Week 7

Number Theory

1. (2021A5) Let A be the set of all integers n such that 1 < n < 2025 and ged(n,2025) = 1. For
every positive integer j, let
Sy =) _n

neA

Let 1 < j; < jo < j3 < --- denote all the positive integers j such that S(j) is not divisible by
2025. Find j145.

2. (2023A5) Let m € N. For any non-negative integer k, let f(k) denote the number of 1’s in
the base-3 representation of k. Find all z € C such that

3m—1

> (=2/W(z+ k)P =0,

k=0

Mock Putnam problems

Al Let f : @ — Z be any function. Does there exist rational numbers a < b < ¢ such that

f(b) = max{f(a), f(b), f(c)}?

A2 Find

(e.@) .
: 1 | sin n|
lim g )
z—0+ rlnx n?

n=1

A4 Let X, Y be independent and identically distributed random variables with values in R. Prove
that Pr(| X +Y| < 1) <3Pr(|X - Y| <1).

A5 Let T be the set of positive integers n such that there exists mq,...,m,_1; € Z such that
myarctanl + - -+ + m,,_; arctan(n — 1) = arctann.

Determine if 16 or 17 belongs to 7.



Number Theory

1. (2021A5) Let A be the set of all integers n such that 1 < n < 2025 and ged(n,2025) = 1. For
every positive integer j, let
S(j) = Z n’.

neA

Let 1 < j; < jo < j3 < --- denote all the positive integers j such that S(j) is not divisible by
2025. Find j145.

For any odd positive integer m, let

Sm(i)= Y. n)€Z/mL

ne(Z/mz)*

Suppose first m is an odd prime power. Then there exists primitive o € (Z/mZ)* (so that
o(a) = ¢(m)). Since o’ S,(j) = S,(j), we see that

5.0) = {o if 9(m) 1)
¢(m) if ¢(m) | .
Suppose now m = p*n where p is an odd prime, & > 1 and p{n. Then
Sm(j) mod p* = ¢(n) Sy (7).
Consider the special case m = 2025 = 3*52. Then

S(j) mod 3* = 5-4-Su(j) #0 <= (3" ],
S(j) mod 5 = 3°-2-S5(j) A0 <= ¢(5*) | .

Hence 2025 1 S(j) if and only if 54 | j or 20 | j. The number of such j =1,..., N is
N N N
™) =5+ 5z - 5w/
I =150 * 120) ~ Lsao
Note that if N = 540k for some positive integer k, then
§(N) = 10k + 27k — k = 36k.

Taking k£ = 4 gives ji44 = 2160. Then it’s easy to see that ji45 = 2180.

2. (2023A5) Let m € N. For any non-negative integer k, let f(k) denote the number of 1’s in
the base-3 representation of k. Find all z € C such that

3m—1

> (=2/W(z+ k)P =0,

k=0

Define x : {0,1,2} — R by



Then for k = @,,_1 - - - aiag in base 3, we have

(—2)7® = x(@pn_1) - - x(a1)x(ao).

Expanding
2 2
Z e Z X(am—1) -+ x(ao)(z + 3" a1 + -+ ag)*™,
Am—1=0 ap=0
we see that the coefficient for 2% is
m 2
2m+ 3
DR I B I SRS
no+-+nm—1=2m—+3—d 1=0 a;=0
When n; = 0, we simply have Zi:o x(a) = 0. However, for n; = k > 0, we have

2

Zx(a)ak =2" -2

a=0

which is unruly. The trick here is to note that

D x(@)a—1)F=1+1(-1)F =

a=0

2 0 if k is odd,
2 if k is even.

Let w=z+3""14...4 1. Then the coefficients of w? is

2m + 3 i
Z (dan()vT‘rL >H3 h

no+--+nm_1=2m+3—d Al

Hence we see that only d =1 and d = 3 are possible.
Suppose d = 3 first. Then ng =--- =mn,,_1 = 2. The coefficient is

(2m + 3)!

3(m—1)m .om.
312N

Suppose next d = 1. Then there is a unique k = 0,...,m — 1 such that n, = 4 and all the
other n; = 2. Hence the coefficient is

(2m + 3)! 1 2m+3)!_ . gm —1
2m3 m—1)m+2k _ 3(m 1)m om ]

(2h)ym= (21)ym=141 Z 31(2hH)m 16
Combining, we find that the polynomial is

(2m + 3)!
3l2hm

gm —1
16

S(m—l)m . 2m(w3 + w)

Hence, the three roots are

M —1 M =1 V9" -1



Mock Putnam problems

Al

A2

A4

Let f : Q@ — Z be any function. Does there exist rational numbers a < b < ¢ such that
f(b) = max{f(a), f(b), f(c)}?

Suppose not. Suppose first there exists a < b such that f(a) < f(b). Then for every ¢ > b,
we have f(b) < f(c). Let ¢; > b such that f(c;) is minimal. Then for every r € (b, ¢;), we
have f(b) < f(r) > f(c1). So (b,r,¢1) does the job.

Hence, we must have f(a) > f(b) for every a < b. We reach a similar contradiction by taking

a < 0 with f(a) minimal. Then for every r € (a,0), we have f(a) < f(r) but since a < r, we
should have f(a) > f(r).

Find

o .

, 1 | sin nz|

lim E .

z—0+ zlnx n?
n=1

Fix small € > 0. Suppose nz < e. Then there exists y, , € (0, €) such that

. 1 2 . :
sinnx = nr — 5(71:1}) SIN Yy, 2 SO (1 —¢)nx < sinnz < nz.

Note that i
Z — =z(ln(e/z) + O(1)) = —zlnz + zlne + O(x).

n2
n<e/x

On the other hand

S o s L o)

n>6/$ n>e/x
Therefore, we have
Z |Slz2nx| = —zlnz + O(erInz) + O(x/e).
nzl

Dividing by xIn z, letting  — 07, then letting ¢ — 07 gives that the desired limit is —1.

Let X, Y be independent and identically distributed random variables with values in R. Prove
that Pr(|X +Y| < 1) <3Pr(|X - Y| < 1).

For each k € Z, let pp = Pr(k < X <k+1). f k<X <k+1land -1 < X 4+Y <1, then
—2—k <Y <1—k. Hence

Pr(X +Y[<1) < Y Pr(-2-k<Y <1—k)p
k
= Z(]L%k + D1k + Pk)Pk

k

1

< D5 <p3H AR RRA S R U pi)

k
= 324
k
= 3 Prk<X<k+Lk<Y <k+1)
k

< 3Pr(|X—Y|<1).



Ab Let T be the set of positive integers n such that there exists mq,...,m,_1 € Z such that
my arctan 1 + - -+ 4+ m,,_y arctan(n — 1) = arctann.

Determine if 16 or 17 belongs to T
We note that n € T if and only if there exists mq,...,m,_1 € Z and () € Q such that

Lt ni=Q(L+1)™ - (L+ (n— 1)i)™ .
Let z denote the right hand side. Note that we don’t need to worry about the signs of () since
(1+4)* = —4.

When n = 16, we know that n? + 1 = 257 is a prime, so 1 + ni is a Gaussian prime that does
not divide any of 14+ mi for m = 1,...,15. We can’t have 1+ 167 | @ for then 1 —16i | @ but
1—16i41+16i. So 16 ¢ T.

When n = 17, we have n? +1 = 290 = 2 x 5 x 29. One finds
1+17i = (5 —2i)(1 + 2i)(1 +4).

(The actual factorization is not needed for the conclusion.) Since 17 = —12 (mod 29), we will
take care of the 5 — 2i factor using 1 + 12i. We have 1 + 122 = 145 = 5 - 29. One finds

14 12i = (5 + 2i)(1 + 2i).

(Note that 5 —2i {5 and 1+ 2i | 5, so 1 + 17i and 1 + 12i share 1 4 2 as a common factor
but not 5 + 2i.) Now

29
= (5—2i)(1+ 29",
T~ 0200 +20)

Hence, we have
1417 = 29(1 + ) (1 + 2i)*(1 + 124) "

which translates to
arctan 1l + 2 arctan 2 — arctan 12 = arctan 17.



