinite sequence of pairwise coprime integers at least 2 that are of the form 4k% + 1.

To construct our sequence, we take a; = 5 and

apy1 =4(aq--- an)2 +1.

The crucial idea here is that if a> = —1 (mod p), then
a*=1 (mod p)

but
a®>=—-a#1 (modp), a®>=-1#1 (mod p), a#1 (mod p).

We define the order of an integer n mod m, where ged(n, m) = 1, denoted o0,,(n), to be the smallest positive
integer d such that n? =1 (mod m). Note that it is not obvious a priori that there exists a positive integer
d such that n? = 1 (mod m), but one can prove using the Pigeonhole principle that such a d < ¢(m) exists
by considering n,n?,...,n%™) (mod m). Here we have o,(a) = 4. Then from Fermat’s little theorem, we
know that p — 1 is an exponent that gives 1 mod p when p is a prime. It is then natural to expect that the
smallest exponent op,(a) to divide p — 1, which would give us p =1 (mod 4).
Proposition 5.3 Let a,m be coprime integers. Suppose n € N with a™ =1
particular, when m = p is a prime, by Fermat’s little theorem, op(a) | p — 1.

(mod m). Then oy,(a) | n. In

Proof: Note that o,,(a) < n. Apply the division algorithm to get integers s,¢ such that n = o,,(a)s + ¢
where 0 <t < 0,,(a) and s > 0. Then

at = al(a®m (@) = gttom(@s — g" =1 (mod m).
Hence it follows from the minimality of 0,,(a) that ¢ = 0. Therefore, o,,(a) | n. O
Remark: The generalization of Fermat’s little theorem to arbitrary positive integers is
a®™ =1 (mod m)

for any integer a coprime to m. So we have in general, 0,,(a) | ¢(m). Note that ¢(m) < m — 1 with equality
if and only if m is a prime.

Lecture 7 Wed 09/20
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Primes of the form ¢k + 1 where ¢ is a prime

Suppose now a is an integer such that a? = 1 (mod p) and a # 1 (mod p). Then o,(a) | ¢ and o,(a) # 1.
So op(a) = ¢ and ¢ | p— 1. In terms of division, we have

plal—1, pta—1.
So p divides the quotient a?~! +a972 + ... 4+ 1. We define the ¢-th cyclotomic polynomial to be

z?7 -1
Oy(w) = —— ="+ a2t 4 f L

Proposition 5.4 Let g be an odd prime. If p is a prime divisor of ®4(n) for some integer n, then p =1
(mod ¢q) orp=gq.

Proof: Since ®,4(n) | n? — 1, we have p | n? — 1. So 0p(n) | ¢. If o,(n) =1, then n =1 (mod p) and
d,(n)=17"4+...+1=¢q (mod p),
which implies that p | ¢ and so p = ¢. If 0,(n) = ¢, then we have p =1 (mod ¢). O

We can remove the possibility of p = ¢ by taking ®,(¢gn) = 1+ ¢(...). Then we take the sequence
a1 = ®,4(q) and
ant1 = Pg(garas - - ay).

This gives infinitely many primes of the form gk + 1.

Exercises

5.1 Use the polynomial n? 4 4, and a small modification, to prove that there are infinitely many primes of
the form 8k + 5.

5.2 Let h(zx) is a polynomial with integer coefficients with h(0) = 1. Prove that the sequence defined by
a1 =1 and a;41 = h(ajas - a;) for i > 1, consists of pairwise coprime integers.

5.3 Let h(x) = ax + b where a,b are coprime integers. Prove that the sequence defined by a; = 1 and
ai+1 = h(ajas -+ a;) for ¢ > 1, consists of pairwise coprime integers.

5.4 Prove that there does not exist a non-constant polynomial h(x) with integer coefficients such that h(n)
is a prime for all integers n.

5.5 Prove that 22" — 1 has at least n + 1 distinct prime divisors.

5.6 Prove that ¢(m) is even for any integer m > 3. (Note that ¢(1) = ¢(2) = 1.)

C
5.7 Let m be a positive integer. Prove that there exists some real number C > 0 such that ¢(m) > 1 n .
ogm

5.8 Let ¢ be a prime and n be an integer. Prove that if ¢ | n¢ — 1, then ¢ | n? — 1.
5.9 Prove that for any k € N, we have o7« (2) = 3 - 781,

5.10 Let ¢ > 3 be a prime. Prove that there does not exist integers z,y such that 29 1 4. +2+1 = y772 1.

18



6 Primes of the form mk + 1 and Cyclotomic polynomials

Suppose now m is a positive integer, that is not necessarily a prime. It is still true that if o,(a) = m, then
p =1 (mod m). The difficulty lies in finding the polynomial ®,,(x) whose roots mod p have orders exactly
m, and not proper divisors of m. Let’s try some small values to see what they should be. When m = 6, we
should remove solutions to 22 — 1, as they have order dividing 2, and x® — 1, as they have order dividing 3,

but
6 —1 6 —1

(2 —=1)(z3—-1) 25—a3—22+1

isn’t a polynomial. The problem is that when we remove the solutions to 2 — 1, we have already removed
the solution to z — 1, so we shouldn’t remove it again from 2> — 1. In other words, we should take
26 —1 3 +1

N E ] (R e T) R N

What about something more complicated like ®105(x)? Using the same “inclusion-exclusion sieve”, we should
take

(219 — 1) (23 — 1)(z° — 1)(z7 — 1)
@ D@ — )@ - @ —1)

It seems quite random that it is actually a polynomial. We need a better definition that is easier to work
with. One thing to note is that we seem to have forgotten about the prime p. So let’s forget it completely
and think in C.

What are the solutions to 2™ = 1 in C? They are given by (% for k =1,2,...,q where ¢, = e
is the primitive m-th root of unity, as the smallest positive integer d such that (¢ = 1 is m. We have the
factorization

Dyo5(x) = =B ot .

2mi/m

m

2" —1= ]k

k=1
Since we want the roots of our polynomial ®,,(z) to have order m, we define the m-th cyclotomic poly-

nomial as
P (z) = H (z— Crliz)

1<k<m
o(Cm)=m

where o(CF) is the smallest positive integer d such that (¢¥)? = 1. We know

m | k N m d
god(m, k) | ged(m, k)" ged(m, k) | "

rMM=1lem|kde

So o(¢F) = m/ ged(m, k). Hence, it is m if and only if ged(m, k) = 1. In other words, we have

Cu(z)= [ (@-ch).
1<k<m
ged(k,m)=1

The polynomial ®,(z) is monic with coefficients in C and has degree ¢(g). Our next goal is to show that all
the coefficients of ®,,(z) are integers, and that ®,,(x) can be used to prove the infinitude of primes of the
form mk + 1.

Lecture 8 Fri 09/22

Proposition 6.1 Let m € N. We have the factorization

2™ —1= H Dy(x).

dlm
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Proof: In the factorization of 2™ — 1, we can group the factors  — ¢* by the order o(¢¥). Since o(¢F) =
m/ ged(m, k) is a positive divisor of m, we have

wo=11 1 G-ch

dlm 1<k<m
o(Cp)=d

Note that o(¢*) = d if and only if ged(m, k) = m/d if and only if k = (m/d)j for some integer j with
ged(m, (m/d)j) = m/d. Now

ged(m, (m/d)j) = ged((m/d)d, (m/d)j) = (m/d) ged(d, j).

Hence o(¢*) = d if and only if k = (m/d)j for some integer j with ged(d,j) = 1. The condition 1 < k <m
becomes 1 < j < d. Moreover, the complex number

GRS T )

Therefore, the product

I[I @-¢)= (z— () = Bala).

1<k<m 1<j<d
o(¢k)=d ged(j,d)=

We are now done. O

Corollary 6.2 Let m € N. Then m = Z o(d)
dlm

Corollary 6.3 Let m € N. Then ®,,(x) is a polynomial with integer coefficients. Moreover, ®1(0) = —1
and ©,(0) =1 for m > 2.

Proof: We prove by induction on m. We have ®1(z) = z — 1. Suppose now m > 2. We know that

" —1=2a,, H By(x (x—1) H B4z

dlm dlm
l<d<m l<d<m
By induction, each of the ®4(z) for d < m is a monic polynomial with integer coefficient and so is their
product. Therefore, so is the quotient of ™ — 1 by it. Also by induction, we have ®4(0) =1 for 1 < d < m.
So setting = 0 gives ®,,,(0) = 1. O

Remark: There is a more direct proof of ®,,(0) = 1 for m > 2. Let S be the set of integers 1 < j < m/2
that are coprime to m. Then the set of integers m/2 < k < m coprime to m are all of the form m — j for
some j € S. If m/2 is an integer, then it is at least 2 and divides m, so it is not coprime to m. Now

@ (0) = [T (=G)(=¢n ) =1
jes
Proposition 6.4 Let n € N and let n > 1 be an integer coprime to m. Let a € Z with n | ®,,(a). Then
on(a) =m.

Proof: We write 2™ — 1 as F'(z)®,,(z) where F(x) € Z|[x] is the product of ®4(x) over all positive integers
d | m with d < m. Then ®,,(a) | @™ — 1 and we have n | a™ — 1. Hence o,(a) | m. Suppose for a
contradiction that £ := 0,,(a) < m. Then we have n | a* — 1. Since ¢ | ¢ and ¢ < ¢, we know that any divisor
of ¢ is a divisor of ¢ and is less than ¢. In other words,

-T):H(I)d H(I)d x —I)G( )

d|e
d<m,
dre
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for some G(x) € Z[z]. We thus have the factorization
a? — 1= (a* = 1)®,(a)G(a).
Fix some prime p dividing n, which exists since n > 1. From p | n and n | ®,,(a), we have p | ®,,(a) and so
vp(@™ = 1) = vy’ — 1) + 1y (B () + 1 (G(a)) > vpla’ — 1),
Since ¢ | ¢, we write ¢ = ¢k for some positive integer k. Then
@t 1= (0 = (@) (@),
Since n | a* — 1 and p | n, we have a’ =1 (mod p) and so
(@ @2+ 41=1414---+1=Fk (modp).
Since ged(n,m) = 1 and k | m and p | n, we have p { k. This implies that v,(a? — 1) = vp(a? — 1).
Contradiction. O
Corollary 6.5 Let n € N. Suppose there exists a € Z such that n | ®,-1(a), then n is a prime.
Proof: Since n is coprime to n — 1, we have o,(a) =n — 1 but o,(a) < ¢(n) <n—1. So ¢(n) =n — 1.
Hence n is a prime. O
Corollary 6.6 Let m € N. Let a € Z. Then any prime diwvisor of ®,,(ma) is of the form mk + 1.
Proof: Let p be prime divisor of ®,,,(ma). Since the constant term of ®,, () is 1, we see that gcd(m, ®,,(ma)) =
1 and so pt m. Hence o,(ma) = ¢ which implies that ¢ | p — 1. O

Theorem 6.7 Let m € N. There are infinitely many primes of the form mk + 1.

Proof: Since ®,,(z) is monic, we know that ®,,(x) — oo as x goes to infinity. Let N be a large integer
such that ®,,(x) > 1 for all z > N. We now construct the sequence by taking a; = N and

an+1 = P (Nmaqag - - - ay).

Then we have a sequence of pairwise coprime (because the constant term of ®,,(z) is 1) integers at least
2, each having only prime divisors of the form mk + 1. O

Lecture 9 Mon 09/25

It makes one wonder for which coprime positive integers a and m does there exist a Euclid type
proof for the infinitude of primes congruent to @ mod m. All of these proofs lead to the construction of an
Euclidean polynomial for ¢« mod m, which is a polynomial h(x) with integer coefficients such that the
prime divisors of h(n) for integers n (either belong to a fixed finite set, or) are 1 mod m, or are a mod m;
and that infinitely many primes that are a mod m arise this way.

Theorem 6.8 A Euclidean polynomial for a mod m exists if and only if a> =1 (mod m).

Schur (1912) proved the backwards direction and Murty (1988) proved the forwards direction. For
example, this implies that there are no Euclid type argument for the infinitude of primes of the form 5k + 2.
Here are some Euclidean polynomials in small moduli:

(a) Primes dividing 5(2n)? — 1 are congruent to 1 or 4 mod 5.
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(b) Primes dividing 2n? + 1 are congruent to 1 or 3 mod 8.

)
()
)
)

Primes dividing 2n? — 1 are congruent to 1 or 7 mod 8.
(d) Primes dividing (7n)3 + (7n)? — 2(7n) — 1 are congruent to 1 or 6 mod 7.
(e) Primes dividing (3n)3 — 3(3n) — 1 are congruent to 1 or 8 mod 9.

Statements (a) - (c) are results in Quadratic Reciprocity. Statement (d) and (e) use the theory of finite
fields. Schur’s result uses a bit more of the theory of fields and Galois theory. We will spend the remainder
of this semester working towards these theories. Murty’s result is about the splitting of primes and uses
Chebotarev’s density theorem, which is ironic because it is actually a generalization of Dirichlet’s result on
primes in arithmetic progression!

Exercises

6.1 Compute ®g(x) and find a polynomial f(x) such that z3f(z + 271) = ®g(z).
6.2 Prove that for any k € N, we have ®, (z) = 22 + 1.

6.3 Prove that for any k € N, we have ®4 (z) = 223 4+ 23" + 1.

6.4 Prove that for any h, k € N, we have ®gngr (z) = 223" — 22" 73" 41,

6.5 Suppose ¢ € N such that ®,(x) = 2% + cz® + 1 for some nonzero integer ¢, where s = ¢(q)/2. Prove
that ¢ = £1.

6.6 Prove that if p is a prime at least 5, then there exists a polynomial h(z) with integer coefficients such
that 227 + 2P + 1 = (22 + z + 1)h(x).

6.7 We will see later that the cyclotomic polynomials ®,(z) are all irreducible in the sense that they do not
admit a factorization into a product of polynomials with integer coefficients with smaller degrees. You
will prove in HW 3 that ®,(z) is reciprocal in the sense that ®,(z~1) = =@ ®,(z). Prove that if ®,(z)
is a trinomial, that is of the form z%(%) 4 cz® + 1 for some nonzero integers ¢, s, then ¢ = 2"3* for some
non-negative integer h and positive integer k.

6.8 Using the fact that primes dividing 2n2 + 1 are congruent to 1 or 3 mod 8, prove that there are infinitely
many primes of the form 8k + 3.

7 Abstract Algebra

We have seen so many beautiful results about the integers and if you think about it, everything really just
boils down to addition and multiplication, and a notion of size. The sets Q, R, C or the sets of polynomials
with coefficients in them also have addition and multiplication and a notion of size. Can we try defining
primes and ged and do all of the above? For example, what should a prime in R mean, what should a prime
in R[z] mean?

The key in defining a prime is the notion of divisibility. We say a | b in Z if b = ka for some k € Z.
The natural extension to R would be that a | b in R if b = ka for some k& € R. This is a little silly because
we can divide in R so if a # 0, then by taking k = b/a, we have b = ka. This is more meaningful in R[z]
where we say a | b in R[z] if b = ka for some k € R[z]. Then we have non-divisions like z + 11 2% + 1. Note
that the definition of division only uses multiplication.

In abstract algebra, we step away from numbers and consider any set for which arithmetic operations
like addition and multiplication can be defined.

Definition: A commutative ring R is a set equipped with two binary operations:

(a,b) = a+b: RxR— R, (a,b) = ab: Rx R— R,
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one unary operation:

a——a:R—> R

and two nullary operations:

0€R, l1eR

such that the usual laws of arithmetic hold:

(1)
(2)
3)
(4)
(5

Commutative) a +b = b+ a and ab = ba;

Associative) a + (b+ ¢) = (a 4+ b) + ¢ and a(bc) = (ab)c;
Distributive) a(b+ ¢) = ab + ac;

Additive identity) a + 0 = a and a 4+ (—a) = 0;

) (Multiplicative identity) a -1 = a.

Remark: More generally, we do not assume multiplication to be commutative (for example matrix multi-
plication is not commutative) in which case we will add (b+ ¢)a = ba + ca to (3) and 1-a = a to (5). All
rings are assumed to be commutative in this class.

k € R such that b = ka. If a | 1, that is if ab =1 for some b € R, then we say a is a unit and write b = a

We do not assume that a multiplicative inverse a~! always exist. We say a | b in R if there exists
-1

We define the group of units as

R*={a€R:3beR,ab=1}.

Examples:

1.

The set Z of integers with the usual 0,1,+, X, — is a commutative ring. An integer a € Z is a unit if
and only if a | 1 if and only if a = +1. So Z* = {1,—1}.

The sets Q, R, C with the usual operations are all commutative rings. Every nonzero element is a unit.
A commutative ring R is field if R* = R\{0}.

If R is a commutative ring, then the set R[x| of polynomials with coefficients in R is a commutative

ring. When R =7,Q,R,C, we know that deg(fg) = deg(f) deg(g); so if fg =1, then deg(f) = 0 and
deg(g) = 0. So they are constants in R. Hence when R =Z,Q,R,C, R[x]* = R*.

In general, we can still define the degree deg(f) of a polynomial f € R[z] as the largest integer n such
that the coefficient of ™ in f is nonzero. An essential step in proving deg(fg) = deg(f) deg(g) requires
knowing that if a,b # 0, then ab # 0.

A commutative ring is an integral domain if a 2 0 A b # 0 = ab # 0.

Lemma 7.1 If R is an integral domain, then R[z] is also an integral domain and R[x]* = R*.
Moreover, for any f,g € R[z] that are nonzero, deg(fg) = deg(f) + deg(g).

Lemma 7.2 If R is a field, then R is an integral domain.

. Can we make R = {0} into a ring? Take 1 =0 and 0+ 0 =0 x 0 = —0 = 0. This is the trivial ring.

We will henceforth assume 0 # 1 for rings.
Can we make R = {0,1} (where 0 # 1) into a ring? We must have
0+40=0, 0+1=1 1x1=1, -0=0.
The next two lemmas force
O0x1=0, 0x0=0, 14+1=0, —-1=1

Since 1 x 1 = 1, we see that {0,1} is a field (and an integral domain). We denote this ring suggestively
by Z/27Z or . It is then a boring exercise to prove that x and + satisfy associativity and distributivity.
We will see a better way to check this next time.
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Lemma 7.3 Let R be a commutative ring. Then a -0 =10, a-(—1) = —a and —(—a) = a for any
a € R.

Lemma 7.4 Let R be a commutative ring. Let a € R. The map x — x + a defines a bijection R — R.
The map x — xa is a bijection R — R if and only if a € R*.

Proof: The map x +— z + (—a) is the inverse of z +— x + a. If a € R*, then x — za~! is the inverse
of x — xa. Conversely, if x — xa is surjective, then ba = 1 for some b € R and so a € R*. O

Corollary 7.5 Let R be an integral domain. Suppose R is finite. Then R is a field.

Proof: Let a be a nonzero element. Then for any z # y, we have x — y # 0 and so (z — y)a # 0,
implying that xa # ya. So the map x — za : R — R is injective. An injective map between two finite
sets of the same size is surjective (by the Pigeonhole principle). O

Lecture 10 Wed 09/27

The above arithmetic on {0,1} looks just like the addition and multiplication property of even and
odd numbers. More precisely, consider a map f : Z — {0, 1} sending all even numbers to 0 and all odd
numbers to 1. Then for any a,b € Z, we have

fla+b) = f(a) + f(b),  flab) = fla)f(b),  f(=a)=—f(a),  f(0)=0,  f(1)=L

In other words, f respects the ring operations on Z and on {0,1}. Since f is surjective and we know
the usual addition and multiplication on Z are associative and distributive, we can also use it to prove
that +, x on {0, 1} satisfy associativity and distributivity.
In general, a ring homomorphism is a map f : Ry — Rs between two rings R;, Ro such that for any
a,be Ry,

flat+b)=fla)+ f(b),  flab) = f(a)f(b),  f(1)=1.

Take a = b =0, we get f(0) = f(0) + f(0) and so f(0) = 0. Then take b = —a to get f(—a) = —f(a).
The assumption f(1) =1 is required to rule-out the 0 map.
. What about a ring with 3 elements?

Suppose R is a ring with 3 elements, namely 0, 1, o. Let’s write down its addition and multiplication
table. Each row and column of the addition table should be a permutation of 0,1, « by Lemma 7.4.
To find o2, we use aa = a(l +1) =a +a = 1.

Q|—lo|+
o N Rl o]
O Q[
—=lolR|R
Qo X
OO O O
Qo
=R |o|R

Since there is only one way to fill out the addition and multiplication tables, we know there is at most
“one” ring with 3 elements. More precisely, suppose R’ is another ring with 3 elements, namely 0, 1,
B. We can define a map f : R — R’ by

f(O):O, f(l):L f(Oé):,B

Then f is a ring homomorphism that is also a bijection. An isomorphism is a ring homomorphism
that is a bijection. We say the two rings R and R’ are isomorphic if there is an isomorphism between
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them and we write R = R’. Isomorphic rings are really the “same thing” but just with different labels.
Any two rings with 3 elements are isomorphic and they are fields.

Finally to prove that a ring with 3 elements exists, we can take the above addition and multiplication
and verify distributivity and associativity. Alternatively, we can use the surjective map f : Z — {0,1,a}
sending integers of the form 3k to 0, 3k + 1 to 1, and 3k 4+ 2 to a. We denote this ring suggestively by
Z/3Z or Fs.

. When we go to 4 elements, we encounter the first ring that is not an integral domain (and so not a
field). We can use the surjective map f : Z — {0,1, «, 5} sending integers of the form 4k to 0, 4k+1 to
1, 4k+2 to «, and 4k+3 to 8, to define a ring structure on {0, 1, a, f}. The addition and multiplication
table look like

|||+
IR E=]E=]
Q| o™
o|lo|o|o|lo
Qlo|e|o|e
Q| o™

—lol®| oL

O L |
™| O |~ X
™| Q| O~

Note that we have a? = 0 in this ring. So it is not an integral domain. We denote this ring suggestively
by Z/47.

In the above addition table, the key is that 1+1 ¢ {0,1}. We may assume, by renaming, that 1+1 = a,
which then forces 1 + @ = $ and 1 + 8 = 0 and then the rest of the addition table will be identical
to the above. Note that since every element here is a sum of 1’s, the multiplication is also determined
because by distributivity,

I+ +D- 0+ +D)=>0+-+1).

n m nm

This also implies that there is a unique ring structure on Z if + is the usual addition.

There are three other (non-isomorphic) rings with 4 elements where 1 +1 € {0,1}, that is 1 + 1 = 0.
Note that we must have a + a = a(1 + 1) = 0. The addition table is now uniquely determined.

+ 101 ]|a|p X1 101 |alp Xeo |01 |al|p X3 |01 |al|p
0|0 |1|al|p 0O |0J0O]O0|O 0 |0OJO0O]O0]|O 0 |0JO0O]O0|O
1[1]0|08 ]« 1 |01 ]|al|p 1 (0|1 |al|p 1 |01 |al|p
alal|B|0]1 a |0la| 0|« a |0la|al|0 a |0la|pf|1
BB |lal|l1]0 B 10| B |lall B8 10| B0 B 10|81«

There are now multiple options for the multiplication table. We note that it is determined by o? as
af =ala+1)=a*+a, Br=(a+1)2=0a*+1.

There are now three isomorphism classes. If a? € {0,1}, then either a®> = 0 or 3% = 0 and so by

renaming, we may assume a® = 0 and we get the ring Fa[x]/(2?). If o® = «, then we get the ring

Fy[x]/(2? — z). If a® = 3, then we get the ring F4. We list the special property that they each have to

show that they are all non-isomorphic.

(a) Z/4AZ has an element a such that a + a # 0.

(b) Fa[x]/(2?) has a nonzero element a such that a? = 0.

(c) Fy[x]/(2% — z) has the property that every element a is idempotent, that is a? = a.
)

(d) F4 is an integral domain (and also a field).
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Lemma 7.6 Let R be a commutative ring. There is a unique ring homomorphism f : Z — R (called
the canonical homomorphism,).

If this map f is injective, then we say that the characteristic of R is 0. If f is not injective, then
there is some nonzero integer a such that f(a) = 0. Now f(—a) = —f(a) = 0, so we may assume a is
positive. The smallest positive integer d such that f(d) = 0 is the characteristic of R.

Lemma 7.7 If R is an integral domain, then its characteristic is either 0 or a prime.

Proof: Suppose the characteristic d of R is positive. Let ¢ be a positive divisor of d so d = gk for
some k € N. Then f(q)f(k) = f(d) = 0. Since R is an integral domain, either f(¢) =0 or f(k) = 0.
By minimality of d, we have ¢ = d in the first case, and k = d so ¢ = 1 in the second case. Hence we
have shown that the only positive divisors of d are 1 and d. In other words, d is a prime. O

The ring Z/47 has characteristic 4 while the other 3 has characteristic 2. In (b), (c), (d), the subset
{0,1} with addition and multiplication in the respective rings forms a ring, isomorphic to Fa. A
subring of a ring R is a subset R’ that is closed under all the operations of R: namely it contains 0
and 1, contains a + b, ab and —a for any a,b € R'.

If Ry, Ry are two rings, then Ry X Ry = {(a,b): a € R1,b € Rs} has a ring structure by coordinate-wise
operations. It is the unique ring structure on R; X Ry so that the projection maps (a,b) — a and
(a,b) — b are ring homomorphisms. The ring Fy x Fs has 4 elements (0, 0), (0, 1), (1,0), (1,1) and every
element is idempotent. Hence Fy x Fy = Fa[x]/(2? — 2).

Note that if R is a ring and f; : R — Ry and fs : R — Ry are ring homomorphisms, then the map
f: R— Ry X Ry defined by f(r) = (f1(r), f2(r)) is a ring homomorphism.

Exercises

7.1
7.2
7.3

7.4

7.5

7.6

7.7

7.8
7.9

Let R be a commutative ring with a,b,c € R. Prove that if ab =1 = ac, then b = c.
Prove Lemmas 7.1, 7.2, 7.3, 7.6.

Let R be a commutative ring and let S be a set with +, x,—,0,1. Let f : R — S be a surjective map
such that for any a,b € R, we have

fla+0) = f(a)+ f(b),  flab) = fla)f(b),  f(—a)=—f(a),  f(0O)=0,  f(1)=1
Prove that S with +, x, —, 0,1 is a commutative ring.

Let Ry, Rz, R3 be commutative rings and let f : Ry — Rs and g : Ry — R3 be ring homomorphisms.
Prove that go f : Ry — Rs defined by (g o f)(a) = g(f(a)) is a ring homomorphism.

Let f: R — R’ be an isomorphism between two commutative rings. Prove that its inverse f~!: R’ — R
is a ring homomorphism, and so is also an isomorphism. (Recall that f~! is defined so that for any
be R, f~1(b) is the unique a € R such that f(a) = b.)

Let R be a commutative ring with characteristic d. Let f : Z — R be the unique ring homomorphism.
Prove that if f(n) = 0 for some integer n, then d | n.

Let R be a commutative ring with characteristic d and let R’ be a commutative ring with characteristic
e. Let f: R — R’ be a ring homomorphism. Prove that e | d.

Prove that a subring of a field is an integral domain.

Prove that R and C are not isomorphic.
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7.10 Let R=27% =7 x Z. Let r = (0,1). Prove that:
(a) whenever r | ab for some a,b € R, we have r | a and 7 | b;
(b) there exist a,b € R\R* such that r = ab.
7.11 Let R=Q + a2R[z] = {f(x) € R[z]: f(0) € Q}. Verify that R is a subring of R[z]. Prove that:

(a) there exist a,b € R such that z | ab but z ta and z 1 b;
(b) there do not exist a,b € R\R* such that x = ab.

Lecture 11 Fri 09/29

8 Quotients

It is time to stop beating around the bush and talk about what / means. Let R ba a commutative ring. An
ideal is a subset I C R such that

(a) for any a,b € I, we have a+ b € [;
(b) for any a € I and any r € R, we have ra € I.

Suppose f : R — R’ is a ring homomorphism between two rings R and R’. We define the kernel of f to be
ker(f) = {a € R: f(a) = O},
Then for any a,b € ker(f), we have a + b € ker(f) since
fla+b) = f(a)+ f(b))=04+0=0
and for any r € R, we have ra € ker(f) since

f(ra) = f(r)f(a) = f(r)-0=0.
In other words, the kernel of a ring homomorphism is a proper ideal, that is an ideal not equal to R. The

punchline is that conversely, every proper ideal arises as the kernel of some ring homomorphism from R.

Examples:

1. Let R be a commutative ring. Let a € R be any element. The set
aR = (a) ={ra: r € R}

is the smallest ideal containing a. It is easy to check that r1a + rea = (r1 + r2)a and r(rea) = (rro)a.
For example, this gives the ideals (d) = dZ of Z for any integer d, and the ideals (f(x)) of R[x] for any
polynomial f(z) € R[z]. When a = 0, we have the zero ideal (0) = {0} and when a = 1, we have the
full ring (1) = R.

Ideals of the form (a) are called principal ideals. Note that b € (a) if and only if a | b. Then (a) = (b)
if and only if a | b and b | a. When R is an integral domain, the latter is equivalent to b = au for some
unit v € R*.

2. If an ideal I contains a unit v € R, then I contains uu™' = 1 and so I = R. If R is a field,
then any nonzero ideal contains a nonzero element, which we know is a unit. So then a field (e.g.
Q,R,C,Fy,F3,F4) has only the zero ideal and the full ring as ideals.
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3. If I and I are ideals, then so are Iy NIy and Iy + I = {a+b: a € I,b € I5}. An arbitrary intersection
of ideals is also an ideal. Given any set S, we can define the ideal generated by S, denoted (S), as the
intersection of all the ideals containing S.

Suppose a,b € Z. Then
aZ+bZ = {ax+by:xz,yeZ}t = ged(a,b)Z
aZNbZ = {ne€Z:alnb|n} = lem(a,b)Z.
The set {ab: a € I1,b € Iy} is generally not an ideal since it may not be closed under addition. The

ideal generated by it is denoted I1 Iy = {a1by + -+ + anby: a; € I1,b; € Is}. Note each a;b; € I N Is.
So I1I; C I N Iy. In Z, we have (aZ)(bZ) = (ab)Z.

We now construct the quotient ring given a commutative ring R and a proper ideal I. A coset of T
is a subset of R of the form

a+I={a+b:bel}={ceR:c—acl}.

Such a coset is called the coset of I containing a, since it literally contains a as a set. We see that two cosets
a1 + I and ag + I are equal if and only if a; — as € I. Let R/I be the set of all cosets of I. So

R/I={a+1:a€ R}

The assumption that I is a proper ideal instead of just an ideal ensures that R/I contains at least 2 elements.
When R =7 and I = mZ, a coset a +mZ is the set of integers congruent to @ mod m, i.e. is what we know
to be a congruence class. The set Z/mZ is then the set of all congruence classes mod m.

There is now an obvious way to define arithmetic on R/I:

@rD+brD=(a+b)+1, (a+DO+D)=@b)+I, —(a+I)=(—a)+I

with 0+ 7 as 0 and 1+ I as 1. In other words, to add (resp. multiply, negate) two cosets, we simply pick
any element from them and add (resp. multiply, negate) them in R, and then take the coset containing
them. We need to check that this definition does not depend on the choice of the elements picked. Suppose
a+I=ad+Tandb+I=b+1 Thena—a €landb—1V €. Now

(a+b)—(a+b)=(a—d)+ (V) eI, (—a')—(—a)=a—d €1,

and
ab—a'b' =ab—ab' +ab' —d'V =a(b—b")+ (a—d" )b € I.

When R = Z and I = mZ, these are just the usual laws on adding and multiplying numbers mod m.
There is natural surjective map 7 : R — R/I defined by a — a + I. It is a ring homomorphism by
construction of R/I and its kernel

ker(m) ={a € R:a+I=I}={a€R:acl} =1

This proves that every proper ideal arises as the kernel of some ring homomorphism. In fact, every ring
homomorphism is “basically” a quotient map.

Theorem 8.1 (First isomorphism theorem) Let f : Ry — Ro be a homomorphism of rings. Then the image
im(f) = {f(r): r € R1} is a subring of Re and the map Ri/ker(f) — im(f) sending r + ker(f) to f(r) is
an isomorphism.

Proof: Exercise. Just check definitions. O

Corollary 8.2 If R has characteristic m, then R has a subring isomorphic to Z/mZ. This subring is called
the prime subring of R, or prime subfield if m is prime.
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Proof: The unique homomorphism Z — R has kernel mZ (by Section 7 Exercise 6). Hence, its image is a
subring of R isomorphic to Z/mZ. O

We may also view R/I as the set of equivalence classes. Recall that a relation ~ is an equivalence
relation if:
(a) (Reflexive) a ~ a;
(b) (Symmetric) a ~b= b~ a;
(¢) (Transitive) a ~bAb~c=a~c

An equivalence class containing a is the set [a] = {b € R: b ~ a}. Two distinct equivalence classes are disjoint
so that R is a disjoint union of equivalence classes. We then define the set R/~ of equivalence classes as
{[a]: a € R}. Now given an ideal I, we define a ~bby b—a € I.

Lecture 12 Mon 10/02

We remark that the definition of cosets and R/I only uses the addition of R and the fact that I is
closed under addition. So if J is a subset of R that is closed under addition and subtraction, then we can
still define the set R/J of cosets of J and we can still define + on it. One example where this may be useful
is when J is the image of a ring homomorphism f : Ry — Ra. The quotient Ry /im(f) is called the cokernel
of f, denoted coker(f). It is not a ring.

Theorem 8.3 (Chinese remainder theorem) Let R be a commutative ring. Let I and J be two ideals of R
such that I +J = R. Then the natural map

p:r=(r+I,r+J): R—R/IXR/J
is a surjective homomorphism with kernel IJ. In other words,
R/(IJ)= R/I x R/J.

Remark: When R = Z and I = m1Z, J = moZ, we saw before that I+J = ged(mq,me)Z and IJ = mimoZ.
So the condition that I + J = R is the same as ged(m,mz2) = 1. The conclusion gives

Z/mlmQZ = Z/mlz X Z/mQZ

An integer mod mimy is uniquely determined by what it is mod m; and mod mg and all combinations occur.
Proof: The assumption I + J = R means that there exist a € I and b € J such that a +b = 1. We prove ¢
is surjective. Take any s,t € R. We need to find an r € R such that r —s € I and r—t € J. Let r = ta + sb.
Then

r—s = tat+s(b—1)=ta—sacl,

r—t = tla—1)+sb=—th+sbe J
The kernel of ¢ is clearly I N J. We already know that IJ C I N J, so it remains to prove I NJ C I.J. Let
relInJ. Thenr=r(a+bdb)=ra+rbelj. O

We consider the application to modular arithmetic. Suppose m > 2 with prime factorization

k kr
m:pll...pr .

Then

1

Z/mZ
(Z/mZ) g

Z/pW'Lx - X L/pY L

Z/piiz) x - x (Z/pkz)
(zivi2) (21v2)

1
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Lemma 8.4 Let m > 2. Then (Z/mZ)* = {a+ mZ: ged(a,m) = 1}. Its size is p(m).

Proof: The coset a +mZ is a unit if and only if there exists b+ mZ such that (a +mZ)(b+mZ) = 1 +mZ.
In other words, ab =1 (mod m). This is the same requiring axz + my = 1 to have an integer solution, which
is the same as ged(a,m) =1. O

Corollary 8.5 Let m > 2. Then Z/mZ is a field if and only if m = p is a prime. We write ¥, for Z/pZ.

Corollary 8.6 Let m € N. Then
. _ 1
¢(m) =] (pi“ - 1) =m]] (1— p> :
' plm

Proof: We have ¢(m) = [[/_, #(pF*). It is easy to see that for any prime p and positive integer k, ¢(p*) =

p* — p#~1 since there are p*~! numbers in 1,2,...,p" that are divisible by p. O

Theorem 8.7 Let R be a finite commutative ring. Then for any a € R, we have |R|-a = 0. For any
a € R*, we have al®"l = 1.

Proof: We prove the statement for R*. The statement for R follows by a similar argument. We note that
if b € R*, then so it ab since ab(b~*a~1) = 1. Hence the map z +— xa defines a permutation on R*. Let
ai,...,a, denote all the elements of R*. Then aay,...,aa, also are all the elements of R*. Multiplying
them together gives

ai---ap = (aal) (aan) — G‘R |(a1 an)

Multiplying both sides by a;!--- afl gives dF =10
Corollary 8.8 (Euler’s Theorem, Fermat’s little Theorem) Let m € N. Let a be an integer coprime to m.
Then a®™ =1 (mod m). If m = p is a prime and p{ a, then a?~* =1 (mod p).

We write o4 (a), the additive order of a in R, for the smallest positive integer d such that da = 0.
Then by a standard division algorithm argument (see for example the proof of Proposition 5.3, we have
o4 (a) | |[R|. We write o(a), the order of a in R*, for the smallest positive integer d such that a? = 1 if
a € R*. Then o(a) | |R*|.

3
Example: Let’s find the last 2 digits of 33" = 33" This is the same finding what it is mod 100, which is
the same as finding what it is mod 25 and mod 4.

Lemma 8.9 Suppose n € N and n =7 (mod 20). Then 3" =87 (mod 100).

Proof: Since n is odd, we see that 3" = (—1)" = —1 (mod 4). Since ¢(25) = 20, we see that 32° = 1
(mod 25). Then for any positive integer of the form 20k + 7, we have

320RHT — (320)F37 =37 =27 x 27 x 3 =12 (mod 25).
Since 87 is 1 mod 4 and 12 mod 25, we have 3" = 87 (mod 100). O

Now 3" = 87 (mod 100) implies 3" = 7 (mod 20) and so 33" = 87 (mod 100) and we may repeat

3
this forever. In other words, 333,3333 , 3333 ,...all end in 87.
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Exercises

8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

(Correspondence Theorem) Let R be a commutative ring and let I be an ideal of R. Prove that the
ideals of R/I are of the form
J/I:={a+1:a€J}

for some ideal J of R containing I.

(Second Isomorphism Theorem) Let R be a commutative ring and let I be an ideal of R. Let S be a
subring of R. Prove that:

(a) S+T={s+a:s€S,a€l}isasubring of R;
(b) SN is an ideal of S;
() (S+I1)/I=S/(SNI).

(Third Isomorphism Theorem) Let R be a commutative ring and let I be an ideal of R. Let J be an
ideal of R containing I. Prove that
(R/1)/(J/T) = R/ J.

Let R be a commutative ring and let I be an ideal of R. Let
Iz] = {apnz™ + - +ao € Rlz]: a; € T}.
Prove that R[x]/I[z] = (R/I)[z].

Prove that the ideals of Z are all of the form dZ for some non-negative integer d. What are the subrings
of Z?7 For a general commutative ring R, which ideal can also be a subring?

Let R be the ring of continuous (real-valued) functions on [0, 3] with pointwise addition and multiplica-
tion, and the constant functions 0 and 1 as 0 and 1. Consider

1—2 if0<z<1 1—2 if0<x<1
alx) =<0 ifl<z<2, b(x) =<0 ifl<z<2.
r—2 if2<x<3 2—z if2<z<3

Prove that a(xz)R = b(z)R but there does not exist a unit u(z) € R* such that b(z) = a(x)u(x).

Let R be a commutative ring and let a € R* with o(a) finite. Prove that for any k € N, we have

ky _ O(G)
o) = Sedlo(a), 1)’

Let n =2-11-43. Prove that n | 2" 4 2.
It is a lot trickier to prove that if n is odd, then it is impossible for n | 2™ + 2.

Let ¢,m be any positive integers. Prove that the sequence a1 = ¢, a,4+1 = ¢* is eventually constant
mod m.

Lecture 13 Wed 10/04
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9 Polynomials over a field

In this section, we focus on the polynomial ring F[z] where F is a field. We saw before that the units of
F[z] are the nonzero constants F'*. Recall that the degree of a polynomial a,z™ + --- + ag is the largest
index n such that a, # 0. We follow the convention of deg(0) = —o0.

Proposition 9.1 (Division algorithm for polynomials) Let R be an integral domain. Let f(x) € R[x] and let
g(x) € Rx] such that the leading coefficient of g is a unit in R. Then there exist polynomials q(z),r(x) € R[z]
such that

f(x) = g(x)q(z) + r(x), and deg(r) < deg(g).

Proof: Standard induction on the degree of f(x). Let a denote the leading coefficient of g(z). So a € R*.
If g(x) = a has degree 0, then we take ¢(z) = a~! f(x) and r(z) = 0. Suppose now deg(g) > 0. We prove by
induction on deg(f). If deg(f) < deg(g), we simply take ¢ = 0 and r = f. Suppose now deg(f) > deg(g).
Let b € R be the leading coefficient of f(x). Then

flx) — ba—lmdeg(f)—deg(g)g(x)
is a polynomial with less degree than f. Apply induction. O

When R = Z, the condition that the leading coefficient of g is unit means that it is £1. When
R = F is a field, we just need g to be nonzero. In the language of HW 4 Problem 4, F[z] is a Euclidean
domain. All ideals are generated by one element. An integral domain where every ideal is generated by one
element is called a Principal ideal domain or PID. In a PID R, the ideal (a,b) generated by two elements
a,b is of the form (c). Since R is an integral domain, we know that (¢) = (¢) if and only if ¢ = uc for some
unit © € R*. One can choose a generator of the ideal (¢) (sometimes the ideal itself) as the ged of a and b.
When R = Z, we can choose the generator to be positive. When R = F[x], we can choose the generator to
be monic.

A polynomial f(z) € F[z] is irreducible if deg(f) > 1 and there do not exist polynomials
a(z),b(z) € Flx] of degree at least 1 such that a(z)b(z) = f(z). The analogue of Euclid’s lemma and
the fundamental theorem of arithmetic are left as HW 5 Problem 1.

Proposition 9.2 Let F be a field.
(a) Suppose f(xz) € Flx] is irreducible. If f(x) | a(x)b(x) in Flz], then f(x) | a(z) or f(z) | b(x).
(b) Every non-constant polynomial in F[x] can be factored into a product of irreducible polynomials in F[z].

Remark: In general, for a commutative ring R, we say a nonzero element r € R is irreducible if it is not
a unit and there do not exist a,b € R\R* such that » = ab. We say a nonzero element r € R is prime if
whenever r | ab for some a,b € R, we have r | a or v | b. In an integral domain, prime implies irreducible.
As Exercise 7.10 shows, this is not true if R is not an integral domain. Conversely, as Exercise 7.11 shows,
there are also integral domains where irreducible does not imply prime.

For any ring R and any « € R, there is an evaluation homomorphism ev,, : R[z] — R sending
™ + an_12" P4 Fag = and” + an_1a" " 4 -+ ag.
We write f(a) € R for the image of f under this map.

Proposition 9.3 Let R be an integral domain. Let f(x) € R[x] and let ¢ € R. The remainder when f(x)
is divided by x — c is the constant polynomial f(c).

Proof: The remainder r(z) satisfies deg(r) < deg(z —¢) = 1. So r(z) = ro is a constant. Apply ev, to
f(z) = (x — ¢)g(x) + ¢ to get ro = f(c). O
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Corollary 9.4 Let R be an integral domain. Let f(x) € R[z] and let c1,...,¢, € R be distinct. Then
Cly .. Cn all are roots of f(x) if and only if (x —c1)(x —ca) -+ (x — ¢n) | f(2).

Proof: Only the forwards direction needs to be proved. We prove by induction on n. The case n = 1 follows
immediately from Proposition 9.3. Suppose now n > 2. By induction using ci,...,c,_1, we see that there
exists g(z) € R[z] such that f(z) = (x — 1) -+ (& — cn—1)g(x). Apply ev., to get

0=(cn—c1)(cn — cn-1)g(cn).

Since each ¢, — ¢; # 0 and R is an integral domain, we see that g(c,) = 0. Then g(z) = (x — ¢, )h(z) for
some h € R[z]. So f(z) =(x —c1) - (x —cp)h(z). O

Corollary 9.5 Let R be an integral domain. Let f(x) € Rlx] with degree d > 0. Then f(z) has at most d
distinct roots in R.

Corollary 9.6 Let F' be a field. Linear (degree 1) polynomials in F[x] are all irreducible. Quadratic (degree
2) and cubic (degree 3) polynomials in F[z]| are irreducible if and only if they don’t have a root in F.

Proof: Any factorization of a polynomial of degree at most 3 into polynomials of smaller degrees must
involve a linear polynomial, which will produce a root of f in F. O

We say ¢ € R is a repeated root of f(x) if (x — ¢)? | f(z). Repeated roots can be checked using the
formal derivative of f(x) defined as

fl(x) = Napxz™ 4 -+ 200 + ay.

The word “formal” is referring to the fact that this has nothing to do with taking limits. The same rules of
derivatives in calculus apply here:

(f+9) (@) =[f(@)+g' @), (f9))=f2)d @)+ f(x)g(x),  (fog)(x)=[(9(z))g ().

Additivity is easy to check from the definition. Then one can use it to reduce the product rule and the chain
rule to the case f(x) = a,x™.

Proposition 9.7 Let R be an integral domain. Let f(x) € R[x] and let ¢ € R. Then ¢ is a repeated root of
f(zx) if and only if f(c) = f'(c) =0.

Proof: For both directions, we may assume c is a root. So f(z) = (z — ¢)g(x) for some g(z) € R[z].
Differentiate it to get f'(z) = g(z) + (z — ¢)¢’(«). Hence f'(c) = g(c). So g(z) has another factor of x — ¢ if
and only if f'(c) =0. O

The moral of the story is that F[z] and Z are very similar, except we have an extra operation of
differentiation for F[z]. This differentiation allows one to prove versions of the abc conjecture (Mason’s
Theorem) and Fermat’s last theorem over F[z]. One can test for existence of repeated roots by applying the
Euclidean algorithm to find the ged of f(z) and f'(x). However, testing for squarefree integers is as difficult
as factorization.

The process of turning Z into Q is the process of taking the field of fraction. We have

Q:{%:a,beZ,b;&O}.

We can do the same thing with F[z] (in fact with any integral domains) to define the field F'(x) of rational
functions:
a(z)

F(x) = {b(m) a(x),b(x) € Flx],b(x) # O} .
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Arithmetic works just as you expect with fractions. For example

c(x) _ a(x)d(z) + b(z)c(x)
b(x)  d(z) b(x)d(x) '

Remark: To be more precise, we need the notion of localizations. Let R be a commutative ring. Let S be
a multiplicatively closed subset of R that does not contain 0. In other words, 1 € S and ab € S for any

T

a,b € S. We denote an element (r,s) of R x S suggestively as =, and define a relation ~ on R x S by

r T
- ~ 2 < 383 S S, 53(7‘182 — ’/‘281) =0.
S1 S9
When R is an integral domain, this is equivalent to simply 7182 = r2s1. It is easy to check that ~ defines an
equivalence relation on R x S. We define the localization S™!'R as the set (R x S)/ ~ of equivalence classes.
In other words, one may think of elements of S™!R as fractions r/s where r € R and s € S, keeping in mind
that multiple fractions could correspond to the same elements. We can then define the ring operations on
S7IR by
r r 7189 + 128 ryoT T 0 1
n Tz _Ns2tras norz_nrz 0=-, 1=
S1 S92 S152 S1  S2 S5182 1 1
It is easy to check that the above addition and multiplication do not depend on the choice of representatives.
In other words,

/ / ! o/ ! !
T ) 182 + oSy _Tss + 1587

e T2
if =~ —,1 and — ~ —, then and

s1 8 Sy sh 5182 shsh s182  shsh

rirg  TiTh
~

There is a ring homomorphism R — S™!'R sending r to /1. Note that elements of the form s/1 where
s € S are units in ST!R since 1/s € ST'R. In this sense, one can think of the localization S™1R is an
“extension” of R where we add inverses of elements of S, hence the notation. Since elements in S become
units, the proper ideals of S~1R correspond to ideals of R disjoint from S, i.e. contained in R\S, hence the
name “localization”.

When R is an integral domain, the set R\{0} of nonzero elements of R is multiplicatively closed. In
the localization (R\{0}) 'R, we are adding inverses to every nonzero element of R. In this case, (R\{0})"1R
is a field, and is the proper definition for the field of fraction of an integral domain.

Lecture 14 Fri 10/06

We consider the quotient F[z]/(g(x)) for some fixed g(z) € F[z] of degree d > 1. By the division
algorithm, any f(x) € Fz] is of the form g(x)q(z) 4+ r(z) where deg(r) < d. So

f(@) + (9(2)) = r(z) + (9(x)).
Moreover, by considering degrees, we see that no two of such r(x) 4 (g(z)) are equal. Hence
Flz]/(g(z)) = {r(z) + (g9(x)): deg(r) <d—1}.

Proposition 9.8 Let F be a field and let g(x) € F[x] with degree at least 1. Then the following are
equivalent:

(a) Flzl/(g(x)) is a field;
(b) Flx]/(g(x)) is an integral domain;

(c) g(z) is irreducible.
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Proof: Suppose first that g(z) is not irreducible. Then it factors as a(x)b(z) for some a(x),b(z) € F[z] with
degrees between 1 and deg(g) — 1. Then a(z) + (g(z)) and b(x) + (g(z)) are nonzero in F[z]/(g(x)) but their
product is g(z) 4+ (g(x)) which is zero. Hence F[z]/(g(x)) is not an integral domain. This proves (b) = (c).

Suppose now g(z) is irreducible. Let f(x)+ (g(z)) € F|z]/(g(z)) be any nonzero element. The ideal
I = (f(x),g(x)) is of the form h(x) for some h(x) € F[z]. We prove that I = F[z]. From g(z) € (h(x)), we
have g(z) = h(z)j(z) for some j(z) € Flx]. Since g(x) is irreducible, we have either h(z) or j(z) is a nonzero
constant. If j(z) is a nonzero constant jg, then it is a unit in F[x] and so (h(x)) = (g(x)) contradicting
f ¢ (g). So h(z) is a nonzero constant, implying that (f(z), g(z)) = F[z]. Hence there exist a(x),b(x) € F[z]
such that a(z)f(x) + b(z)g(x) = 1. In other words, a(z)f(x) + (g(z)) =1 + (g(z)). Hence F[z]/(g(x)) is a
field. This proves (¢) = (a). Finally (a) = (b) is trivial. O

We consider F' = Fy = {0,1}. There are 4 degree 2 polynomials: 2%, 22 + 1, 2% + x and 2?2 + = + 1.
The first three are reducible, note that #2+1 = (x+1)?, and the last one is irreducible. The ring Fa[x]/(g(x))
has size 4 and characteristic 2. It is easy to check that

f@)+ @) = fle+ 1)+ (= +1)%)

defines an isomorphism Fa[z]/(2?) = Fa[z]/((x +1)?). Note also that 2% +x = z(z+ 1) with (z,z+1) = (1).
Hence by the Chinese Remainder Theorem,

Folz]/(2? + x) = Folx]/(z) x Falz]/(z 4+ 1) = Fy x Fy.

This leaves Fa[x]/(z% + z + 1) as the field Fy. In degree 3, there are two irreducible polynomials z3 + x + 1
and x3 + 2% + 1. Are the two fields Fo[z]/(z® + = + 1) and Fa[z]/(2® + 22 4 1) of size 8 isomorphic?

Corollary 9.9 Letp be a prime. Let g(x) € Fp[z] be an irreducible polynomial of degree d. ThenF,[z]/(g9(x))
is field of p* elements.

In HW5, you will prove that any finite commutative ring has a decomposition of the form
RgRl XRQ X Rr

where |R;| = pfi and p1,...,p, are distinct primes. It follows then that any finite field F' (i.e. integral
domain) has size p? for some prime p. We saw before that the characteristic of an integral domain is a
prime, and in HW4 that the characteristic divides the size of the ring. Hence the prime p is necessarily the
characteristic of F. Hence the prime subfield of F is Z/pZ =TF,,.

Exercise
9.1 Prove that the ideal (2,z) in Z[z] is not principal.

9.2 What are the irreducible polynomials in C[z]? What are the irreducible polynomials in R[z]?

9.3 Let R be a commutative ring and let I be a proper ideal of R. We say I is a maximal ideal of R if
there does not exist a proper ideal J such that I is a proper subset of J. Prove that I is maximal if and
only if R/I is a field.

There is also a notion of a prime ideal. Can you guess what its definition is and how it relates to R/I?

9.4 Give an example of a commutative ring R, a maximal ideal I, and a subring S such that S NI is not
maximal in S.

9.5 What are all the maximal ideals of Z[z]?

9.6 For any commutative ring R, we write R[x,y] for the ring (R[z])[y]. Prove that the maximal ideals of
Clz,y] are of the form (z — a,y — b) for some a,b € C. (Hint: recall the similarity between C[z] and Z,
and mimic your solution for Exercise 4.)
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It is in fact true that the maximal ideals of C[z1,...,xz,] are of the form (z1 —aq,...,z, — a,) for some
ay,...,an, € C. This result is known as Hilbert’s Nullstellensatz (theorem of zeros in German). The
rings Clz1,...,x,—1] for n > 3 are no longer PID so your solutions for Exercise 5 and 6 above likely will
not generalize.

9.7 Find all irreducible polynomials of degree 4 in Fy[z].

9.8 Let p be a prime. Prove that 2% + x + 1 € F,[z] is irreducible if and only if p # 1 (mod 3).

10 Finite fields

The main theorem in the theory of finite fields is:

Theorem 10.1 For every prime p and every positive integer d, there is a unique field of size p® up to
isomorphism, given by

where g(x) € Fylx] is irreducible of degree d.

The key theorem is the existence of a primitive element.

Theorem 10.2 Let F be a finite field of size p™ for some prime p and some positve integer n. Then there
exists a € F* such that o(a) = p™ — 1.

Such an element « is called a primitive element of F' as every nonzero element is a power of a:
X 2 -1
F* ={a,a%,...,a" 7'}

Proof: Write m = p™ — 1. For any positive divisor d of m, let Ny denote the number of elements in F' with
order exactly d. We prove that Ny < ¢(d). If Ny = 0, then this is obviously true. Suppose Ny > 0 and let
a be an element of order d. Any element of order d is a root of the degree d polynomial 2% — 1 € F[x] and
a,a?,...,a% already give d of them, which are all distinct since d = o(a). In other words, any element of

order d must be one of these d powers of . Recall from Exercise 8.7 that for any integer k,

o(a)

ky _
o) = Zedlh,o(a))

Hence we see that o(a*) = d if and only if gcd(k, o(a)) = 1. Therefore, Ng = ¢(d).
Since every element in F'* has order dividing m, we have

m:ZNd§Z¢(d):m,

dlm dlm

by Corollary 6.2. Therefore, Ny = ¢(d) for every d | m. In particular, N, = ¢(m) > 0. O

Lecture 15 Mon 10/16

Corollary 10.3 Let F' be a finite field of size p™ for some prime p and some positive integer n. Then
F = TF,[z]/(f(z)) for some irreducible polynomial f(x) € Fplz] of degree n.

Proof: Let a € F* be an element of order p™ — 1. Then every element of F'* is a power of a. Hence
the evaluation map ev, : F,lz] — F is a surjective homomorphism. The kernel of ev, is an ideal of Fp[z]
and so is of the form (f(z)) for some f(z) € F,[x]. By the first isomorphism theorem, F is isomorphic to
F,lz]/(f(x)). In order for this quotient to be a field, f(z) must be irreducible by Proposition 9.8. O

To see that an irreducible polynomial of degree n exists, we need the following result.
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Theorem 10.4 Let p be a prime and let n € N. Then zP" — x is the product of all monic irreducible
polynomials in Fplz] of degree dividing n.

For example, when p = 2, we have

ot -2 = z@+1)(2?+24+1)
-z = z@+D@+22+ 1)@ +2+1)

Corollary 10.5 Let S,(n) denote the number of monic irreducible polynomials in Fp[z] of degree n. Then
Sp(n) > 0 for any n € N.

Proof: Since degree is additive, we have

pr=Y dSy(d) = nSyn) =) ud)p",
d| d|n

by HW 3 Problem 3, where p is the Mobius function. Note that if d > 1, then n/d < n/2. Hence

P —=nSp ()] =| > w(d)p| < plP g pln 2T 1 < pln A <
d|n,d>1

This implies that nS,(n) > 0. O

For example
1
S5(6) = 6(26 9392y 21) =9
Corollary 10.6 Let p be a prime and let n € N. Let f(z),g(x) € Fplz] be two irreducible polynomials of

degree n. Then Fyla]/(f(z)) = Fplz]/(9()).

We need a straightforward lemma on how to define a homomorphism out of these quotients.

Lemma 10.7 Let p be a prime. Suppose f(x) is an irreducible polynomial in F,[x]. Suppose R is a ring
of characteristic p, so that the prime subfield of R is Fp. Then any ring homomorphism F,[z]/(f(z)) — R
is of the form j(x) + (f(x)) — j(a) for any j(x) € Fplz] where o € R is a root of f(x). Any such ring
homomorphism is automatically injective.

Proof: Easy exercise. Any ring homomorphism must be identity on the prime subfield F,. If it sends
xz+ (f(x)) to a, then it sends j(z) + (f(z)) to j(@) for any j(z) € Fp[z]. Since f(z) + (f(x)) is 0, we must
have f(a) = 0. The kernel is a proper ideal of the field F,[x]/(f(z)) and so must be {0}. O

Proof of Corollary 10.6: Let F' = F,[z]/(g(x)). It suffices to find a root o of f(z) in F, since then we
would have an injective homomorphism Fp[z]/(f(z)) = Fplz]/(g(z)), which is also surjective because they
have the same size.

We may assume f(x) and g(x) are monic. Every nonzero element o € F* satisfies a?" =1 — 1 = 0.
Hence, every element of F is a root of z?" — x € F[z]. Since 2P" — z has at most p™ roots in F, we see that

it splits completely in F[z] as
P - = H(:c—a).

aEF

Hence f(x) as a factor of 22" — x in F,[z], also splits completely in F[z]. We may then take any of its root
to define the desired isomorphism. O

We collect two important results, which were proved in the above.

Corollary 10.8 FEvery irreducible polynomial in F,, of degree dividing n splits completely in Fpn.

37



Corollary 10.9 Let F be a finite field and let ¢ = |F|. Then

2l —x = H(x—a).

aEF

Example: The field Fg is given by Fy[x]/(23+2+41) and also by Fo[z]/(23+2%+1). Write a = 2+ (2®+22+1)
in F = Fa[z]/(23 + 22 + 1). Then o® + a? + 1 = 0. The irreducible polynomials 2® + 2% + 1 and 2 + = + 1
should split completely in F'. Let’s find their roots. Note that

(a+1)P*+(@+)+1=a*+a’+a+l+a+l+1=0a*+a?*+1=0.

Hence, a + 1 is a root of 23 + z + 1. The other two roots of 2° + 22 + 1 in F are o? and a* = o? + a + 1.
One can check this via

(@®P+ (@) +1=a+a*+1=(®*+a?+1)2=0.
The other two roots of 23+ z+ 1 are (o +1)2 = a? + 1 and (a +1)* = a* + 1 = a2 + a. In other words, we
have the factorizations

¥+ 2% +1 (x+a)(z+a?)(z+a® +a+1),

P rr+l = (e+a+l)(z+®+1)(z+a®+a).

We make a very important observation. From the binomial expansion, we have

n

P
(a+b)P" =" <p >a’"bpnr.
T

r=0

Moreover, we know that
y,,((p ))zn—yp(r)>0 if  0<r<p”
r

by Corollary 4.4. In other words, all the middle coefficients are divisible by p. Therefore, if we are in
characteristic p, then

(40" =" 407"
In particular, if f(z) = ama™ + -+ + ag € Fpn[z], then each afn =q; and

n

fx)P" =al 2™ 4.+ agn = (2P )" 4 4 ag = f(aP).
Lecture 16 Wed 10/18
Proof of Theorem 10.4: We recall a result proved in HW 1:
ged(pt —1,p" — 1) = pdh0 — 1.
In particular,
pPP-1]pt—-1 = k|l

We first prove that if f(z) € F,[z] is a monic irreducible polynomial of degree d | n, then z?" — z €
(f(z)). If d = 1, then f(z) = x — a for some a € F,, in which case we know = —a | zP" — 2 because a?" = a.
Suppose now d > 2. Let F = F,[z]/(f(z)). Let « =z + (f(z)). Then a # 0 and so aP’=1 = 1. Since d | n,
we know that p? — 1| p™ — 1. Hence a?”"~! = 1. So o”" = . This means that 2" — z € (f(z)).

Conversely, suppose 27" — 2 € (f(x)) for some irreducible polynomial f(x) € F,[x] of degree d. We
prove d | n. Again let F = F,[z]/(f(x)). Let @ = a(z) + (f(z)) be a primitive element so that o(a) = p? — 1.
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We would be done if we can prove that o = «, which implies that a?"~! =1 and so p? — 1 | p — 1. We
note from last time that if a(z) = apz™ + - - + ap € Fp[z], we have

n

n _ n
()" = ama™" 4 a1 x™IPT 4 .

Now each _ _ _ _
2P — 1) =((a? —x)+x) —2) € (aP — 1)

and so also in (f(z)). Hence we see that
a@)" —a(@) =Y a;(@”" —a’) € (f(z)).
§=0

In other words, a?” = a in F.
Finally, we need to prove that zP" — 2 has no repeated factors, so that every monic irreducible
polynomial of degree dividing n appears exactly once in the factorization of zP" —z. This follows easily from

n Tlr7
(xP" —2) =paP -2z = -1
. . . . n
which shares no common divisor with 2?7 — x. O

Proposition 10.10 The field Fyn has a subring isomorphic to F,a if and only if d | n, in which case, the
subring is unique and we say F,a is a subfield of Fpyn.

Proof: Consider the subset ,
R={aeFypn:a? =a}.

Then R has size at most p? since it is the set of roots of a polynomial of degree p?. Suppose a homomorphism
@ : Fpa — Fpn (which is the same as an isomorphism from [F,« to a subring of F,») exists. Then since every
element 3 in F,« satisfies Br" = B, we have (p(3))P" = () and so (8) € R. Comparing sizes gives that
the image of ¢ is R. This proves uniqueness. Let 3 be an element of F,« of order p? — 1. Then ¢(3) also
has order p? — 1 in F,» since ¢ is injective. Hence p? — 1| p" — 1, implying that d | n.

Suppose conversely that d | n. Then any monic irreducible polynomial of degree dividing d also has
degree dividing n. Hence P — x, which is a product of monic irreducible polynomials of degree dividing d,
splits completely in [F,» by Corollary 10.8. So the subset

R:{aern:apd:a}

has size p?. Suppose a, 3 € R. Then

(a4 B = o 45" =a+tp,
(By" = '@ =ap,
(@ = (@) =al,

This proves that R is a subfield of Fy». It has size p® and so is isomorphic to Fpa. O
For n = 1, we have the factorization
¥ —zx=z(x—-1)---(z— (p—1)).

Canceling the x gives
Pl = -1 -2) (- (- 1),

which we already knew from Fermat’s little theorem. Setting z = 0 gives

—-1=(-)P"tp-1)! inF,.
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Translating it to integer congruences gives Wilson’s Theorem
(p—1!'=-1 (mod p).

There is of course a more direct proof by pairing a and b if ab = 1 (mod p). Then only 1 and —1 are left
over.
When n = 2, we note that every quadratic polynomial over F;, has a root in F ..

Theorem 10.11 Let p be a prime divisor of n® + n? — 2n — 1 for some integer n. Then p =17 or p = *1
(mod 7).

Proof: We have some n € IF,, such that nd4+n?—2n—1=0. Let o € F,2 be a root of 22 — nx + 1. Then
a#0and n=a+a ! Now

0 = (a+aP+(a+a)?-20@+at)-1
= o*+3a+3a o+’ +2+a - 2+at) 1
Aot tat+ltaltta?tad

Multiplying by a3(a — 1) gives
a’—1=0.

So the order o(a) of e in F2 divides 7. If o(a) = 1, then o = 1, and we get 0 = 7 and so p = 7. Suppose
now o(a) > 1. Then o(a) = 7. Since o(a) | [F .|, we get 7 | p?—1.S0 7| (p—1)(p+1) and hence p = +1
(mod 7). O

The key to this cute result is that for the polynomial f(z) = 2% + 2% — 22 — 1, we have
flz+a7h) =273 0g(x).
It follows from the fact that ®,,(z) is reciprocal that for any m > 2, there exists f(z) € Z[z] such that
flata™t) =22, ().

With a little more work (to calculate f(0) which involves calculating ®,,(7)), one can use this to give a
Euclidean proof for the infinitude of primes of the form gk — 1 where ¢ is a prime. If m is not a prime, we
won’t be able to conclude from m | p? — 1 that p = +1 (mod m). In HW6, you will work this out for m = 9.

Exercise

10.1 Let p be a prime. Prove that there exists a € Z such that p | ®,_1(a).

10.2 Let F be a finite field and let k € N such that ged(k, |F| — 1) = 1. Prove that every element in F is
the k-th power of some element in F.

10.3 Let F be a finite field and let & € N. Let S be the subset of F' consists of sums of k-th powers. (Note
that an empty sum is 0.) Prove that S is a subfield of F.

10.4 Prove that for any positive integer n # 2, every element in Fon is a sum of cubes. Note that the cubes
in F4 are precisely 0 and 1 and so the subfield of sums of cubes in Fy is Fs.

10.5 Let F be a finite field with 3 | |F| — 1. Suppose there exist u,v € F* such that u® + v3 = 1. Let w be
an arbitrary element of F'. Let

A={d*:acF}, B={w+bt*:becF}, C={lw+c: cecF}
(a) Prove that A, B, C are not pairwise disjoint.

(b) Prove that w is a sum of two cubes. In other words, every element of F' is a sum of two cubes.

40



10.6 Let F be a finite field with 3 | |F| — 1 and |F| > 7. Suppose there does not exist u,v € F* such that
u? +v3 =1. Let @ € F* be a primitive element. Let

A={a**:kez}, D={**":kecz}, E={**"kecz}

a) Prove that at least one of 013 - 1, 013 + 1, Ot6 — 1 belongs to D, and at least one of them belongs
g g
to E.

(b) Prove that every element of F' is a sum of two cubes.

10.7 Exercises 10.2, 10.5, 10.6 imply that for any finite field except Fy and F7, every element is a sum of
two cubes. Prove that for F' = [F7, every element is a sum of three cubes, and not every element is a
sum of two cubes.

10.8 Prove that for any a € F7, the polynomial z* — a € F7[x] is reducible.

10.9 Let ¢ = p™ be a power of a prime. Let o € F, be a primitive element. Suppose ¢ =1 (mod d) for some
positive integer d. Prove that ¢ — a € F,[] is irreducible.

Lecture 17 Fri 10/20

11 Quadratic reciprocity

We say an integer a is a quadratic residue mod m (or in Z/mZ) if the equation 22 = a (mod m) has an

integer solution. Otherwise, we say it is a quadratic non-residue. We consider the case where m = p is a
prime first. When p = 2, every integer is a quadratic residue. So we assume p is odd.

Stated in terms of the finite field F,,, we are just studying the set {b*: b € F,}. For example in F7,
the set of quadratic residues are {0,1,2,4} and the set of quadratic non-residues are {3,5,6}. Let a be a
primitive element in F' so that we may write

F, = {0,a,0?,...,aP "},
Moreover, we know that o = o if and only if p — 1| k — £.

Lemma 11.1 Let p be an odd prime and let o be primitive in F,'. For k=1,...,p— 1, the element aF s
a quadratic residue if and only if k is even.

Proof: If k = 2/ is even, then o = (af)2. Conversely, if o* = (af)? for some ¢ € Z, then p — 1 | k — 2/ and
so k is even since p is odd. O

Corollary 11.2 Let p be an odd prime. Let a € Fy,, then

1 if a is a nonzero quadratic residue
aP~D/2 = ¢ if a is a quadratic non-residue
0 ifa=0.
Proof: Let a be a primitive element. Then (a(P~1/2)2 = aP~! = 1. Hence a(P~1/2 = —1 since it can’t be

1. Now write a = o for some k= 0,...,p — 2. If k = 2¢ is even, then a®®1/2 = o~ Dt =1 Ifk=20+1
is odd, then aP~1/2 = o(p—Dt+@-1/2 = _1 0O

We define the Legendre symbol (ﬂ) to be the integer 1, —1 or 0 depending on if a is a nonzero
p

quadratic residue, quadratic non-residue, or 0 in F,,. In other words,

(E) =aPV/2 (mod p),
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from which we see that it is multiplicative:

(5)=())
D D/ \p
so that the product of two quadratic non-residues is a quadratic residue.

Corollary 11.3 We have that —1 is a quadratic residue mod p if and only if p =2 or p =1 (mod 4). In
other words, for p # 2,
(;1) — (—1)®-D/2,
p
Proposition 11.4 We have that 2 is a quadratic residue mod p if and only if p=2 or p = £1 (mod 8). In
other words, for p # 2,
(Z) = (—1)®* -1/,
p
Corollary 11.5 We have that —2 is a quadratic residue mod p if and only if p =2 or p =1 or 3 mod 8.

Proof: Suppose p # 2. We know that —2 is a quadratic residue precisely when both —1 and 2 are quadratic
residues or when they are both non-residues. The first case corresponds to p = 1 (mod 8) and the second
case corresponds to p = 3 (mod 8). O

To prove Proposition 11.4, we use the following lemma, which will also be used a few times later.

Lemma 11.6 Let p be a prime and let m be a positive integer coprime to p. Then there exists a € F;¢(m)

such that o(a) = m. In fact, such an element exists in F*, .
p m

root of unity.

We call such an element a primitive m-th

Proof: Let d = om(p). Then m | p? — 1 and d | ¢(m) so Fpa C Fpoem). Let a be a primitive element of F;d.

Then o(a) = p? — 1. Hence a = o' =1/m hag order m. O

Proof of Proposition 11.4: Suppose p is an odd prime. Let o € IF;4 be a primitive 8-th root of unity.
The key idea is to find some 3 € Fp such that B? = 2. Then 2 is a quadratic residue mod p if and only if

B € F,, and we can check if 3 € F,, by comparing ? with 3. Take 8 = a+ a~'. Then
BZ=a?+2+a2

4 2

Since a® = 1 and a* # 1, we have a* = —1, and so a? = —a 2. Hence 8% = 2. Since we are in characteristic
p, we have P = o +a~P. Since a® = 1, we see that 4P depends only on what p is mod 8. It is now easy to
check that if p = +1 (mod 8), then

B =altal=8

and when p = £3 (mod 8),
BP=a*+ad=-at-a=-5

Therefore, 8 € F,, if and only if p = £+1 (mod 8). O

Theorem 11.7 (Quadratic reciprocity) Suppose p,q are two distinct odd primes. Then

B

In particular

(g) - —(%),ifbothp,qz?) (mod 4);
(g) = (%), otherwise.
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For example, suppose we want to compute <@) Then we have

(3) = (D= () =—(7) =)=

29 11 11 7 7

As another example, we can work out when 3 is a quadratic residue mod p. If p = 1 (mod 4), then

(§> = (%) =1« p=1(mod3). If p =3 (mod 4), then (%) = —(g) =1< p =2 (mod 3).
(%) = 1 if and only if p = £1 (mod 12). The case for 5 is easier because 5 = 1 (mod 4) and so

(%) = (’g) =1« p = =£1 (mod 5). The case for 7 is similar: if p = 1 (mod 4), we need (%) =1 so

p=1,2,4 (mod 7); if p=3 (mod 4), we need (%) =—-1s0op=3,56 (mod 7).

Corollary 11.8 We have

(a) 3 is a quadratic residue mod p if and only if p=3 or p = +£1 (mod 12).

(b) 5 is a quadratic residue mod p if and only if p=>5 or p==£1 (mod 5).

(c) 7 is a quadratic residue mod p if and only if p="T7 or p = £1,49,£25 (mod 28).

Note that for a prime to be +1 mod 5, it is equivalent to be +1 or £9 mod 20. It is then natural to expect
the following result, which is actually equivalent to quadratic reciprocity.

Proposition 11.9 Suppose p,q are distinct odd primes. Then q is a quadratic residue mod p if and only if
p = +a® (mod 4q) for some odd integer a.

Proof of equivalence: Let

pt= (-1 D/2p = (i)p-
b
It is an easy exercise to prove that p* is a quadratic residue mod ¢ if and only if p = +a? (mod 4q) for some
odd integer a.

If p=1 (mod 4), then p* = p. If p is a square mod ¢, then p = b? (mod ¢q) for some integer b. By
the Chinese remainder theorem, there exists an integer a that is 1 mod 4 and b mod ¢. So p = a? (mod 4q).
Since p is odd and 4q is even, we have a is odd. Conversely, if p = +a? (mod 4q) for some odd integer
a. If p = —a? (mod 4q), then p = —a? (mod 4) but a> = p = 1 (mod 4), which is impossible. So p = a?
(mod 4q) and thus p = a® (mod ¢). The case for p =3 (mod 4) is similar.

By multiplicativity, we have

*

—_1)(»—1)/2 p—1g-1
(5)- () ) - o 2)

Hence quadratic reciprocity is equivalent to

()= (%)

Lecture 18 Mon 10/23

Proof of Quadratic Reciprocity

Similar to the proof of Proposition 11.4, we let a € [F,,s—1 be a primitive g-th root of unity and try to write
down a square root of ¢*. Then we check whether it is in I, by raising it to the power p. We will see in
about a month why it is more natural to find \/¢* in Fe-1 than /g, even though they both are contained
in Fq-1 (in fact in Fp2).
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We first note that since a? = 1, it makes sense to write o for any m € F;. In other words, the
value o is independent of the choice of the integer k in the congruence class of m mod q. We define

8= Z (%)am.
meF,

As a running example, we take p =7 and ¢ = 3. Then «a € Fy9 is a primitive cube root of unity. In fact, we
may take o = x + (2% +  + 1) in F7[z]/(2? + z + 1). Then

T

We can now compute
B2 =40’ +4a+1=4(-a—1)+4a+1=-3=3"

Back to the general case, we square § to get

=33 ()5 )emr= 3 2 (e

meF, neF meF, nelF
q q q q

Now we collect terms with the same power of a. Note that ¢t = m + n takes arbitrary values in F,:

52:%: Z};(m(tq—m)) at:ZF: Z(m(tq—m)) of
teF, \meF, t€Fqg \meFy

where we removed the m = 0 term because the legendre symbol (@) is 0. Let’s see what the inner

sum is equal to in our example:

If we then factor out the (%), we get
2—-a—-a?=3—-(1+a+a?) =3.
In general, as a primitive g-th root of unity, « satisfies
l+a+---+al™t =0.

This suggests that we should prove

which would imply that



Since m # 0, we have

(m(t - m)) B (—m2(1 - tm”)) B (—m2> (1 - tm”) _ (;1) (1 - tm”)

q q q q q q '
If ¢ = 0, then we get (’71) for each m € F;. There are ¢ — 1 of them, so we get the desired formula for
t =0. When t # 0, tm~! runs through every element in Fy and so 1— tm~! runs through every element in
IF, that is not 1. Hence

S (I T -G-GO+ 0)-() =

meFy selq SEFY

Here the first sum is 0 because half the elements of F* are quadratic residues and the other halfs are quadratic
nonresidues. We have therefore proved that

B2 =q".

We next compare P with 3 to see if 3 lies in F,,. Since we are in characteristic p and since (%)

only takes value in 0,1, —1, all of which are fixed by raising to the power p, we have
m\P m
pr = Z (*) o™ = Z (—)amp.
melF, q mel, q
Since p # ¢, as m varies in F;, mp runs through all values of IF,. Setting ¢ = mp, we get

P S (- () (- ()

teF,

Therefore, we conclude that ¢* is a quadratic residue in F,, if and only if (%) = 1. In other words,

5)-¢)

We now consider 22 = a (mod m) in general. By the Chinese Remainder Theorem, it suffices to
consider the case when m = pF is the power of a prime p. It is an easy exercise to reduce to the case p 1 a.

Lemma 11.10 Suppose p | a. Then 2? = a (mod p*) has a solution if and only if v,(a) > k or if v,(a) is
even and
xz = a/p”p(a) (mod pk_l’p(a))

has a solution.

We now assume that p t a. The punchline is that the question can be reduced to m = p for p odd,
or to m = 8 when p = 2.

Lecture 19 Wed 10/25

Theorem 11.11 (Hensel’s lemma) Suppose f(x) € Z[x]. Let p be a prime and let o € Z. Suppose

vp(f(a)) > 2up(f' ().

Then for any n € N, there exists o, € Z such that a, = o (mod p),

vp(f(an)) = vp(f'(@)) and vp(flam)) > vp(f(a) +n—1.
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Corollary 11.12 Suppose f(x) € Z[x]. Let p be a prime and let o € Z. Suppose f(a) =0 (mod p) and
pt f'(«). Then for any n € N, there exists a,, € Z such that a, = a (mod p) and f(a,) =0 (mod p™).

Corollary 11.13 Let p be an odd prime and let a € Z such that p ¥ a. Suppose x*> = a (mod p) has a
solution. Then 2% = a (mod p™) has a solution for any n € N.

Proof: Consider f(z) = 2? —a € Z[z]. Let o € Z be a solution to 2% = a (mod p). Then we have f(a) =0
(mod p). Now f'(a) = 2. Since p{a, we have p t a. Since p is odd, we have pt2. So pt f/(a). Hence for
any n € N, there exists o, € Z such that f(a,) =0 (mod p"), which is the same as a2 = a (mod p"). O

Corollary 11.14 Let a be an odd integer. Suppose x> = a (mod 8) has a solution. Then z* = a (mod 2")
has a solution for any integer n > 3.

Proof: Consider f(z) = 22 —a € Z[z]. Let a € Z be a solution to 22 = a (mod 8). Then we have
va(f(@)) > 3. Now f'(a) = 2a. Since a is odd, we have « is odd. So va(f’(«)) = 1 which satisfies
va(f(a)) > 2uv9(f'(«)). Hence by Theorem 11.11, for any integer n > 3, we have n — 2 > 1 and there exists
Qy—9 € Z such that

va(f(am—2)) = va(f(a)) + (n —2) =1 >n.

In other words, a2 _, = a (mod 2"). O

It is easy to check that the only odd quadratic residue mod 4 is 1, and the only odd quadratic residue
mod 8 is also 1. Note that 22 =5 (mod 8) has no solution but 2 =5 (mod 4) does.

Proof of Theorem 11.11: The important observation is that for any integers a, m, we have
fla+m) = f(a)+ f'(a)m (mod m?).

Since both sides are linear in f(z), it is enough to check it for f(z) = 2™, in which case f(a) + f'(a)m =
a™ +na™"'m are just the first two terms in the binomial expansion for (a +m)™. All the remaining terms
are divisible by m?.

We construct a,, by induction on n. When n = 1, we take ay = a. Suppose now n > 2 and that
a1 has been constructed with

vp(f'(an-1)) = vp(f'(@))  and  vp(f(an-1)) = vp(f(a)) +n—2> 20,(f (n-1)).
We want to define o, to be a,,_; + c¢p”* for some integer ¢ not divisible by p and some k € N, so that
vp(flam—1+ Cpk)) > vp(f(an-1)) + 1.

Write
flan_1) = ap', f(ap_1) =bp°, where ptab, t>2s.

Then
flan_1 +cp®) = ap' +bp°cp®  (mod p*).

We take k = ¢t — s. Then 2k = 2t — 2s > t, so 2k >t + 1. We take ¢ € Z so that bc = —a (mod p), which is
possible because p tb. So now

flan—1+ep®) = ap’ +bp°cp® = (a+be)p’  (mod p'*)
is divisible by p*! as desired. Moreover,

Flon—1+cp®) = fllom—1) + p* f"(an—1) (mod p**).
Since k =t — s > s, we see that

vp(cp® [ (an—1)) > s = vp(f' (an—1)), and 2k > s.
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So vp(f'(n—1 + cp®)) = vp(f'(n_1)). Therefore, o, = v, 1 + cp® satisfies all the desired conditions. O
Example: Consider f(z) = (22 —2)(2?—17)(2% — 34) € Z[z]. Then f(z) = 0 has no solution in Z. We claim
that it has a solution in Z/mZ for any m € N. By the Chinese Remainder Theorem, it suffices to consider
when m = pF is a power of p. If p # 2,17, then at least one of 2,17,34 is a quadratic residue mod p as

GGG =) G) =

p p p p p

and by Corollary 11.13 is a quadratic residue mod p*. If p = 17, then 2 = 62 is a quadratic residue mod 17
and also mod 17%. Finally, since 17 = 1 (mod 8), it is a quadratic residue mod 8 and so is also mod 2*.

Remark: It is a fairly nontrivial fact that if f(z) € Z[x] is irreducible (in Q[xz]), then there are infinitely
many primes p for which f(z) has no roots mod p. Theorem 11.15 gives a proof of this in the degree 2
case. An irreducible polynomial in Z[x] can be reducible mod p for all primes p. As we will learn soon, most
cyclotomic polynomials satisfy this.

Theorem 11.15 Let a € N. If 22 = a (mod m) has a solution for every m € N, then a is a perfect square.

Proof: Suppose for a contradiction that a is not a perfect square. We find (infinitely many) prime ¢ such

that (%) = —1. We may assume without loss of generality that a is squarefree. If a = 2, we just take

q = 3. Suppose a = 2°py - - - p, where e = 0,1 and pq,...,p, are distinct odd primes with » > 1. Let s be a
quadratic non-residue mod p,. By the Chinese Remainder Theorem, there exists b € N such that

= 1 (mod8)
= 1 (modpi--pr1)
s (mod py)

By Dirichlet’s theorem on primes in arithmetic progressions, there exist (infinitely many) primes ¢ = b
(mod 8ps - --p,). Then ¢ also satisfies the above congruences. So

R R R A e N O
2 —

Hence 2® = a (mod ¢) has no solution. O

Lecture 20 Fri 10/27

If we don’t use Dirichlet’s theorem, we could factor b as q; - - - ¢; into a product of possibly equal odd primes.
Then we can generalize the Legendre symbol into the Jacobi symbol

t
(3)=11(5)
b j=1 qj
In HW7, you will prove the same quadratic reciprocity laws for the Jacobi symbol and so the same calculation

above shows a
(5)=-1

which implies that a is not a quadratic residue mod b.

Remark: Using the quadratic reciprocity law

(D

one can give a very beautiful proof of the following problem (IMO 2022 shortlist N8):
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n

 For any positive integer n, prove that 2" 4+ 65 1 5™ — 3™.

Suppose for a contradiction that 2 + 65 | 5™ — 3™. Since 315" — 3™ and 2" + 65 = (—1)" + 2 (mod 3), we
see that n is odd and so 2" + 65 =1 (mod 3). Then since 5™ = 3™ (mod 2™ + 65), we have

(2”—?—65) - (2"5—:65> - (273:65) - (2n-?;65>'

Since n is odd and the statement is immediate when n = 1, we may assume n > 3 and so 2" + 65 = 1

(mod 4). Then, we have
(3re) = (5 )=(5)=() =
2" +65/ 5 ~\5/ \5/
(i) = C57) =)=
2n 465/ 3 S\3/
In our proof of the quadratic reciprocity, the value of the sum

Z (m(t—m))

melF, q

but

Contradiction. O

was very important. What about sums of the form
Z (am2 +bm + c>
meF, q

in general, where a, b, c € Z?

Theorem 11.16 Let q be an odd prime. Let a,b,c € Z. Then

- () et
> () =qa-n()  Talv - tacata.
z€elF, c ]
Q(g) if ¢ | b* — 4ac,q | a.

As a consequence, if q 1 b* — 4ac, then ax® + bz + ¢ can be a quadratic residue in F, for at most (q + 3)/2
values of x, which happens when ax? + bx + ¢ is reducible.

Proof: If ¢ t a, then we can complete the square to get

S ( +b)2 b? — dac
ar® +br+c=alz+—) — ———.
2a 4a?

a

240
M) = (f) when x # —b/2a and is 0 when © = —b/2a.
q

q
If ¢ | a, then we note that bx + ¢ takes all values in F, if b # 0 and is constant equaling c if b = 0.

If further ¢ | b — 4ac, then (

In the first case, the sum is 0 and in the second case, the sum is q(g).
The only interesting case is when ¢ {a and ¢ {b* — 4ac. We have the following equality in F,:

3 (M) = 3" (a2 + ba + )2,

z€F, q z€F,
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In HW 6, you proved that

Zwk:{o ifh=1,...,q—2
=4 -1 ifk=q-—1.

It is also clear that erﬂ?q 1 = ¢ =0. Hence when we expand (az? + bz + ¢)(?~Y/2 and sum over z, only the

sum of a(9=1/22971 survives to give —al?=1/2, Hence in F,, we have

> (M) _ g2 (),

z€F, q q

In other words, as integers, they are congruent mod g. Note that the left hand side is a sum of ¢ numbers
of the form 0,—1,1 and the right hand side is £1. So the only way for them to be not equal is for the left
hand side to be ¢ — 1 or —(q — 1). This can only happen when az? + bx + ¢ = 0 for exactly one z € F,, and
is a quadratic residue/non-residue for all other z € F,. This is impossible because a quadratic has exactly
one root if and only if its discriminant b2 — 4ac = 0, contradicting the assumption that ¢ { b? — 4ac. O

Corollary 11.17 Let ¢ > 5 be a prime. Let a,b,c € Z such that q { b* — 4ac. Then ax? + bx + ¢ cannot be
square for (¢ + 5)/2 consecutive integers x.

The weaker result where (¢+5)/2 is replaced by 2¢g—1 is on the 1991 IMO shortlist. The IMO problem
is also true for ¢ = 3, while the polynomial 2(x — 1)(z — 2) takes square value for (¢ + 5)/2 = 4 consecutive
integers x = 0,1,2,3. It is not hard to give a proof in the ¢ = 3 case directly. Let f(x) = az? + bx + ¢
with 3 1 b% — 4ac. Suppose f(x) takes five consecutive square values. Then we can find r, s € Z that are not
congruent mod 3 and a quadratic non-residue « such that

f(@)=a(z—r)(z—s)+ 3g(x)

and f(r) and f(r + 3) are squares, for some g(z) € Z[x]. Then 3¢g(r) is a square implying that 3 | g(r) and
so 3| g(r + 3). Then
v3(f(r+3)) =v3(3a(r+3—s)+3g(r+3)) =1.

Hence f(r + 3) is not a square.

One may ask what happens in the case of a cubic sum. It is a theorem in algebraic geometry that

Z (am3+bx2+cx+d

; )| <2va

z€F,

when ax3 + bx? + cx + d has no repeated roots in Fg4. The connection to algebraic geometry is in the relation
of this sum to the number of F,-solutions to

v =az® + bz’ +cx+d

which you might recognize as an elliptic curve!

Exercises

11.1 Use Exercise 9.8 to prove that for an odd prime p, we have —3 is a quadratic residue mod p if and only
if p=1 (mod 3).

11.2 Is 91 a quadratic residue mod 2537

11.3 Prove that the polynomial 2% — 16 has a root mod p for all primes p.
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11.4 Prove the following more explicit version of Hensel’s lemma. Suppose f(z) € Z[z] and p is a prime.
Suppose a; € Z such that f(a1) =0 (mod p) and p 1 f’(a1). Then the sequence defined by

arg1 = a — f(ax)/f (ar) (mod pFTt), for k > 1
satisfies f(ax) =0 (mod p¥) for all k > 1.
11.5 Find all solutions to * + 23 4+ 222 + 2 = 13 (mod 343).
11.6 Find all solutions to 23 — 2z — 1 =0 (mod 125).

11.7 Suppose a,b € N are positive integers, neither of which is a perfect square. Prove that there exists a
prime g such that a and b are both quadratic non-residues mod g. Conclude that there does not exist
a degree 4 reducible polynomial in Z[z] that has roots mod m for every positive integer m but has no
roots in Z.

11.8 Let p be a prime such that the polynomial 2® 4+ x + 1 is irreducible in F,[z]. Then by HW6 Problem 1,
the roots of 22 + 2 + 1 in Fps are of the form «, a?, aP” for some o € F,s. Let

B=(a—a’)(a—a")(a" —a").

(a) Prove that 3% = —31.
(b) Prove that 8 € IF,,.

(c) Prove that the polynomial (x3 + x + 1)(22 4 31) has a root mod m for every positive integer m.
11.9 Let ¢ be an odd prime and let a,b, ¢ € Z with q { b? — 4ac. Compute

>y ()

zclF, yel,

Lecture 21 Mon 10/30

12 Schur’s Theorem on mk + a

We saw in HW 3 Problem 2 that for any non-constant polynomial f(z) € Z|x], there are infinitely many
primes that divide f(n) for some n € Z. That was a theorem of Schur, who also proved in the same work:

Theorem 12.1 Suppose a,m € N such that a®> =1 (mod m). Then there exists f(x) € Z[x] such that there
infinitely many primes congruent to a mod m that divide f(n) for some n € Z.

More precisely:

Theorem 12.2 Suppose a,m € N such that a®> = 1 (mod m). Then there exists f(x) € Z[z] with positive
leading coefficient and a nonzero integer N such that

(a) If p is a prime divisor of f(n) for some integer n, then p | N or p =1 or a mod m.
(b) If p is a prime congruent to a mod m and coprime to N, then there exists b € Z such that v,(f(b)) = 1.

(¢) All prime divisors of f(0) are congruent to 1 mod m.

In other words, Schur proved that there is a Euclidean polynomial for a mod m if a> =1 (mod m).
From such a polynomial, we can prove the infinitude of primes congruent to a mod m, assuming that there
is at least one coprime to N.
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Theorem 12.3 Suppose a®> =1 (mod m) and a Z 1 (mod m). Suppose there exists a prime q congruent to
a mod m that is coprime to the integer N in Theorem 12.2. Then there are infinitely many such primes.

It is worth noting that Schur’s result does not prove the infinitude of primes of the form mk + a.
We first give a proof of Theorem 12.3 from Theorem 12.2. We recall the following nice property about
polynomials with integer coefficients.

Lemma 12.4 Suppose f(z) € Z[z] and ¢1,c2,k € Z. If ¢c1 = co (mod k), then f(c1) = f(c2) (mod k)
Proof: This is simply the statement f(c+ kZ) = f(c) + kZ in Z/kZ for any c € Z. O

Proof of Theorem 12.3 from Theorem 12.2: We construct our infinite sequence of pairwise coprime
integers each having a prime divisor of the form a mod m. Let k be large even integer such that f(n) > ¢
for all n > mN*. This is possible because f(z) has positive leading coefficient. Let b € Z with v,(f(b)) = 1.

Let a; = 1. Since ¢ is coprime with a;, m and N, we see that ¢ is coprime to mN%a; and so ¢ is
also coprime to mNF¥a;. Let ¢; be a positive integer such that c;mN*a; = b (mod ¢2). Then

flermN*ay) = f(b) (mod ¢°).

Since v, (f(b)) = 1, we also have v, (f(cimN¥a1)) = 1. We let ag = f(cymN¥ay)/q so that as is coprime with
q. We now repeat this process. More generally for any n > 1, suppose we have already defined aq,...,a,
inductively to all be coprime with ¢, then ¢2 is coprime with mN¥a; - - - a,. Let ¢, be a positive integer such
that

cnmNFay---a, =b (mod ¢?)

and we define
flenmNF¥ay ---a,)

q
Note that f(c,mN¥*a;---a,) = f(0) =1 (mod m) and so a,41 = ¢~! = a (mod m). Suppose now p is a
prime divisor of a, 1. Then p | f(c,mN¥a; ---ay,). If p| N, then from f(c,mN*a;---a,) = f(0) (mod N),
we get p | f(0) and so p is congruent to 1 or @ mod m. If p { N, then we know automatically that p is
congruent to 1 or a mod m. Hence all the primes divisors of a,41 are congruent to 1 or a mod m. Since
ant1 Z1 (mod m), we see that not all of the prime divisors of a, 1 are 1 mod m. Hence a,41 has a prime
divisor of the form a mod m. (Note that a,4+1 has a prime divisor because a,+1 > 2. This is the purpose of
the integer k.)
Finally for ¢ < j, we have a; | ¢j_1mai - - - a;—1 and since ged(a;, ¢) = 1, we have

An4+1 =

ged(ag, aj) = ged(ai, qaj) = ged(ag, f(cj—1may ---aj—1)) = ged(ai, £(0)).

Since all the prime divisors of f(0) are congruent to 1 mod m, we see that a; and a; do not share a prime
divisor that is congruent to ¢ mod m. O

We give the construction of f(z) first. Recall that when we considered the polynomial f(z) =
23 + 22 — 22 — 1 and proved that if p is a prime divisor of f(n), then p = 7 or p = +1 (mod 7), we are
essentially taking the polynomial in Q[z] of the smallest degree that has (7 + L as a root. In fact, we have
the factorization

f(@) = (2= G+ = (GF+ G = (7 + G
Note that we don’t “need” (; + C{j for j =3, 5,6 because they are the same as when j = 4, 2,1 respectively.
To say p | f(n) is similarly to say that one of (7 + (;”’, which a priori lies in Fys if p # 7, actually lies in F,
for some j = 1,2,4. We can check whether it lies in IF, by comparing

(@+&) =& +G" with G+
As complex numbers, it is easy to see that they are equal if and only if p = +1 (mod 7). One then expects
the same is true in I, at least for all but finitely many primes p. In the general case of a mod m, it is then

natural to take the polynomial in Q[z] of the smallest degree that has (,, + (% as a root, by taking a product
of (z — (¢J, + ¢J)) for half of the j € (Z/mZ)*, since the other half will just produce the same numbers.
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Lemma 12.5 There exists a subset S C (Z/mZ)* such that (Z/mZ)* is the disjoint union of S with
Sa ={ja: j € S}.

Proof: (Exercise) Define a relation on elements of (Z/mZ)* by j ~ k if j = k or j = ak. Check this is
an equivalence relation so that (Z/mZ)* is a disjoint union of equivalence classes of the form [j] = {4, ja}.
Pick one element from each equivalence class and form S. We will give a more intrinsic meaning to S using
the notion of quotient groups next time. O

Unlike the case of —1, it is hard to check when (7, + (7% = ¢* + (% even in C, but it is easy to
check when

Gt i =Gy and LG = GLG
since this implies that

(@ = )@ = Ct) = (& = G) (@ — ) € Cla].
Setting x = ¢* then gives k = j or k = ja.

Lemma 12.6 There exists an integer u such that the numbers
n = (mu— ¢,)(mu— ) € C
for j €8, are all distinct.
Proof: In order for n; = n, when j # k, we have
ma(Gh, + Gt = G = Ct) = Gl — GG
When viewed as an equation in u, this has at most 1 solution unless
Gt @i =CntG and (G = LG,

in which case we have either k = j or k = ja. Since j, k € S, we have k = j. Contradiction. Hence, we have
the desired u by removing finitely many solutions from infinitely many integers. O

We define , ,
f@) =TT =m) =TT (= = (mu— ¢ mu = ¢).
JjeS JjES
Note that
£0) = (=) [ (mu = @) mu— Gy = (1)1 T (mu—¢) = (=1)51,,(mu),
jes JE(Z/mZ)*

all of whose prime divisors are 1 mod m. To prove that f(z) € Z[z] and the divisibility properties, we need
to learn more about groups and fields.

Exercises
12.1 Let m be a positive integer. Give a formula for the number of solutions (mod m) to 2 =1 (mod m).

12.2 Factor 2 — 3z — 1 in C[z]. (Recall that this polynomial is used to prove the infinitude of primes
congruent to 8 mod 9.)

12.3 How many ways are there to pick the set S in Lemma 12.57

Lecture 22 Wed 11/01
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13 Group Theory

A group is a set GG equipped with one binary operation, one unary operation and one nullary operation:
(a,b) »ab:GxG— G a—at:G—G, eeG

such that for any a,b,c € G,

(a) (Associative) a(bc) = (ab)c;

(b) (Multiplicative identity) a-e=a and a-a~! =e.
With a little bit of work, one can prove that e-a = a and a~!-a = e. If ab = ba for all a,b € G, we say G is
an abelian group. All the groups that we will encounter in this class are abelian groups.

Examples:

1. The group of units R* of a commutative ring R is an abelian group with the multiplication, inversion
and 1 from the ring R.

2. The additive group of a ring R, where we forget about multiplication and use addition as the binary
operation, negation as inversion, and 0 as e, is an abelian group.

3. The additive group of the ring Z/mZ for m € N, is called the cyclic group of order m, sometimes
denoted C,,.

The order of the group G is the size of G. The order o(g) of an element g € G is the smallest positive
integer d such that g? = e. The cyclic group of order m is the group with an element g of order m, so
that G = {e,g,9%,...,9™ '}. The group of units F;n of a finite field is cyclic of order p™ — 1.

The same argument used to prove that a/®*l = 1 and o(a) | |R*| can be used to prove the following
result in the case of abelian groups.

Proposition 13.1 Let G be a finite group of order m. Then for any g € G, g!¢! = e and so o(g) | |G].
As a consequence, every finite group of prime order is cyclic.

To prove this for non-abelian groups, we introduce the notion of a subgroup of GG, which is a subset
H of G closed under the operations of G. That is, it is closed under multiplication, inversion, and
contains the identity element. The subgroup generated by an element g is (g) = {¢": n € Z}. If g has
order d, then this is just {e, g,...,g% '}.

In the example of (Z/mZ)*, the coset a+mZ where > =1 (mod m) and a Z 1 (mod m) is an element
of order 2. It then generates a subgroup, (a), of order 2. In HW 9, you will discover when (Z/mZ)*
is cyclic. In this class, we will only focus on Cy, and (Z/mZ)*.

Given any subgroup H of G and an element g € GG, we can define the left coset of H containing g as
gH = {gh: h € H}. Two left cosets g1 H = g, H if and only if g; € goH if and only if g, 'g; € H. Tt
is easy to check that this defines an equivalence relation. Hence G is a disjoint union of left cosets of
H. If G (and H) is finite, then all the left cosets of H have the same size and we have proved that |H|
divides |G|. Taking H = (g) proves that o(g) | |G|.

We can define the quotient G/H as the set of left cosets of H. To define a group structure on G/H by
g1 H - goH = (g192)H, we need H to be a normal subgroup: for any ¢ € G and any h € H, we have
ghg~! € H. When G is abelian, ghg~' = h and so every subgroup is normal. The set S we saw in
Lemma 12.5 is basically (Z/mZ)* /{a).

Group homomorphisms are defined just like ring homomorphisms. Kernels of group homomorphisms
are normal subgroups and we have the first isomorphism theorem for groups as well.
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4. Traditionally, groups arise as the group of symmetries of certain objects. For example, the symmetric
group S, is the set of bijections from {1,2,...,n} to itself, with composition as the binary operation,
inverse as inversion, and the identity map as e. This is an non-abelian group when n > 3.

We are more interested in the group Aut(E) of ring isomorphisms from a field E to itself. These kinds
of isomorphisms are called automorphisms. If F is a field of containing another field F', we write
Autp(E) for the subgroup of Aut(FE) consisting of automorphisms that act as identity on F.

For example, what is Autg(C)? We know that every complex number is of the form a + bi for some
a,b e R. If o € Autg(C), then
ola+bi) =o(a)+o(b)o(i) =a+ bo(3).
Now since i2 + 1 = 0, we can apply o to both sides to get
o(i)> +1=0.

Hence o(i) =i or o(i) = —i. In other words, Autg(C) consists of at most two elements, the identity
map and complex conjugation. It is easy to check that complex conjugation is in fact an automorphism
of C fixing R. Composing complex conjugation with itself gives the identity map. Therefore,

AutrC = Cs.

Theorem 13.2 Let p be a prime and n € N. Then
Aut(Fyn) = Autyp, (Fpn) = C,
generated by the Frobenius map 7(x) = aP.

Proof: Any automorphism of F,» sends 1 to 1 and so acts as identity on [F,. So Aut(F,») = Autg, (Fpn).
From (a + b)? = a? + P and (ab)? = aPb?, we know that the Frobenius map 7 defines a ring homomorphism
Fpn — Fpn. It is automatically injectively and it is then surjective because an injective map between two
finite sets of the same size is surjective. More explicitly, we have for any a € Fy»,

a=a"" = (apn_l)p = T(apn_l).
Any positive power 7 :  — 2P of 7 is also in Aut(F,n). Since every element in Fyn satisfies a?" = a, we
see that 7" is the identity map. Since there is an element in IF;n of order p"™ — 1, we see that no smaller
power of 7 is the identity map. Hence (r) = C),. It remains to prove that any o € Aut(F,») is a power of 7.

Lecture 23 Fri 11/03

Let f(xz) € Fp[z] be an irreducible polynomial of degree m. Then we may identify Fp» with
Fplz]/(f(x)). Let @« = = + (f(x)). Then any o € Autg,(Fp[z]/(f(x))) is determined by o(«), which
also must be a root of f(z) by Lemma 10.7. Indeed, since o fixes the coefficients of f(x), we have

By HW 6 Problem 1, we know that the roots of f(x) in F are exactly a, a?, ..., aP" ", Hence there is some
m=0,...,n— 1 such that o(a) = a?” = 7™(a), which implies that o = 7. O

What are the subgroups of C,,? Let g be a generator of C, so that

Cp = <g> = {e,g, s 7gn71}'

Let H be a subgroup of C,,. Let d be the smallest positive integer such that ¢ € H. Then the usual division
algorithm argument implies that if g* € H, then d | k. Hence H = (g%). Since ¢" = e € H, we have d | n

and
(gl o) _n
H1=0l0") = it olg) —
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In other words, all the subgroups of C,, are cyclic, and there is a unique subgroup of order d for any positive
divisor d of n.

What are the subfields of Fy»? We saw before that F,» has a (unique) subfield isomorphic to F,a if
and only if d | n, in which case this subfield is given by

{a € Fpn: a?’ = a} ={a €Fpn: 7%a) =a} = {a €Fpn: o(a) = a,Vo € (9}

On the other hand, by taking a primitive element of F,4, we know that no smaller positive power of 7 fixes
F,qa. So we have
Autz , (Fpn) = (1)

In other words, there is a natural bijection between subgroups of Autr, (F,) and subfields of F,» (containing
F,). That is, the following two maps are inverses of each other.

H + Fl.:={a€Fp:h(a)=a,VYhe H}
AutF(Fpn) — F.

The correspondence between subgroups of the automorphism group Autg(FE) and subfields of E containing
F is the heart of Galois theory. We will not develop Galois theory but will note an important consequence:

EAutF(E) —F
In other words, assuming certain conditions on the field extension E/F, elements of F that are fixed by
every automorphism of F fixing F, actually lie in F. We will not use this fact but will point out where this
property is reflected. In HW 8, you will consider the notion of normal extensions and separable extensions,
which are assumptions the field extension E over F' needs to satisfy for Galois theory to work.
Exercises

13.1 Let G be a group and let g € G with o(g) finite. Prove that for any positive integer k, we have

o9
°9") = Gedlolg) b

13.2 Let F be any field and let f(x) € F[x] be a degree 2 irreducible polynomial. Let E = F[z]/(f(x)).
Prove that Autp(E) = Cs.

13.3 Prove that Autg(R) = {1}.
The following result is beyond our scope: the automorphism group Autg(C) has cardinality 22"

13.4 Let E = Q[z]/(2® — 2). Prove that F is a field and Autg(E) = {1}.
13.5 Let E = Q[z]/(z* + 1). Prove that F is a field and Autg(E) = Cy x Cs.

14 Field extensions

We now expand on some very important ideas illustrated by the examples in the previous section. We say
E is a field extension of F if F is a subfield of E. We usually write E/F for the field extension. (Not to
be confused with ring quotients. After all, fields don’t have interesting quotients.)

In both the examples of C/R and Fp»/F,, there is an isomorphism E = F[z]/(f(x)) for some
irreducible polynomial f(x). Let oo € E corresponds to « + (f(z)). Then every element of E is of the form
j(a) for some polynomial j(z) € Flx].
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In general, given a field extension E/F and an element o € E, we write F[a] for the smallest subring
of F containing F’ and «. In other words,

Flo] = {j(a): j(z) € Fla]}.

We write F'(«) for the smallest subfield of E containing F' and «. In other words,

Fla) = {ii‘;‘)) (@), k(z) € Fla], k(a) # o}.
The evaluation ma
' evy : Flz] = Fla]

is a surjective homomorphism. Its kernel is an ideal I of F[z], which is necessarily of the form (f(x)). If
f(x) =0, then we say « is transcendental over F, in which case

Fla] = Flz)] and F(a) & F(x),

the field of rational functions in x.

If f(x) is nonzero, then we may assume it is monic and Flz]/(f(x)) = F[a] is an integral domain
since it is a subring of a field. Therefore, f(x) is irreducible and Fz]/(f(z)) is a field, which also implies
that

Fa) = Flo] = Flz]/(f(2)).
In this case, we say « is algebraic and we call the monic generator of the kernel of ev, the minimal
polynomial of « over F. Equivalently, it is easy to see that the the minimal polynomial of « is the monic
irreducible polynomial in F[z] that has « as a root. Moreover, using our usual division algorithm argument,
we see that the minimal polynomial f(x) of « is the monic polynomial in F[z] of the smallest degree that
has a has a root; and so if h(x) € F[z] has «a as a root, then f(z) | h(z) in F[z].

Proposition 14.1 Suppose « is algebraic over F with minimal polynomial f(x). Then there is a bijection
between Autr(F(a)) and the set of distinct roots of f(x) in F(«).

Proof: Any automorphism o of F(«a) fixing F is determined by o(«), which must also be a root of f(z).
Conversely, suppose 5 € F'(«) is a root of f(x). Then there is a homomorphism F[z]/(f(z)) — F(«) sending
J(x)+(f(z)) to j(8). Composing it with the inverse of the natural isomorphism F[z]/(f(z)) — F(«) sending
x+ (f(x)) to a, we get a homomorphism F(«) — F(«) sending « to . Such a homomorphism is necessarily
injective since the domain is a field. To prove that it is surjective, we need to talk about vector spaces. O

It is then fairly natural to imagine that in the framework of Galois theory, we assume that F(«)
contains all the roots of f(z) (normal extension), and that f(z) has no repeated roots (separable extension).
You will explore these in HW 8.

Lecture 24 Mon 11/06
Given ay,...,q, in E, we write
Spangp{aq,...,ant ={cor + - +cpan:cr,...,cp € F}

for the F-span of oy, ..., «a,. It is an F-vector space: closed under addition and closed under multiplication
by F. If Spang{ai,...,a,} = E, then we call {a1,...,a,} a spanning set and we say F is a finite
extension of F.

Example: Suppose
E = F(a) = Fla] = Flz]/(f(x))
and f(z) has degree d. Then every element of FE is of the form g(a) for some polynomial g(x) € F[z] of
degree less than d. In other words, every element of F is of the form
cot+tcaa+ -+ cd_ladfl.
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So the set {1, q, ... 7o<d_1} is a spanning set of E. Note also that if such an expression is 0, then « is a root
of o+ c1x + -+ + cq_12%7!, which must then be divisible by the degree d polynomial f(x); hence we have
Co =" =Cq-—1 =0.

A set {ay,...,a,} C Eissaid to be linearly independent over F if whenever ciay+---+c¢p, =0
for some cy,...,c, € F, we have ¢; = --- = ¢, = 0. A linearly independent spanning set is called a basis.

Lemma 14.2 If E has a spanning set {aq,...,an} of size n, then E has no linearly independent set of size
more than n.

Proof: Suppose for a contradiction that {f1,...,Bn+1} is a linearly independent set of size n 4+ 1. For each
i=1,...,n+ 1, there exist ¢;1,..., ¢, € F such that

Bi = ciron + -+ CinQip.
We look for x1,...,2,4+1 € F that are not all 0 such that

xlﬂl + -+ xn+1ﬂn+1 =0.

In terms of the coefficients in aq, ..., a,, we see that it suffices to prove that
xic11 + -+ Tppicaprr = 0
wlcln+"‘+mn+1cn+1n = 0

has a nonzero solution. Note we have n linear equations and n + 1 unknowns. So we may use standard
elimination method for solving systems of linear equations. More precisely, at least one of the c;; is nonzero,
for if otherwise all the §; are 0 and so can’t be linearly independent. By renaming, suppose c;; # 0. Then
we use the first equation to express

—1 —1
X1 = —Cy1 C21T2 — *+* — C11 Cp411Tn41

and plug it into the other equations. Now we have n — 1 linear equations and n unknowns, which must have
a nonzero solution in (xo, ..., x,) by induction. We then use the above formula to find ;. The base case of
1 equation and 2 unknowns is obvious. O

We list some immediate consequences of Lemma 14.2.
Corollary 14.3 If E has a spanning set of size n, then any linearly independent set of size n is a basis.

Proof: Suppose {f1,...,0,} is linearly independent over F. If it doesn’t span F, then there exists some
v € E\Spangp{f1,...,0,}. Then it is easy to see that {f1,..., 8,7} is linearly independent over F of size
n + 1. Contradiction. O

Corollary 14.4 Suppose E/F is finite. Then:

(a) Any linearly independent set over F can be enlarged into a basis over F.
(b) Any spanning set contains a basis over F.

(¢) Any homomorphism o : E — E fizing F is an isomorphism.

Proof: Let d denote the size of a smallest spanning set of E. A linearly independent set that is not a
spanning set can be enlarged by the same procedure as in the proof of the previous corollary. This process
terminates when we reach a linearly independent set of size d, which is then a basis.

LY



Suppose {ai,...,a,} is a spanning set of E that is not linearly independent over F. Then there
exists c¢1,...,c, not all 0 such that cja; + -+ + cpa, = 0. By renaming, we may assume c¢; # 0. Then

o] = —cflcgag — = cflcnan.

Hence {as,...,a,} is a spanning set of E. This process terminates when we reach a linearly independent
set that is also a spanning set.

Finally, any field homomorphism is injective. Let {aq,...,aq} be a basis of E over F. We claim
that {o(a1),...,0(q)} is linearly independent over F', which then implies that it is a basis and so the image
of o is all of E. Suppose c1,...,cq € F such that

cro(ay) + -+ cqo(ag) = 0.
Since o fixes F', we have
o(crar + -+ cqag) = cro(ar) + -+ + cqgo(ag) = 0.

Since o is injective, we see that cya; + -+ - + cqag = 0 and so ¢; = -+ = ¢q = 0 by the linear independence
of {ay,...,aq}. O

From Lemma 14.2, we see that any two bases of E have the same size: If one has size n and the
other has size m, then using the size n spanning set and size m linearly independent set, we get m < n
and similarly we have n < m. This common size is the degree of the extension, denoted [E : F], or the
dimension of F as an F-vector space.

Corollary 14.5 Suppose the minimal polynomial of « has degree d. Then [F(«) : F] =d.

Proposition 14.6 Suppose L is a finite extension of E and E is a finite extension of F'. Then L is a finite
extension of F and [L : F] = [L: E][E : F].

Proof: Let {a1,...,a,} be a basis of L over E and let {f1, ..., Sn} be a basis of E over F. Then it is easy
to check that

{aifjri=1,...,n,j=1,...,m}

is a basis of L over F'. O

Proposition 14.7 If E/F is finite, then every o € E is algebraic.

Proof: Suppose d = [E : F] and a # 0. Then {1,a,...,a%} is a set of size d + 1 and so is not linearly
independent. Then ¢y + cia + - -+ + cqa® = 0 for some cg,...,cq € F not all 0. Then « is a root of the
nonzero polynomial ¢y + c1x + --- + cgx®. O

Exercises

14.1 Suppose E/F is finite of degree d. Suppose |F| is finite. Prove that |E| = |F|?, without using the
classification theorem of finite fields.

This gives another proof that any finite field has size p? for some prime p. It also proves that if IFpa is
a subfield of Fyn, then d | n.

14.2 Find [Q(v2 +V3) : Q).

14.3 Suppose E/F is a field extension. Let «, 8 be elements of E. We write F(«, ) = F(«)(8) for the
smallest subfield of E containing «, § and F. Prove that Q(v/2,v/3) = Q(v/2 + v/3) (as subfields of C,
or R).
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14.4 Prove that Autg(Q(v2 + v/3)) = Cy x Cs.

14.5 Let F be a field and consider F = F(«a) where « is algebraic over F. For any intermediate field L in
the extension E/F,ie FFC L C E, we let fr(z) € L[z] be the minimal polynomial of « over L.

(a) Prove that for any intermediate fields L and K, we have L C K if and only if fr(z) € K[z].
(b) Prove that for any intermediate fields L and K, we have L = K if and only if f1(z) = fx(z).

(¢) Prove that there are only finitely many intermediate fields in the extension E/F.

14.6 Suppose E/F is a finite extension where F' is infinite. Suppose there are finitely many intermediate
fields in the extension E/F. Prove that there exists a € E such that F = F'(«a).

Galois theory implies that if F' is a finite field or a field of characteristic 0, then a finite extension E/F
has finitely many intermediate fields. In other words, they are all of the form F(«)/F. Extensions of
this form are known as simple extensions.

14.7 Consider F' = Fp(z,y), the field of rational functions in two variables z,y over F,. Let E = F,(t,s)
with t* = 2 and s = y. In other words, E = F[T,S]|/(T? — x,SP — y). Prove that E/F is a finite
extension and there does not exist a € E such that E = F(a).

14.8 Let E/F be a field extension. Let
L ={a € E: « is algebraic over F'}.
Prove that L is a field. Such a field is called the algebraic closure of F' in E.

Lecture 25 Wed 11/08

15 Cyclotomic extension

In this section, we consider the Cyclotomic extension Q((,) over Q. Since (,, is a root of ®,,(x) € Z[x], we
see that it is algebraic and Q((p,) = Q[(r]. We begin with the irreducibility of @, (z).

Theorem 15.1 For any m € N, ®,,(x) is irreducible in Q[z].

Since ®,,(x) is also monic, we see that it is then the minimal polynomial of {,,. The roots of ®,,(x)
are of the form (¥ where k € (Z/mZ)*, all of which lie in Q((,,), and so there is a bijection between
Auto(Q(¢m)) and (Z/mZ)*. We write oy, for the automorphism sending ¢, to (% . For j, k € (Z/mZ)*, we
see that

Uj(Jk(Cm)) = UJ(CrI;,) = C%C = Ujk(Cm)'

Hence the bijection j — o; is also a group isomorphism.
Corollary 15.2 For any integer m > 2, we have [Q(¢p) : Q] = ¢p(m) and Autg(Q(Gn)) = (Z/mZ)*.

We now work towards the irreducibility of ®,,(z). Let f(z) € Q[z] be the minimal polynomial of (,,.
Then f(x) is a monic irreducible polynomial dividing ®,,(x). Write ®,,(z) = f(x)g(z) for some g(x) € Q[z].
We prove first that f(x) and g(z) are in Z[x].

Given any polynomial a(x) € Z[z], we define its content to be the ged of all of its coefficients. We
say a(x) is primitive if its content is 1. For example, 2z — 3 is primitive. Any monic polynomial in Z[z],
for example ®,,(z), is primitive. For any prime p, let 7, denote the natural homomorphism

mp  Llx] = Fplx] : ana™ + -+ ag = apa™ + - -+ + ap.
Note that a(z) is primitive if and only if m,(a(x)) # 0 for all primes p.

Lemma 15.3 (Gauss) If a(z) and b(x) are primitive, then so is a(z)b(x).
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Proof: Let p be any prime. Since F, is a field, F,[z] is an integral domain. Hence from m,(a(z)) # 0 and
7p(b(x)) # 0, we have m,(a(z)b(x)) = mp(a(x))my(b(x)) # 0. O

Corollary 15.4 Suppose h(z) € Z[z] is primitive and j(z),k(x) € Q[z] are monic polynomials such that
h(z) = j(x)k(x). Then j(z),k(z) € Zz].

Proof: Let ¢; and ¢j be the smallest positive integers such that ¢;j(z) € Z[z] and cxk(x) € Z[z]. Let d € N
be the content of ¢;j(x). Then d divides the leading coefficient ¢;. So now ¢;/d € N and (¢;/d)j(x) € Z[x].
By minimality of ¢;, we have d = 1. So ¢;j(z) and similarly c;k(x) are primitive. By Gauss’ Lemma, their
product

e ()h(z) = epeyH()

is primitive. Since h(z) € Z[z] is primitive, we have cjcy = 1. Hence ¢; = ¢, =1. O

Corollary 15.5 If a € C is the root of a monic polynomial in Z[x], then the minimal polynomial of  over
Q is in Z[x]. They are called algebraic integers.

Proof: Let h(z) € Z[z] be a monic polynomial having « as a root. Then h(x) is primitive. Let j(x) € Q[z]
be the minimal polynomial of a over Q. Since j(x) and h(z) are both monic and j | h in Q[z], there exists
a monic polnyomial k(x) € Q[z] such that j(z)k(z) = h(x). By Corollary 15.4, we have j(z) € Z[z]. O

Applying Corollary 15.5 to (,,, we find that f(z) and g(z) are in Z[z] and are monic.
Proposition 15.6 Suppose ¢ is a root of f(x). Then for any prime p{m, (P is also a root of f(x).

Note that for any positive integer j coprime to m, it can be written as a product of primes p; - - - py,
none of which divides m. Then by repeatedly applying this result, starting from the root (,,, we find that
¢J, = ¢PrPris a root of f(x). Hence all the roots of ®,,(x), which are all distinct, are roots of f(x). So

®,,,(z) | f(x). Since f(z) is irreducible and they are both monic, we have ®,,(x) = f(x) is irreducible.

Proof: Since f(x) is monic irreducible, we see that it is also the minimal polynomial of ¢. Since ( is a root
of ®,,, we know that it is of the form (¥ for some integer k coprime to m. Since p { m, we have that pk is
also coprime to m and so (P = (P* is a root of ®,,(x). Suppose for a contradiction that (P is not a root of
f(x). Then it is a root of g(x). Hence ( is a root of g(aP), which implies that g(zP) is divisible by f(z) in
Q[z]. Since f(x) is monic and and g(z?) is a monic polynomial in Z[z|, we have g(zP) = f(x)h(x) for some
h(z) € Z[z] by Corollary 15.4. Recall that ®,,(z)j(z) = 2™ — 1, where j(z) € Z[z] is the product of ®4(x)
over all positive divisors d | m such that d # m. In other words, we have

The trick now is to apply 7, to work in Fp[z]. In F,[z], we have

mp(9(2))" = mp(9(2)) = mp(f (2))mp (K ().

Let ¢(x) € Fp[z] be a monic irreducible divisor of m,(f(x)). Then we have ¢(z) | m,(g(x))? and so {(x) |
(g (x)) However, this implies that £(x)? | 7,(®m(z)) | 2™ — 1 in F,[z]. So ¢(z) divides the derivative
ma™~1. Since p { m, we have {(z) = x, but it can’t divide 2™ — 1. Contradiction. O

There is a very nice irreducibility criterion that can be used to prove that ®,(x) is irreducible when
p is prime.

Proposition 15.7 (Eisenstein’s criterion) Suppose f(x) € Z[x] of degree n and p is a prime. Suppose
mp(f(z)) = ax™ for some a € F)5 and v,(f(0)) = 1. Then f(x) is irreducible in Q[z].
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Proof: Suppose for a contradiction that f(z) = g(z)h(z) where g(x) € Q[z] has degree d > 1 and h(z) € Q[z]
has degree e > 1. The same argument as in the proof of Corollary 15.4 implies that we may assume that
g(x), h(z) € Z[x]. Now

mp(g9(2))mp(h(2)) = mp(f (2)) = ™.
So we must have m,(g(z)) = Bz? and 7,(h(z)) = yx¢ for some B,v € F. Since d,e > 1, we have p | g(0)
and p | h(0). Then v,(g(0)h(0)) > 2 contradicting v,(f(0)) =1. O

Note that

(z+1)P —1
X

p

i) 1) =
plz+1) 9

xp1+pxp2+< )xp3+~~+p

satisfies the conditions of Eisenstein’s criterion. Hence ®,(x + 1) is irreducible, and so is ®,(z).
Lecture 26 Fri 11/10

Let’s recall the construction of the polynomial in the proof of Schur’s theorem. Let m be a positive integer
and let a € (Z/mZ)* be an element of order 2. Fix a subset S C (Z/mZ)* such that (Z/mZ)* is a disjoint
union of S and Sa. Suppose without loss of generatlity that 1 € S. Choose an integer u such that

nj = (mu— ) (mu— ) € Q(Gn)
for j € S are all distinct. Note that each n; is algebraic. We defined

@) =TT@=m) =TT (= = (mu = ) mu =)

JjeS JjES

Lemma 15.8 The minimal polynomial of n1 over Q is f(x). In other words, f(x) € Q[z] and is irreducible.

Proof: Recall that we have a group isomorphism (Z/mZ)* — Autg(Q(¢,,)) sending j to the automorphism
o; where 0 () = ¢J,. Let g(x) € Q[z] denote the minimal polynomial of 77; over Q. Then every element of
the form o;(m1) is a root of g(z). Note that for any j € S,

oi(m) = (mu—%)(mu—Cﬁf)Zm,
ojalm) = (mu— ) (mu—{) =mn;.

Then n;, for j € S, are all roots of g(x) in Q(¢,,) and we have f(z) | g(x) in Q(¢)[x]. It remains to prove
that they have the same degree. Note that

Q) : Q) = deg(g) > |S| = Fo(m).
Moreover, since Q(1) € Q(Cm), we have
6(m) = [Q(Gn) : @) = [QGn) : QUn)][Q(m) : Q)
We now prove that Q(171) # Q(¢r). We use o :
oalm) =m,  and  0u(Cu) = G £ G

So o, fixes Q(n1), but not Q(¢,,). Hence [Q(¢n) : Q(n1)] > 2 and so [Q(n1) : Q] < ¢(m)/2. Combining this
with the above lower bound gives deg(g) = deg(f) = ¢(m)/2. O

Remark: In fact, we have

Q(m) = Q(Gm) 7.
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Since f(x) is fixed by every element in Autg(Q((n)), Galois theory would also imply immediately that
f(z) € Q[z].
We prove next that f(x) € Z[z]. Consider the ring
Z[Gm] = {3 (Cm): () € Z[x]}.
In other words, Z[(,,] is the smallest subring of Q((,,) containing (Z and) ¢,,. Then we see that n; € Z[(y,]
for all j € S. Hence f(z) € Z[(n][x]-
Lemma 15.9 We have Z[(,,) N Q = Z. In particular, f(z) € Z[z].

Proof: Since the minimal polynomial ®,,(z) of (., is monic and has integer coefficients, we know that every
element in Z[(,,] is of the form j((,) for some polynomial j(z) € Z[z] of degree less than ¢(m). Suppose
that there exists some j(x) € Z[z] with deg(j) < ¢(m) and r, s € Z with s # 0 such that

3(Gm) = =
Then sj(¢,) —r = 0. Hence sj(x) — r € Z[z] is divisible by ®,,(z) in Q[z] but it has degree less than
deg(®,,(z)). So sj(x) —r = 0. Setting = = 0 gives r = s5(0) and so j(¢y) = 7j(0) € Z. O
We now consider the divisibility statements: there exists a nonzero integer N such that
(a) If p is a prime divisor of f(n) for some integer n, then p | N or p = 1 or a mod m.
(b) If p is a prime congruent to @ mod m and p { N, then there exists b € Z such that v,(f(b)) = 1.
We give a sketch of the idea first. Suppose p | f(n) for some n € Z. Then we have
p| [[(—n.
JjES
We would like to say that p | n —n; for some j € S, which is “like saying” that

nj=neckF, and so n; = ;.

Since we are now in characteristic p, we have

0y = (mu— GY) (ma — GP) = njp.

We know that
nj=njpcC<jp=jorjp=jac(Z/mL)* < p=1lora (modm).

We need this to also be true in F,,, except for p | N for some nonzero integer N.
To make the first step rigorous, we are looking at a property of the form

plab=plaorp|b.

This is exactly Euclid’s lemma for primes, but its proof requires the notion of ged. However, most Z[(,,] are
not Euclidean domains (we will see that they are for m = 3,4), as most of them are not PIDs. In fact, it is
a theorem that Z[(,,] is a Euclidean domain if and only if it is a PID, and there are only finitely many of
them. The way to get around it is to work with prime ideals instead.

Let R be a commutative ring. An ideal I of R is a prime ideal if it is a proper ideal and whenever
ab € I for some a,b € R, we have a € I or b € I. In terms of the quotient R/I, this means that if
(ab)+I=0+1,thena+I=0+71orb+1=0+1. In other words, I is a prime ideal if and only if R/I is
an integral domain.

When R = Z, the prime ideals are pZ and (0). When R = F|[z] for some field F', the prime ideals
are (f(z)) where f(x) is irreducible or 0. We note that in there two examples, if the prime ideal I is not (0),
then R/I is actually a field. When R = Z[z] and I = (x), we have R/I = Z is an integral domain but not a
field.

62



Lecture 27 Mon 11/13

When R = Z[(;,] and p is a prime, the ideal pR is not necessarily a prime ideal of R. Recall the
natural map m, : Z[z] — F,[z]. Then

R/pR = Fyla]/(mp(Pm(x)))

which is not an integral domain if 7,(®,,(x)) is not irreducible. As you will prove in HW10, 7, (®,,(z)) is
very often reducible.

Theorem 15.10 Suppose p{ m. Then 7,(P.,(x)) factors into a product of ¢(m)/om(p) irreducible polyno-
mials in Fp[z], where o, (p) is the order of p mod m.

Note if 05, (p) = ¢(m), then the group G = (Z/mZ)* has an element p whose order equals |G|,
which implies that (Z/mZ)* is cyclic. You proved in HW9 that this happens only when m = 2,4, ¢*,2¢*
for some odd prime gq.

Example: Consider ®g(x) = z* + 1. Let’s prove that 2% + 1 is reducible in F,[x] for every prime p. When
p = 2, we have 2% + 1 = (z + 1)*. Suppose p is an odd prime. Then p? =1 (mod 8). So F,2 contains a
primitive 8-th root of unity . The minimal polynomial of a over IF,, then has degree at most 2 and it divides
xt + 1.

We fix an irreducible factor go(z) of m,(®,,(x)) and let g(z) € Z[z] so that m,(g(z)) = go(z). Let

I, = (p, 9(Gm))

be the ideal of R generated by p and g((,,). Since p € I, we see that I, does not depend on the choice of
the lift g(x). From the isomorphisms

R/L, = Z[x]/(p, 9(x), @ () = Fplz]/(go(2), mp(Pm (7)) = Fp[2]/(90(2)),

we see that R/, is a finite field of characteristic p and so I, is a prime ideal. We can now redo the argument
from last time using Ip,.
Suppose p is a prime and p | f(n) for some integer n. Then

H(nfnj) € pZ C pR C I,.
jES
Since I, is a prime ideal, we see that there exists j € S such that n —n; € I,. Write 7 for the coset

r+ I, € R/I,. In other words, 7 is the image of r under the natural map R — R/I,. Then we have 7; = 7.
Since n is an integer, we have n € F,. Hence

7; € Fyp = " =1
On the other hand,

" = (= G — G ™) = (mu — ) (mu — Gi™) = T,
where the first equality holds because R/I, is a field of characteristic p. Hence we have n; — n;, € I,.

Proposition 15.11 There exists a nonzero integer N such that if pt N, then for distinct j, k € S, we have
Ny — Mk ¢ Ip-

We remark that this result is also similar to the statement that every nonzero integer is divisible by
only finitely many primes.

Let’s see how everything follows from this result. From 7; —n;, € I, we see that: if jp € S, then
1

jp = j and so p = 1 (mod m); if jp € Sa, then jpa € S and so jpa = j, implying that p = a™' = a
(mod m). In other words, if p{ N is a prime divisor of some f(n), then p is congruent to 1 or a mod m.
Suppose conversely that p =1 or a (mod m) and pt N. From p =1 or p = a in (Z/mZ)*, we have
=", =m".
Hence 71 € Fp. Let n be an integer such that n = 77. Then we have n —n; € I, and so f(n) € I,.
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Lemma 15.12 Suppose I is a prime ideal of a commutative ring Ry. Let Ry be a subring of Ry. Then
IN Ry is a prime ideal of Ry. (Compare this with Exercise 9.4 about mazimal ideals.)

Proof: It is easy to check that I N Ry is a proper (because it doesn’t contain 1) ideal of Rs. Suppose
a,b € Ry with ab€ I'N Ry. Then from ab e I, wehaveae Il orbel. Soac INRyorbe INRy. O

As an immediate corollary, we have I, N\Z = pZ since it is a prime ideal of Z containing p. Therefore,
we have p | f(n).
What about p? { f(n)? Suppose we have p? | f(n) instead. Then

f(n+p) = f(n) +pf'(n) =pf'(n) (mod p?).
So if we have pt f’(n), then p? { f(n + p) and we can take n + p instead. Using the product rule, we have
d
f'(@) = %H(xfm) > II @=m)= JI @—m)+@=m)(-)
jES JES kES, k#j keS, k£1

We set © = n. We know that n —m € I, and n —ny, ¢ I, for any k € S different from 1 since 1 — ny ¢ L,.
Then we have f'(n) ¢ I, and so pt f'(n).

Lecture 28 Wed 11/15

It now remains to prove Proposition 15.11. Since I, is a prime ideal, we see that in order for each
n; — Mk ¢ Ip, it is equivalent to require that

[T s =) ¢ 1.
j,keS
ik
The punchline is that this product is an integer N. By construction, the n; are distinct complex numbers,
so N # 0. If a prime p doesn’t divide N, then N ¢ pZ = I, NZ. So N ¢ I, and we are done!
We remark that since every element of Autg(Q(()) permutes n; for j € S, their product is fixed
by every element of Autg(Q((,)). Hence using Galois theory, we immediately obtain this product is in Q
and since it is also in Z[(,,], we see that it is an integer.
Without Galois theory, we will use the theory of symmetric polynomials. We note that any permu-
tation of the 7);’s leaves the above product unchanged.

Exercise

15.1 Prove that if » € Q is an algebraic integer. Then r € Z.
15.2 Prove that Q((s) = Q(v/2,1).

15.3 Prove that (Z/87)* = Cy x Cy as groups.

15.4 For which primes p is 2% + 2% 4 1 irreducible in Fp[x]? For which primes p does 2° 4+ 2 + 1 have a root
in F,?

15.5 What are all the prime ideals of Z[(,,] for some fixed m > 27
15.6 Let m > 2 be an integer. Prove that

H (Ch = ()2 = (=1)m=Dm+2)/2,m

1<i<j<m

15.7 Suppose f(x) € Z[z] is a monic polynomial dividing 2™ — 1 for some m > 2. Let p be a prime not
dividing m and let ¢ be a root of f(x). Let R = Z[(,,] and let I, be a prime ideal of R containig p.

(a) Prove that f(¢?) € I,.
(b) Prove that if f(¢P) # 0, then f(¢?) | m™ in R. Conclude that f(¢?P) = 0.

This gives another proof of Proposition 15.6.
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16 Symmetric polynomials

Let R be a commutative ring. Then we have the polynomial ring R[z1, ... .x,] in n-variables with coefficients
in R. One can also view this as formed from R inductively via

Rlzy,....xn) = Rlz1, ..., Tn_1][zn].
Given any bijection o : {1,...,n} = {1,...,n} and any f € R[z1,...,x,], we define

o(f)(@1, . xn) = f(To)s s To(n))-

We say f(x1,...,2,) is symmetric in zq, ...z, if
o(f)=1f
for any such o. Here are some examples of symmetric polynomials in 3 variables:
1 2 2 2
, Tr1 + To + T3, Ty + x5 + 23, T1To + x1x3 + T2T3
2 2 2 2 2 2
x:{’ + x% + xg, T1To + 51 + 53 + X302 + XT3 + X321, T1T2T3.

The elementary symmetric polynomials are defined as

sp(1y ..., Tn) = Z Ty o Ty

1<i <--<ip<n
For example,

s1(z1,22,23) = x +x2+ a3

so(z1, 2, 3) T1X2 + T1X3 + T2x3

s3(x1,x2,23) = T1T2l3

Alternatively, we let
Pt)=(t—x1) - (t —x,) € Rlx1,...,2,][t].

Then si(x1,...,2,) is the coefficient of (—1)*t* in P(t).

Theorem 16.1 If f(z1,...,2,) € R[z1,...,x,] is symmetric in x1,...,2,, then there exists a polynomial
g € Rlz1,...,xy,] such that f(z1,...,2,) = g(s1,...,5n).

For example, we have

x% + x% + acg =(z1+ 22+ x3)2 — 2(z129 + T123 + T0T3) = 5% — 259.

Proof: We induct on n and the degree of f viewed as a polynomial in x; with coefficient in R[zs, ..., z,].
The base case f(x1) = cxq is trivial. Suppose we are in the general case. Then f(z1,...,2,—1,0) is symmetric
in x1,...,2,-1 and so by induction, there exists j € R[z1,...,Z,_1] such that

f(xla s 7*7:717170) = j(Sl(:Ela s 7xn71)7 B Snfl(l'h s 7xn71))~

We observe that
Sk(x1y .oy Tp1) = Sk(21,...,Tn-1,0).
Hence
flar, . xn) —j(s1(z1, .oy 2n), oy Sn—1(T1, .o, X))
is a polynomial that vanishes when z,, = 0. Hence every term has an z, in it. Since it is symmetric in

Z1,...,%p, every term has x; -+ -, in it. Let h € R[zq,...,2,] be a polynomial such that

flxy,.o o mn) —j(s1(zr, -y 2n), oy Sn—1(X1, .oy xy)) = @1 - xph(zy, .., 2p).
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Then h is symmetric in 1,...,z, of degree than less than deg(f). So by induction, there exists k €
R[z1,...,x,] such that

h(zy,...,zn) =k(s1(x1,.. ., Zn)y ooy Sn(T1, ..o, Tn))-

Then we have
flxy, ... zn) =4(s1,- -+, Sn—1) + snk(s1,.. ., 8n)

is a polynomial in sq,...,s,. O

An important example is the polynomial

Awy,..zn) = ] (@i—a2)? = ()" 2 [ (@i — 2)) € Zlas, .. 2]

1<i<j<n i#j
of the product of the difference of the variables, when n > 2. For example,

A(zy,10) = (21 — 22)% = (21 + 20)? — 4 120.
Since A(z1,...,x,) is symmetric in 21, ..., x,, there is a unique polynomial G € Z[x1, ..., z,] such that

Az, .., 2n) = G(81,...,8n).
Now given any polynomial f(z) = 2™ + c12" ! + -+ + ¢, € R[], we define its discriminant
A(f) = G(—c1,¢2,...,(—1)"cp) € R.
Lecture 29 Fri 11/17

Suppose now R = F'is a field. Let E/F be a splitting field of f(x). In other words, there exist oy, ...,ap, € E
such that

f@)=(z—o) - (z —an).
Then we have for k =1,...,n,
crp = (—1)ksk(a1, ce, Q).
Then
A(f) =G(s1(on, . am), o ysnlan,.oom) = [ (@i =)

1<i<j<n

Hence A(f) = 0 if and only if f(x) has repeated roots in some extension of F'. We note that the polynomial
G has integer coefficients. This means that if f(z) € Z[z] with A(f) € Z, then m,(f(z)) € F,[x] and

A(mp(f)) = mp(A(S))-

So f(x) has repeated roots in some extension of IF,, if and only if p | A(f).
Recall that 2™ — 1, and its divisor ®,,(x), have no repeated factors mod p for any prime p { m. This
means that discriminants can only be divisible by the primes divisors of m. In fact,

A(l‘m o 1) _ (71)(m71)(m+2)/2mm’
A(@,(z)) = (=1)%(m/2 1—[pfﬁ(m)(vp(m)*ﬁ)7 if m > 3.
p|m

The computation of A(z™ — 1) is Exercise 15.6. The computation of A(®,,(x)) when m = p is a prime
follows similarly. The more general case is beyond the scope of this course. Note that when m = p is an odd

prime, we have
A(@p(ﬁr)) = (_1)(P—1)/2pp—2 — p*(p(p_g)/2)2.
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From the definition of A, we see that

2

A(Dy(x)) = I «-¢

1<i<j<p—1

is a square in Q(¢p). In other words, p* is a square in Q((,). This explains why it was more natural to try
to find a square root of p* when we proved quadratic reciprocity.

In terms of Galois theory, we see that Q((,) contains the quadratic field Q(y/p*) of Q. The auto-
morphism group Autg(Q((,)) = (Z/pZ)* = F) is cyclic of order p — 1. Tt has a unique subgroup of order
(p —1)/2, whose fixed field is a quadratic extension of Q contained in Q((,). In other words, Q(v/p*) is the
unique quadratic extension of Q contained in Q(¢,).

Exercise

16.1 Express 235 + 23 + 23 and 2 + 23 + 23 in terms of the elementary symmetric polynomials in z1, xo, z3.
16.2 Prove that the polynomial g in Theorem 16.1 is unique.

16.3 Find the formula for A(z? + bx + ¢) and A(z® + ax? + bz + ¢).

16.4 Prove that A(z™ + 12"+ +cp1x) =2 A" P4z 2+ +cnq).

n—1
16.5 Let f(x) = 2™ +cia" 1 + .-+ ¢, 17 + ¢, € Z[z] be a polynomial of degree n > 2. Let p be a prime.
Suppose that p? | ¢, and p | ¢,,_1. Prove that p? | A(f).

16.6 Prove that for any monic polynomial f(z) = 2™ + ;2" ! + -+ + ¢, € C[x] with roots a,...,a,, we

have
n

A(f) = [0 f(as).

i=1
16.7 Consider the polynomial f(x) = 2™ 4+ ax + b € C[z]. Prove that

A(l’n +ax+ b) _ (_1)n(n—1)/2(nnbn—1 _ (’I’L . l)n—l(_a)n).

17 RSA and Shor’s algorithm

One does not teach a first year intro to number theory course without mentioning RSA. RSA (Rivest-Shamir-
Adleman) is a public-key cryptosystem, one of the oldest, that is widely used for secure data transmission.
Let’s discuss its setup:

21024

1. Pick two large distinct primes p and ¢, say on the order of or approximately 300 digits.

2. Let n = pq so that ¢(n) = (p—1)(¢ — 1).

Then for any integer M coprime to n, we have M?™) =1 (mod n). Now if N = 1 (mod ¢(n)), then
N =1+ ¢(n)k for some k € Z so

MN = M- M?™F =M (mod n).

3. Pick an integer d coprime to ¢(n).

Then there exist integers e, ¢ such that de + t¢(n) = 1. The integer e can be easily found using the
(Extended) Euclidean algorithm. Note that for any integer M coprime to n,

de=1 (mod ¢(n)) = M9 =M (mod n).
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4. Publish (e, n) as the public key. Keep (d,n) (and p, ¢) hidden as the private key. It is also customary
to replace e and d by their remainders mod ¢(n).

Now when someone wants to send a message M to me, they would take my (e,n) and compute
C=M°¢ (modn)
and send C to me. When we receive C, we can recover M mod n via
Cl= M =M (modn).
If we further require that M =1,...,n, for example by restricting the size of the message or by breaking it

up into multiple messages, we would recover M exactly.

The security of RSA relies on the following:

1. Given the public key (e, n), it is practically impossible to find the private key (d, n).
Note that we can find d by solving ex = 1 (mod ¢(n)) but this requires finding p and ¢ so we can
compute ¢(n) = (p — 1)(¢ — 1). In other words, factorization should be hard.
2. Given the message M and the encrypted C, it is practically impossible to find d such that M = C¢
(mod n).
This problem is known as discrete logarithm.
In the above, practically impossible means that the current best algorithm would take longer than the

lifetime of the universe to complete. These algorithms’ runtime are exponential in log n, which is basically
the number of bits that n has. Even something like €!%° is already more than 10%3.

The efficiency of RSA on the other hand requires the following procedures to have a runtime that is
polynomial in log n:

1. Easy to compute M*® mod n. This is also known as discrete exponentiation.

This can be done using the Square and Multiply method. For example, suppose we want to calculate
4521563 mod 2023. Then we first express the exponent 1563 as a sum of powers of 2, which it already
was when working with a computer:

1563 = 1024 + 512+ 16 + 8 + 2 + 1.
Then we square 452 repeatedly to find
452,452% 452% 4528 ... 452192%  (mod 2023).

Note that before computing the next square, we first reduce mod 2023, so that every step is simply
the square of a number at most 2023. Finally we multiply the ones that show up in the binary
representation of 1563.

2. Easy to generate primes.

The traditional sieve of Eratosthenes produces all the primes, but is too slow to generate 300 digit
primes. From the prime number theorem, we know that roughtly 1 out of logn numbers up to n are
primes. So it is much more efficient to take a bunch of random large numbers and test for primality.

For the rest of the semester, we will discuss:
1. Shor’s algorithm for factorization and how quantum computing destroys RSA’s security.

2. Fermat and Miller-Rabin primality tests. These are polynomial in runtime but probabilistic. However,
the chance of them failing is lower than the chance of computation error.
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3. AKS primality test. This is deterministic and polynomial in runtime.
4. Lucas-Lehmer primality test. This only works for Mersenne primes 2P — 1.
5. The cyclotomic fields Q(¢3) and Q({4) and z3 + 3> = 23.

Lecture 30 Mon 11/20

It turns out that factorization can be reduced to the discrete logarithm problem! First we note that
it is easy to check if a positive integer is a perfect power. If n = a* for some a,k > 2, then k < log, n. For
each k < log,n, we can do a binary search to see if n = a* for some integer a. Here is the algorithm:

1. Set a;, =2 and ay = n — 1. So any solution will lie in [ar,, ag].
2. Let ¢ = (ar, +an)/2.

3. If ¢ = n, then we are done. If ¢¥ > n, then c is too big and we replace ay by c. If ¢ < n, then c is
too small and we replace ar, by ¢. Go back to step 2.

Suppose we have tested that n is not a prime power. The key idea is to consider the congruence equation
22 = 1 (mod n). It always has 41 as solutions. A nontrivial solution is an integer a such that a? = 1
(mod n) but @ Z +1 (mod n).

Lemma 17.1 Let n > 1 be an odd integer with at least 2 prime divisors. The equation x> =1 (mod n) has
a nontrivial solution. Let a be one such solution. Then ged(a 4+ 1,n) and ged(a — 1,n) are divisors of n
different from 1 or n.

Proof: There is a factorization of n as dk where ged(d, k) = 1 and d,k > 2. By the Chinese Remainder
Theorem, there exists an integer a such that a = —1 (mod d) and ¢ = 1 (mod k). Since d, k > 2, we see
that a # 1 (mod d) and a # —1 (mod k). Hence a # 41 (mod n). However, > = 1 (mod d) and a? = 1
(mod k) and so a®> =1 (mod n).

The second statement is clear from n | (¢ — 1)(a + 1) and n { a — 1 and n { a + 1 using prime
factorization. In fact, we have n = ged(a + 1,n) ged(a — 1,n). The proof is left as an exercise. O

How to find a nontrivial solution?
1. Pick b=1,...,n—1 at random.
2. Compute ged(b,n). If ged(b,n) > 1, then it is a nontrivial divisor of n.

3. Suppose ged(b,n) = 1. Compute d = 0,(b). Note this is basically solving the discrete logarithm
problem b¢ =1 (mod n).

4. If d is odd, go back to step 1. If d is even, then b%? is a solution to 22 = 1 (mod n). If b%/? = +1
(mod n), then go back to step 1. If ¥%/2 # 41 (mod n), then we have found a nontrivial solution.
(Note that b%2 =1 (mod n) is not possible since d = 0,,(b).)

You will prove in HW11 that when n has at least 2 odd prime divisors, there are at most %gb(n) elements
b € (Z/nZ)* such that o, (b) is odd or v°»®)/2 = —1 (mod n). This means that for a randomly chosen b,
there is at least a 50% probability that it produces a nontrivial divisor of n. Hence the probability that no
answer is found after k iterations is at most 1/2%. For k > 80, this is less than 1072 which is roughly the
probability that a cosmic ray flipping a bit in the computer causing a calculation error. So as long as each
iteration is polynomial in the number of digits of n, then we are in good shape.

What can a quantum computer do?
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1. Tt can compute ™ mod n for all non-negative integers m < n at the same time.

However, it will be a superposition of states |m, ™ mod n). Measuring the first registry gives a random
myg and the value b mod n. Measuring the second registry gives a random ¢y and a superposition of
states |m) such that b™ = ¢y (mod n).

The key is that there is a hidden period in this. In other words, the integers m such that ™ = ¢
(mod n) are of the form
mo, Mo + 0n,(b), mg + 20, (), ...

2. Quantum Fourier Transform can be used to find this hidden period.

A similar method can be used for the general discrete logarithm problem: given M, C' and n, find
d such that M = C¢ (mod n). We use a two variable version of the above.

1. Compute M*C~# mod n for all non-negative integers a, 3 < 0, (C) at the same time.

We get a superposition of |a, 3, M*C~# mod n). Measuring the third registry gives a random cq and
superposition of states |a, 3) such that M*C~# = ¢y (mod n). These pairs of integers (a, 3) are of the
form

(a0, Bo), (a0 + 1, 8o + d), (g + 2, Bo + 2d), . ...

2. Apply QFT.

Exercises

17.1 Prove that if n is an odd prime power, then 22 = 1 (mod n) if and only if z = +1 (mod n).

17.2 Suppose n = pq is a product of two distinct odd primes. Find the number of b € (Z/nZ)* such that
0n(b) is odd or b°»(*)/2 = —1 (mod n).

Lecture 31 Wed 11/22

18 Probabilistic primality test

In this section, we consider two probabilistic primality tests, the Fermat test and the Miller-Rabin test. They
both build upon Fermat’s little theorem: a?~* =1 (mod p) if p is a prime and a = 1,...,p — 1.

Lemma 18.1 Ifa" ! =1 (mod n) for everya =1,...,n— 1, then n is a prime.
Proof: Every a =1,...,n — 1 is invertible in Z/nZ. O

It is not practical to test all integers less than n (we might as well just check for division in this
case). So we use the same probabilistic idea as in Shor’s algorithm:

1. Picka=1,...,n—1 at random.
2. Compute ged(a,n). If it is bigger than 1, then n is not a prime.
3. Compute a” ! mod n. If it is not 1, then n is not a prime. Otherwise, return to step 1.

Let
F,={a€(Z/nZ)*:a" "t =1}.

We need to know how big F), is in order to know the probability that a randomly chosen a can be used to
prove that n is not a prime.

Lemma 18.2 The set F,, is a subgroup of (Z/nZ)*.
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Proof: Clearly 1 € F,. If a,b € F,, then (ab)" ! =a" 1" ! =1and (a )"t =(a""1)"1=1. 0O

Since the order of a subgroup divides the order of the group, we see that if F,, # (Z/nZ)*, then
|F,| < 1¢(n) and we have a probability of at least 1/2 that a randomly chosen a can be used to prove that n
is not a prime. Unfortunately, there exists (infinitely many) odd composite numbers n where F,, = (Z/nZ)*.
These numbers are called Carmichael numbers. The smallest Carmichael number is 561 = 3-11-17. If we
attempt to run the Fermat test on a Carmichael number, then we are just hoping to hit integers a that share
a prime factor with n. If n is a product of very few large primes, we are in trouble. Carmichael numbers are
all squarefree and so have at least 2 distinct prime divisors. In HW11, you will show that they have at least
3 distinct prime divisors.

Proposition 18.3 If p? | n for some prime p > 3, then n is not a Carmichael number.

Proof: The key observation is that
n—1 n—1
I+p)" ' =1+n-1p+> ( . )p’ =1+ (n—1)p (mod p?).
r=2

Since p | n, we have pfn — 1 and so (1+p)"~! # 1 (mod p?). Hence (1+p)"~! # 1 (mod n). O

The Miller-Rabin test builds upon this idea and the earlier idea of nontrivial solutions of z? = 1
(mod n). Since n is assumed to be odd, we write n — 1 = u - 2* where u is odd and k € N. Let

bp =a* (mod n), by =b2 | = a*? (mod n) fori =1,...,k.
Here is the algorithm for the Miller-Rabin test
1. Picka=1,...,n—1 at random.

Compute ged(a,n). If it is bigger than 1, then n is not a prime.

Compute by = a” mod n. If bp = 1 mod n, return to step 1.

> @ N

Repeatedly compute b; 11 = b7 mod n. If —1 mod n is reached before 1 mod n, return to step 1. If
1 mod n is reached before —1 mod n, then n is not prime because we have a nontrivial solution to
22 =1 (mod n). If none of by, ...,b,_1 equals —1 mod n, then n is not a prime.

We now consider the bad set for the Miller-Rabin test. Let
M, ={a € (Z/nZ)*:a"=1or a"? = —1 for some i = 0,...,k— 1}.

For any a € M,, if a* = 1, we set i(a) = —1; otherwise, we set i(a) to be the integer i = 0,...,k — 1 such
that a2 = —1. Note that (-1)*=—1and (—1)** =1 and so i(—1) = 0. Let j < k — 1 be the largest i(a)
over ¢ € My,. Then j > i(—1) = ‘

is a subset of

0. For any a € M, since i(a) < j, we have a*?’ = 1. In other words, M,
E,={a€ (Z/nZ)*: av? = +1}.
It is easy to see that F,, is a subgroup of (Z/nZ)*.

Proposition 18.4 Suppose n is a positive odd number with at least two distinct prime divisors (for example
if n is a Carmichael number). Then E, is a proper subgroup of (Z/nZ)*. As a result, |M,|/d(n) < %

Prqof: We write n = mjmsy where m; and ms are coprime odd integers. Let ag € M, with i(ag) = j. Then
ay? = —1in (Z/nZ)*. By the Chinese Remainder Theorem, there exists an integer a such that

ap (mod my)

a = 1 (mod ms).

Then a*?’ is —1 mod my and 1 mod ms. So it can’t be +1 mod mymsy. Hence a ¢ E,,. O
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Exercises

1. Let G be a finite group and let H be a non-empty subset. Prove that if Va,b € H,ab € H, then H is
a subgroup.

2. Let n be an odd positive integer. Let

F,={ae (Z/nZ)*: a"1/2 = (%)}

where (2] is the Jacobi symbol. Prove that [, is a subgroup of (Z/nZ)*, and that it is a proper
subgroup when n is composite.

Since the Jacobi symbols can be quickly computed using quadratic reciprocity (see HW 7 Problem 2),
this gives another probabilistic primality test (Solovay-Strassen) with polynomial runtime.

3. Let n > 1 be an integer. Let @ € N and let p be a prime number such that:

e a" ! =1 (mod n);
e pln—Tlandp>/n—1;
o ged(amV/P —1,n) =1.

Prove that n is a prime.

This result can be used to recursively generate candidates for primes with deterministic proofs: given
a large prime p, consider n = 2pq + 1 where ¢ is some large random natural number less than p/2.

19 Agrawal-Kayal-Saxena primality test

The AKS primality test is a deterministic primality test whose run time is polynomial in logn.
For any commutative ring R and any a,b,m1,...,m, € R, we write

a=b (modmy,...,m,.) — a—>be(my,...,m;).
Recall that when n = p is a prime, we have for any a € Z, the following congruence in Z|z],
(x+a) =aP+a? =2 +a (mod p).
Lecture 32 Fri 11/24
Lemma 19.1 Let n > 2 be an integer such that for some a € Z coprime to n,
(x+a)"=2"+a (mod n).
Then n is a prime.

Proof: Suppose for a contradiction that n is not a prime. Let p < n be a prime divisor of n. Let k be a
positive integer such that p* < n < p**+1. Then by Corollary 4.3, we have p { (;L) Since a is coprime to n,

we have p 1 (;L)a"’pk. This gives a nonzero middle term if p* < n. If p*¥ = n, then by Corollary 4.4, we
have v,((7)) =k —1 < vp(n) and so nt (7)a"P. O
The key idea of the AKS test is to check the congruence
(r4+a)"=2"4+a (modz"—1,n)

for a suitably chosen r < (log, n)® and for positive integers a < /¢(r)logy n < (logy n)35. We can use the
usual square and multiply method to compute (z+a)™ mod (" —1,n) in polynomial time for each a. Hence
the full algorithm is in polynomial time. In what follows, we write logn for log, n.
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Lemma 19.2 For n > 3, there exists a positive integer r < (logn)® such that either ged(r,n) > 1 or
or(n) > (logn)?.

Proof: Suppose for a contradiction that for all positve integer » < (logn)®, we have ged(r,n) = 1 and
7| n? —1 for some d < (logn)2. Let m = [(logn)®|. Then L,, =lem(1,2,...,m) divides
[ o'-1< n2rzasos 2 ¢ < pllogm)'=1 _ o(logn)®~(logn).

1<d<(logn)?
Recall from HW 2 that L,, > 2™ for any integer m > 7. From n > 3, we have m > 10, so
Lm > om > 2(10gn)5—1.
We now have a contradiction because (logn)® — 1 > (logn)® — (logn) for n > 4. O

Remark: The bound
Z d < (log n)4 -1

1<d<(logn)?
can be improved to about %(log n)*for large n and we can improve the bound on 7 to about %(log n)s.
Step 1 of AKS: Find the smallest positive integer r such that ged(r,n) > 1 or o,.(n) > (logn)?.

We know we only need to test at most (logn)® different r. For each r, we simply compute

r,r2, s, .rl0oe™] mod n to see if any of them is 1. Hence this step can be done in polynomial time.

If n < (logn)® is small (only happens when n < 107) so that this step does not terminate before r > n,
then we have checked that ged(r,n) = 1 for all » < n and so n is prime. If this step terminates at an r with
ged(r,n) > 1, then n is composite. Suppose now we have found a positive integer r < (logn)® coprime with
n with o,.(n) > (logn)?. Note this also implies that ¢(r) > (logn)?. Since n # 1 (mod ), we see that n has
a prime divisor p # 1 (mod r) so that o,(p) > 1.

Step 2 of AKS: For every positive integer a < r, check if ged(a,n) = 1.

Suppose Step 2 is passed. Then that means we may assume p > r. So we have
Vo(r)logn < ¢(r) <r < p.

Step 3 of AKS: For every positive integer a < /¢(r)logn, check if ged(a,n) = 1 and if so, check the
congruence
(r4+a)"=2"+a (moda"—1,n).

Theorem 19.3 Suppose positive integers n,r and prime p satisfy:

o 0,(n) > (logn)?

e pln,p>rando.(p) >1

e For all positive integers a < mlog n, the congruence (x + a)™ = 2" + a (mod z" — 1, p).
Then n is a power of p.

Step 0 of AKS: Check if n is a perfect power.

It remains now to prove Theorem 19.3. We may assume that n > 4. The congruence mod (z" — 1, p)
suggests to look inside F,[z] and consider r-th roots of unities. Let d = o,(p) > 1. We know that the finite
field Fpa is the smallest field that contains a primitive r-th root of unity ag, and thus all the r-th roots of
unities as powers of ag. Let

pr = {ag) = {af: k € Z)rZ}
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be the subgroup of all r-th roots of unities. Let £ = Lm logn] < p. The congruence
(x+a)"=2"+a (modaz" —1,p)
translates to: for every f(z) € S :={z,z+1,...,x+{} CF,[xz],
Fo)" - f@) = j@) @ — 1)
for some j(x) € Fp[z]. In other words, we have for every f(z) € S,
fla)" = f(a") € Fpa, for every o € pu,.

Note since ¢ < p, the set S contains ¢ + 1 distinct linear polynomials.
We say a polynomial g(z) € Fp[z] commutes with a positive integer m if

g(a)™ = g(a™) € Fpa, for every a € py.
Hence, every element in S commutes with n. The following lemmas are immediate:
Lemma 19.4 Any g € F,[x] commutes with p and 1.
Lemma 19.5 If g1, 92 € Fplz] both commute with m, then g1ga commutes with m
Lecture 33 Mon 11/27
The next two are less immediate.
Lemma 19.6 If g € F,[z] commutes with m1 and ms, then g commutes with mims.
Proof: For any « € p,., we have
gla)™m = (g(a™ )" = g(a™ ™)

since ™ € p,. O

Lemma 19.7 If g € F,[z] commutes with m and p | m, then g commutes with m/p.
Proof: For any « € p,., we have
(9(c)™7)" = g(a)™ = g(a™) = g(a™/P)".
Hence g(a)™/P = g(a™/P) because raising to the power p is an automorphism and thus injective on Fpa. O
Let S denote the set of polynomials in F,[z] that are products of elements in S. So
S={z"(x+1)" - (x+0)": ng,...,ng >0}

Then every element in S commutes with every positive integer of the form (n/p)ip’. Suppose for a contradic-
tion that n is not a power of p. Then the integers (n/p)'p’ are all distinct for distinct pairs (7, j). However,
ag’ only takes r possible values. In other words, the set

T = (""" i j >0} C piy

is finite. Let my > my to two integers of the form (n/p)'p’ such that ay' = ag'®. Note that this condition
is equivalent to m; = my (mod r). Then for any g € S, we have

)ml —

g(a)™ = g(af



Recall that Fj,q is the smallest field that contains a primitive 7-th root of unity and any g € S splits in F,.
Hence all the roots of g(x) are in F,, while ag ¢ Fp,. So g(ap) # 0 and we have

glag)™ 2 = 1.

On the other hand, when can g(ag) = h(ay) for g,h € S? We know that for every integer m of the
form (n/p)ip’, we have
g9(ag') = g(ao)™ = h(ag)™ = h(ag').

In other words, every « € T is a root of g(x) — h(z). Hence if we further require that deg(g) and deg(h) are
less than |T|, then g = h. Let N = |T| and let C(£ 4+ 1, N — 1) be the number of elements in S of degree at
most N — 1. Then we have

{9(ao): g€ S > C(€+1,N—1).

Hence, if we can find m; and ms so that
mp —mo < C(€+1,N7 1),

then we would have too many solutions to ™! ~"™2 = 1, which is a contradiction!
We note that

N = [{a{"P7" i § > 0} = |{(n/p)'p’ mod r:i,j > 0}

For i, =0,...,|VN], we have ([VVN]| + 1)? > N distinct integers of the form (n/p)p’. There are only N
possible congruence classes mod r that they can take. Hence, by the Pigeonhole principle, there exist two
distinct integers my > ms among them that are congruent mod r. Moreover,

my —my < my < (n/p)YNIpYNT = V],

Therefore, it remains to prove that
nYNl<o(+1,N - 1).

Let’s estimate the sizes of the variables involved. By taking i = j, we see that (n/p)'p’ = n'. So we have
{n*mod r:4i >0} C {(n/p)'p’ modr:i,j>0}C(Z/rZ)*.

In other words,
(logn)? < o.(n) < N < ¢(r).

Let M = |[v/N]logn|. Then

VN
(+1 = |Vo(r)logn| +1>|VNlogn|+1> M +1,
N-—-1 \/]Vlogn—le—l,

C(l+1,N —1) C(M +1,M).

2|_\/ﬁj logn o gM+1

v Vv

Hence, it is enough to prove that
C(M +1,M) > 2M+1,

Since z,x +1,...,2 + M are all distinct linear polynomials in F,[z], C(M + 1, M) is the same as

the number of monomials of the form z{* - - xﬁ’ff in M + 1 variables of degree a; + - -+ ap;11 at most M.

By adding in one more variable g and setting ap = M — (a1 + - - - + apr41), this is the same as the number

of monomials of the form xy°z* - - mﬁf{ in M + 2 variables of degree exactly M.

Theorem 19.8 The number of monomials of the form x{* -- - x}* in k variables of degree d = ay + - -+ ay,

is (151,
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In particular, we have

2M +1 2M +1 4M
C(M+1’M):(M+1>:< M )>M+122M+1

when 2 > 2(M + 1), which is true for M > 3. Since n > 4, we have logn > 2 and M > 4.

The standard proof of Theorem 19.8 is the stars and bars method. Imagining placing d stars and

k —1 bars in d+ k — 1 slots. The number of ways to do this is (d',:le) The number of stars before the first

bar is the exponent of z1. The number of stars between the i-th bar and the (i + 1)-st bar is the exponent
of ;41 for i =1,...,k — 2. The number of stars after the last bar is the exponent of zy,.

Lecture 34 Wed 11/29

20 Lucas-Lehmer primality test

A Mersenne number is a number of the form M, = 2" — 1 for some n € N. Note since 2¢ — 1 | 2" — 1
whenever d | n, in order for 2™ — 1 to be a prime, n itself must be a prime. However, when n = p is a prime,
M, = 2P — 1 is not necessarily a prime. For example, My, = 2047 = 23 x 89.

A Sophie Germain prime is a prime p such that 2p + 1 is also prime. The above p = 11 is one such
example with 2p 4+ 1 = 23 appearing in the factorization of M. The infinitude of Sophie Germain primes is
an open conjecture. The heuristic count for the number of them less than x is about 1.32032z/(Inz)?.

Proposition 20.1 Suppose p =3 (mod 4) is a Sophie Germain prime. Then 2p+1 | M, and so M, is not
prime for p > 3.

Proof: From p =3 (mod 4), we get 2p+ 1 =7 (mod 8). Hence 2 is a quadratic residue mod 2p + 1. Let a
be an integer such that 2 = a? (mod 2p + 1). Then

2 =¢?’ =1 (mod 2p+ 1)
by Fermat’s little theorem. Then 2p+ 1| 2P — 1. O

The Lucas-Lehmer primality test is used in general to see whether a Mersenne number M, = 2P — 1
is prime. The current record for the largest proved prime number is

982580933 _ |
In the Lucas-Lehmer test, we define the sequence
ag = 4, a,z+1:ai—2forn20.
We let w = 2 ++/3. Then w™! =2 — /3. In other words, w is a unit in the ring
R=2[V3] = {i(V3): j(x) € Z[a]} = {a+bV3: a,b € Z} = Z[x)/(a® — 3).
It is easy to check via induction that
an =w? +0 ¥ =0 (anH +1).

Consider ) )
—_9pP— p—
apo=w 2 (W +1).

Theorem 20.2 Let p be an odd prime. The Mersenne number M, = 2P —1 is prime if and only if a,—2 =0
(mod My).
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Proof: Let ¢ = M,,. Then qR = {qa + qb\/3: a,b € Z}. Hence we see that

Gp—2 € gL <= ap_3 € qR <= W = _1in R/qR <— wE — 1in R/qR.

Suppose first that a,_» € qZ and suppose for a contradiction that ¢ is not a prime. Let r < ,/q be a

prime divisor of g. Then we also have a,_» € rZ and so w? ' =—1in R/rR. Then w?*" =1 in R/rR. The
order o(w) of w in (R/rR)* is then a divisor of 2P that doesn’t divide 2°~!. Hence it equals 27, which then
must divide |(R/rR)*|. However, we have a contradiction now because

(R/rR)*| <|R/rR| —1=1*—-1<qg—1=2F —2.
Suppose conversely that ¢ is a prime. Since p is odd, we see that
22 —1=7 (mod 12), 22 —1=7 (mod 8).

So by quadratic reciprocity,

This means that the polynomial 2% — 3 is irreducible in F,[z] and so
R/qR = F,[z]/(2* — 3) 2 Fpe.
The Frobenius map a — a? sends V3 to —v/3. This can also be seen from
V3T = 3@0/2 = 1 e R/gR.
For any a + bv/3 in R/qR, we then have
(a+bV3)7 =a? +b0V3" =a—bV/3

and so
(a+bv3)T ! = (a+bV3)!(a+bV3) = (a — bV3)(a + bV3) = a® — 3b%.

We note that (3 + \/3)2 =12+ 6v/3 = 6w. Hence
/2 _ B+ V3T 3317 6

6G-D/2.6 2@ D/Z3a02. 6 —6

)

as desired. O

In the above proof, the fact that (a +by/3)9" € [F, is a consequence of a more general construction.
We note that Autp, (F,2) = {id, 7} where 7 denotes the Frobenius map and

(@+bV3)H =id(a+bV3) - r(a+bV3)= [  ola+bV3).

UEAuth (]Fqg )

It is then not surprising that it is fixed by every element in Autr, (Fy2) and so it must lie in [F,. In general,
given a Galois extension E/F', we have the norm

Ngp(@)= [ ola)eF
oc€Autp(E)

For C/R, this is simply
Newr(z)=2-2= 2|2

We next consider Q({y) and Q(({3), which both have degree 2 over Q, and where the non-identity automor-
phism is complex conjugation. So their norm maps are also just the complex modulus squared.

Lecture 35 Fri 12/01
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21 Q(¢4) and Q(G3)

In this section, we consider the two cyclotomic extensions of degree 2. We have
Qlz]/(a* +1) = Q(Cs) = {a+bi: a,b e Q} = Qi)

1, V3.

Qel/(@* +2+1) = QG) = {a+bs: a,be Q) =Q—y + )

Note that ¢(6) = 2 so Q((s) also has degree 2, but (s = 3 + @z =+ 1. So Q(¢s) = Q(¢3). Let 7 denote
the non-identity element of the automorphism groups Autg(Q(¢4)) and Autg(Q(¢3)). For Q(¢4), we have for
any a,b € Q,

T(i) =1 = —i = T(a + bi) = a — bi,
and for Q((3), we have

—éi:@ = T(a+bC3) = a—b—b(s.

T(G) =G =-1-G=-5-

| —

In other words, 7 is complex conjugation for both of them. Define the norm of an element in either field as

b
N() =)=l Natb)=a*+8  Nlathis) = (a— o)+ 3 =a> —ab+ 1"

Note that the norm function is multiplicative: N(a8) = N(a)N(8). So from
(a+ bi)(c+ di) = ac — bd + (ad + bc)i
we have the well-known formula
(a® + %) (? + d*) = (ac — bd)* + (ad + be)?;

and from
(a4 b¢3)(c+ d¢s) = ac+ (be + ad)Cs + bd(—1 — (3) = ac — bd + (bc + ad — bd)(s

we have the less-known formula
(a® — ab+b*)(c* — cd + d*) = (ac — bd)? — (ac — bd)(bc + ad — bd) + (bc + ad — bd)?.
If we use the above formula with a, b, c,d € Z, we see that the sets

Sy = {a*+b*:a,bcZ}
S3 = {a*—ab+b*:a,beZ}

are closed under multiplication. Hence to understand what they are, it remains to understand which prime
powers do Sy and S3 contain. They clearly contain p? for every prime p by taking a = p and b = 0. It is
easy to check that 2 € Sy, 2 ¢ S3 and 3 € Ss.

Suppose p > 2 is a prime and p = a? + b2 for some a,b € Z. Then a? = —b? (mod p). If p | b, then
p | a® implying that p | a and so p? | a® + b which is not possible. So p { b and we have (ab=1)? = —
(mod p). Hence p = 1 (mod 4). Similarly, if p = a®> — ab + b? for a,b € Z and p > 2 prime. We have p { b
and (2ab~! — 1)2 = —3 (mod p). It then follows from quadratic reciprocity that p = 3 or p = 1 (mod 3).
The converse is also true.

Theorem 21.1 Ifp is a prime congruent to 1 mod 4, then there exist a,b € Z such that p = a® + b>.

Theorem 21.2 If p is a prime congruent to 1 mod 3, then there exist a,b € Z such that p = a®> — ab + b>.
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We give a ring-theoretic proof of these results. There is also a “descent”-type proof. We note that
if p=1 (mod m), then m | p— 1 so F,, contains a primitive m-th root of unity. In other words, m,(®,,(z))
splits completely in F, [z]. Let x —n be an irreducible factor of it. Then we have a prime ideal I, = (p, (;n —n)
in Z[¢m]-

Proposition 21.3 The rings Z[(4) and Z[(3] are Euclidean domains with respect to the norm function.

As a consequence, we see that Z[(,,] is a PID for m = 3 and 4. There then exists some « € Z[(,]
such that I, = (). We write p = af for some 8 € Z[(y]. Taking norm gives p> = N(a)N(B). Next we
note that if N(v) = 1 for some v € Z[(;,], then v - 7(7) = 1 and so v is a unit. (Exercise: Conversely, if
«y is a unit, then N(v) = 1.) Since I, is a proper ideal, we see that o can’t be a unit. If 8 is a unit, then
I, = (p) but p{ {mn — n. So neither N(a) nor N(B) can be 1 but they multiply to p? and p is a prime. So
N(«a) = N(B) = p. Upon writing a = a + b(,, for a,b € Z, we have

p=a®+b? for m =4, and p=a®—ab+ b? for m = 3.

Proof of Proposition 21.3: Let «, 8 € Z[(,,] where m = 3 or 4 and « # 0. We divide 8 by « in the field
Q(Gm) = Q[Cm] to get 5

— =t+ s(m, r,s € Q.
«@

Let a € Z be an integer that is the closest to ¢t and let b € Z be an integer that is the closest to s. (In other
words, either the floor or ceiling of ¢ and s.) Hence

B

a:(a—l—bcm)—k((t—a)+(s—b)<m), |t —al < |s —b| <

N —

)

N | =

Then

N((t—a)+(s=b)m) <|t—al*+ |t —alls—b|+[s—b* <= < 1.

> w

We let ¢ = a + bl € Z[Gn] and 7 = 5 — ag = a((t — a) + (s — b)Gm) € Z[{). Then N(r) < N(a). O

b2

Remark: When t = 1/2 for example, there are two choices for a. Hence the “quotient” and “remainder”
are not unique in this division algorithm. The same argument also works for Z[v/2i], Z[v/2] and Z[\/3].

Lecture 36 Mon 12/04

The units in Z[(,,] for m = 3,4 are elements of the form a + b(,, with norm dividing 1, and so equaling 1
since it is non-negative. It is easy to check that

ZE* = {1,-1,i,—i} = pa,
Z[C?)]X = {1a_17<-37_<-3a1+<3a_1_<3}:MG-

There is an intrinsic reason for this. The roots of unities are clearly units. The norms for these rings are
sums of squares and so there are only finitely many integer solutions to N = 1, implying that the group of
units is finite. Every element of a finite group has a finite order, and is thus a root of unity.

Since Z[i] and Z[(3] are PIDs, we can define prime elements (generate a prime ideal), geds and we
have unique factorization into primes up to units. We use this property of Z[(3] to prove that there are no
integer solutions to 2% + y3 = 2% with xyz # 0. We write ¢ for (3 and write ged(a, 3) for some element that
generates the ideal (o, 3) in Z[(].

Theorem 21.4 There do not exist nonzero o, 8,y € Z[¢] and a unit € € Z[C]* such that

B+ +ey®=0.
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Suppose a solution («, 3,7, €) exists. We take one so that N(afy) is the smallest. If there is a
prime 7 € Z[¢] dividing two of «, 3,7, then it divides the cube of the third and so also the third, but then
(a/m,B/m,v/7,€) is a smaller solution. Hence a, 8,7 are pairwise coprime. We use a descent argument: we
construct another solution (a/, 8,7/, €') with N(a/f'y") < N(afy).

Let m = v/3i=1+2¢. Then N(7) =1—2+22 =3 and 72 = —3. Hence 7 is a prime and we have
an isomorphism

Z[¢]/(m) = F3
sending a + b¢ + () to b — 2a.

Lemma 21.5 If§ = e (mod 7) where e = &1, then 63 = e (mod 9).
Proof: Suppose § = e + 7 for some 7 € Z[¢]. Using €2 = 1 and e® = e, we have
8% = e+ 3mn+3e(=3)n* —=3m® = e+ 37(n —1n*) (mod 9).

Since Z[(]/(7) = F3, we have 7° = n (mod 7) and so 372 | 37(n — %) but 372 = —9. O

Lemma 21.6 If € € Z[(]*, then £1 £ 1+ € # 0 (mod 9). Moreover, if £1 + e(£1) = 0 (mod 3), then
e=+1=¢>.

As a result, we see that 7 divides exactly one of «, 3,7. If 7 | a so that 3 | a3, then we have € = ¢
so that (8, €y, a,1) is a solution where 7 divides the third argument. Hence, we may assume without loss
of generality that 7 | 7. Now from 7 | o + 33, we have 7 | a + 3 since (a® + 3)3 = (a + 8)® (mod 7). So
we may assume o = 1 (mod 7) and 8 = —1 (mod 7). This then gives a® + 32 =0 (mod 9) and so we must
have 72 | 4. In other words, we have

a=1 (mod ), f=-1 (mod ), 72| 7.

We now factor
—ey’ = (a+ B)(@® —af + ) = (a + B)(a+ B¢) (e = B(1 + ().

Note that since ( =1 (mod 7), we see that all three factors are divisible by 7. Hence we have

(m) 2 (a+ B0+ B¢) 2 (a(C—1),(C—1)) = (C—1) = (7).

The same is true for any two terms in the product. In other words, once we remove one factor of 7 from
each of them, we have three pairwise coprime elements that multiply to a cube, up to a unit. Hence they
must each be a cube, up to a unit. In other words, we have the following factorization:

a+p = end’
a+p0 = emm’
a—pB1+¢) = emp’
v = monp

where 6,71, p € Z[(] are pairwise coprime and €1, €2, €3 are units. Note since 72 | 7, axactly one of &,7, p is
divisible by 7. Multiplying the second equation by ¢ and the third by ¢2, which are both units, we have

a+pB = nd
al+ B¢ = emm’
a?+ B¢ = emp’

for some units €4, €5. Adding them gives

and® + eqmn® + esmp® =0
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which looks very much like the original equation! Suppose without loss of generality that 7 | p and 7 1 6, .
We divide the above equation by €17 to get

83+ een® + erp® = 0,

for some units €g, €7. From 7 | p, we get £1 + €5(£1) =0 (mod 3) and so €5 = +1 = €3. Then (6, g7, p, €7)
is another but smaller solution:

N(d-€en - p) = N(dnp) = N(v/m) < N(v) < N(ap).
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