Week 2

Combinatorics

1. Let n and k be fixed positive integers, and let a be an arbitrary non-negative integer. Choose
a random k-element subset X C {1,2,...,k + a} uniformly and, independently of X, choose
a random n-element subset Y C {1,...,k+n+ a} uniformly. Prove that the probability that
min(Y) > max(X) does not depend on a.

2. How many words of length 2026 from the alphabet {a, b, c,d} are there with an even number
of a’s and b’s.

3. For 1 < j < ¢ < n, weset a;; to be 0 or 1 such that 22:1 a;; = 1. Define recursively
b;; = max{bit1;,biy141} +a;; for 1 < j < i < n, and b,41; = 0 for all j. Prove that
bl,l Z logg(n -+ 1)

4. A reverse Pascal triangle of size n consists of real numbers a; ; for 1 < j <7 < n such that
a;; = |ait1,; — @iy1,441] for i <n — 1. Does there exist a reverse Pascal triangle of size 2026
consisting of integers from 1 to 1 + 2+ --- + 2026 (each exactly once)?

5. Let S, denote the set of permutations on {1,...,n}. Let k = 1,...,n and let F C S,, be
a subset such that for any ¢ € F, there exists 1 < i3 < --- < 4 < n such that for any
j=1,...,k — 1, the permutation o - (i;,4;4+1) (i.e. obtained from o by swapping o(i;) with
o(ij41)) is also in F. Prove that #F > k!.

6. For any map o : {1,...,n} — {1,...,n}, let o(o) denote the number of distinct elements in
{o,000,00000,...}. Let € > 0 be any real number. Prove that for n large enough, we have

max o(o) < max o(o) 4+ nte.
o:{1,...,n}—{1,....,n} o€Sn



1. (IMC 2021 P2) Let n and k be fixed positive integers, and let a be an arbitrary non-negative
integer. Choose a random k-element subset X C {1,2,..., k+a} uniformly and, independently
of X, choose a random n-element subset Y C {1,...,k + n + a} uniformly. Prove that the
probability that min(Y’) > max(X) does not depend on a.

In order for min(Y’) > max(X), the union X UY is an (k+n)-element subset Z C {1,...,k+
n + a}. Conversely, such a Z uniquely determine X,Y with min(Y’) > max(X). Hence the
desired probability is
Ci)  _ (n + k:) B
j :

(kza) (lc+Z+a - n

2. (IMC 2020 P1) How many words of length 2026 from the alphabet {a,b, ¢, d} with an even
number of a’s and b’s.

For i,j = 0,1, let N;;(n) denote the number of words of length n where the number of a’s is
1 mod 2, and the number of b’s is 7 mod 2. Then we have

N()(](TL) Nog(n - 1) 21 01
Nl()(n> i ng(n - 1) . 1 210
Nu(n) | =4 N = 1) where - A=147 5
N01(n) N01(n - 1) 1 0 1 2

It is easy to observe that A has eigenvalue 4 with eigenvector (1,1,1,1); eigenvalue 2 with
eigenvectors (1,0, —1,0) and (0, 1,0, —1); and finally eigenvalue 0 with eigenvector (1, —1,1, —1).
Hence

Noo(n) 1 1 0 1 gn—1 1 1 0 1 2
Ni(n)| 1 0 1 -1 on-1 1 0 1 -1 1
Nyi(n) 1 -1 0 1 on—1 1 -1 0 1 0
Noi(n) 1 0 -1 —1 0 1 0 -1 —1 1
1 1 0 1 gn—1 1
]t 0 1 -1 on—1 1
1 -1 0 1 on-l 0
1 0 -1 —1 0/ \0
1 1 0 1 gn—1
]t 0 1 -1 on—1
1 -1 0 1 0
1 0 -1 —1 0

Hence we see that Nyo(n) = 4"~ 4 2n~1,

3. (IMO 2023 P5) For 1 < j <i < n, we set a;; to be 0 or 1 such that 22:1 a;; = 1. Define
recursively b; ; = max{b; 41 j, bit1,+1} + a;j for 1 <j <i <n, and b,41,; = 0 for all j. Prove
that by1 > logy(n + 1).

Consider S(i) = 23:1 2bii. Then S(n) =n—1+2=mn+1and S(1) = 2°1. It suffices to
show that S(i) > S(i+1) foralli =1,...,n— 1. Fix ¢ and suppose b;11,, is minimal among
all by for j=1,...,7. Then

gmax{bit1,j.bit1j+1} > Qbi+1d for j < m; and omax{bit1,j,bit1,5+1} > Qbit1it for 7 > m.



Suppose a; j, = 1. Then

% i+1
S(i) =Y 20 > Y 2P — ghnm g (9o op 2Pint) > (i + 1),
j=1 j=1

. (IMO 2018 P3) A reverse Pascal triangle of size n consists of real numbers a; ; for 1 < j <i<n
such that a; ; = |a;41,; — @iq1,j+1] for @ < n — 1. Does there exist a reverse Pascal triangle of
size 2026 consisting of integers from 1 to 1+ 2+ --- + 2026 (each exactly once)?

For eachi=1,...,n, let

m; = min a;; and M; = max a; ;.
1<j<i 1<i<i

Then we see that M; < M;, 1 —m;1 S0
1+2+---4+n>M,>my+---+mo+ My =my+---+ms+my.

Hence M, =1+2+---+n and my,...,m, is a permutation of 1,2,... n.

We say an entry (7,7) is large if 1 +2+--- 4+ (n—1) <a;; <142+ ---n. If q;; is large,
then one of a;;1; or a;y1,;41 is at most n, so either a;;1; = M1 or a1 j41 = Mm4y1. In other
words, if ¢ < n, then at most two entries (7, j) can be large.

Suppose now 1 < k < n such that n <1424 ---+4 (n — k). Then
My=mi+-4+my<n+n-1)+--+n-k+1)<14+2+---+(n—-1).

So there are no large entries with ¢+ < k and at most two forv =k -+1,...,n— 1. Hence there
are at least n — 2(n — k — 1) large entries of the form (n, j). If a, ; and a,, ;41 are both large,
then a,_1,; < n so a,—1; = m,_;. Hence at most 2 of the large entries of the form (n, j) can
be adjacent. Son —2(n —k —1) <2+ [(n — 3)/2]. Since n — k can be taken to be [v/2n],
we have

n—2([vV2n] —1) <2+ [(n—3)/2]

which does not hold when n > 35.

. (IMC 2023 P5) Let S,, denote the set of permutations on {1,...,n}. Let k =1,... ,n and let
F C S, be a subset such that for any o € F, there exists 1 < iy < --- < 7 < n such that
for any j =1,...,k — 1, the permutation o - (¢;,4;41) (i.e. obtained from o by swapping o(i;)
with o(i;11)) is also in F. Prove that #F > k.

Define a pairing (,) on S, by (o,7) = > ", 0(i)7(i). For any o € F, let
A(o) ={y € Su: VT € F,{0,7) = (1,1}

For every v € S, there exists ¢ € F that maximizes (o,7) which implies that v € A(o).
Hence, the union of A(o) as o varies in F covers S,,. It remains to show that each #A(c) <
n!/kl

Fixoce Fand 1 < i) < --- < 4, < n such that for any j = 1,...,k — 1, the permutation
oj=0"-(ij,ij41) € F. Let v € A(o). Then (o,v) > (0;,7), which implies

o (ij)y(ig) + o (i) v(ij41) = o(ij41)7(85) + o (i) v(E511)-



Rearranging gives

(0(Ej41) = 0 () (v(ij11) —7(65)) = 0.
In other words, v(i1),...,7(ix) are in the same order as o(i1),...,0(ix). This gives at most
n!/k! such permutations.

. (IMC 2025 P5) For any map o : {1,...,n} — {1,...,n}, let o(c) denote the number of
distinct elements in {o,0 00,000 00,...}. Let € > 0 be any real number. Prove that for n
large enough, we have

max o(c) < max o(c) + n°Te,

o{l,...n}—={1,..,n} o€Sn

Fix any o : {1,...,n} — {1,...,n}. For any i € {1,...,n}, the sequence ¢"(7) is eventually
periodic. Let
P(o)={je{1,...,n}: c(j) = j for some k > 1}

be the union of the periodic part of ¢™(i) as @ varies. For any j; # jo € P(0), there exists
k such that o®(j;) = j; and o*(j2) = Jjo, and so o(j1) # o(j2). It is then easy to see that
o: P(o) — P(0) is a permutation and

N(o) = o(o|p@)) < max o(T).
Let R(o) be the smallest > 0 such that for any i« = 1,...,n, we have ¢"(i) € P(c). That is,
R(0) is the longest pre-periodic part of 6™ (). Then o®(?) = gf@)+N©@) 55 0(0) < R(c)+N (o).
We are done if R(o) < no5te.
Suppose now R(c) > n®5T¢. Then since P(c) is missing at least n elements, we want to

find a prime p < n%>* that is coprime to N(o), so that by adding a p-cycle to o|p(, using
elements not in P(0), we obtain a permutation 7 € \S,, with o(7) = pN (o) so that

0.54€

< - < = <
ooy <ot prgreln) st grgreln) < gy o)

for n large enough.

Recall that N (o) is the least common multiple of all the cycle lengths of o|p(). Since the
product of two positive integers is larger than their sum, we see that sum of the (distinct)
prime divisors of the cycle lengths of o|p(, is less than #P(0) < n — n®?*<. On the other
hand, we know that

1’2
E P>
Inx
p<w
p prime

(In fact, it is asymptotic to z%/(2Inz).) Hence the sum of all primes up to n%>t is >
n'™2¢/Inn, which exceeds n for n large enough. Therefore, there exists a prime p < n%5t¢
coprime to N (o).



