Week 9: Mock Putnam 9

: Prove that there does not exist rational numbers a, b, ¢ such that cos(7/7) = a + Vb + {/c.

: Let A be an n x n symmetric matrix with integer coordinates. Let b € Z" be a vector whose entries
are the diagonal entries of A. That is, the i-th entry of b is the (i, 7)-entry of A. Prove that there
exists v € Z" such that every entry of Av — b is even.

: Find all positive integer solutions to m™* — (m + 1)" = 69, if any.

: For a positive integer n and any point x in the unit square [0, 1] x [0, 1], let Y,,(x) denote the random
variable that is 1 if an odd number of B(Xy,71),. .., B(X,,r,) contains x, and 0 if otherwise; where
B(X;,r;) is the open ball centered at X; of radius r;; where each X; is independent and uniformly
chosen in the unit square [0, 1]? and each r; is independent and uniformly chosen in (0, \/3/(nn)).
Find
lim F [ Y, (2) dx} :

[0,1]2

n—o0

: Let f(z): (1,00) — R be a differentiable function such that for all z > 1,

! o xQ - f(x)Q
= En

Prove that lim f(z) = oc.

T—00

: Let p be a prime and let n > 1. Let A C Z/pZ be a subset with more than p%+ﬁ elements. Prove
that for any nonzero o € Z/pZ, there exist ay, ..., a,,by,...,b, € Asuch that o« = a1b; +- - -+ a,by,.



Week 9: Sketch of proofs

: Let B = —2cos(n/7) = (# + (;*. We first show that the minimal polynomial of 3 is f5(X) =
X3+ X2 —2X — 1. Note that it is irreducible, since it is monic of degree 3 with no integer roots.
Now notice that

Bo2=G+Gt -4 2= (-2’ 2=+
Thus we get
—1=(B' =4 +2)+ (7 —2)+B=p4" 38+ 8 < B —358°+B+1=0.

Now notice that X* —3X?+ X +1 = (X — 1)(X?+ X? — 2X — 1), and clearly 8 # 1. This shows
that the minimal polynomial of 3 is f3.

Now we claim that vb € Q(vb + /c). Indeed, let o = v/b+ ¢/c. Then we have
c=(a—Vb)?® =0’ —30*Vb+ 3ab — bvVb = (a* + 3b)a — (3 + b)Vb.

If 3a® + b # 0, then this yields
Vi — ad +3ab—c

302+ € Q(a).

Otherwise we have b = —3a? and so
c=—-80% = Jc=—-2a=-2Vb—2¥c < 3¥c=—2Vb.

Taking cubes yield —8bv/b = 27¢ € Q, so we have v/b € Q. Either way, the claim is proved.

Next, we show that in fact, vb € Q. Indeed, since Vb + /c = cos(7/7) —a = —f3/2 — a,
the previous claim implies vb € Q(f). Thus there exists a polynomial f € Q[X] with deg(f) <
deg(fs) —1 = 2 such that f(8) = Vb. Clearly we are done if f is constant, so suppose for the sake of
contradiction that f is non-constant. Then f(8)*—b =0, and so f3(X) | f(X)*—b. By computing
degree, we necessarily have deg(f) = 2. Write f(X) = t(X? + uX +v) for some t € Q \ {0} and
u,v € Q. Then we have

(X2 +uX 4+0)? = X'+ 2uX? + (v +20) X2 + 2uvX + 02 =t"%b  (mod X* + X? —2X —1).
Using the fact that X3 + X2 —2X — 1| X* —3X? + X + 1, the above becomes
(BX?— X — 1)+ 2u(—X*+2X + 1)+ (v® +20) X* + 2uvX +v* =t7%b  (mod X°+ X? —2X —1).
The polynomial on the left hand side has degree at most 2, so we get equality:
(B3X? — X — 1)+ 2u(—X*+2X + 1) + (u* + 20) X* + 2uv X + v =t 2.
Matching X2-coefficient yield

3—2ut+u'+20=0 = v —2u—1+2v+2)=0,



Matching X-coefficient yield
—1+4u+2uw=0 <= 2u(v+2) =1
Thus we get
wW—2u—1+1/u=0 < v’ —2u* —u+1=0.
Impossible, since X? — 2X? — X + 1 is irreducible.

Since Vb € Q, we get cos(7/7) — /c € Q. Recalling that 8 = —2cos(w/7), we get §+2/c € Q.
Now let ¢ = 8 + 2/c. Since 3 is irrational, so is v/c. Thus the minimal polynomial of —2/c is
X3 4 8c. On the other hand, the minimal polynomial of 5 — ¢ is f3(X + ¢), so we get

fo(X +q) = X" +8c = f3(X) = (X —q)°+8c.
Matching X-coefficient yield 3¢?> = —2, which is a contradiction.

: We translate the problem over 5. Let A be an n X n symmetric matrix over Fy. Define b € F} by
b; = A;; for each « < n. Our goal is to show that there exists v € F} such that Av =b.

First, we show that for any x € F%?, Ax = 0 implies blx = 0. We show more: x’ Ax = b’x.
Indeed, expanding yields

=1 =1

i=1 j=1 1<i<j<n
Since b; = A;; for each i < n and ¢ = ¢ for each ¢ € sy, the right hand side is equal to b”x.

Now suppose for the sake of contradicion that Av # b for all v € F}. Let {aj,aq,...,ax} be
a basis for the image of A. Then {aj,as,...,a;, b} is linearly independent, and so it extends to a
basis for F7. Thus, there exists an invertible matrix whose i-th row is a; for each ¢ < k and whose
(k + 1)-th row is b. We can pick x € F% such that alx = 0 for each i < k and b"x = 1. But since
{a; : i < k} spans the image of A, we get Ax = 0 and b”x = 1. Contradiction!

: Answer. None.

Working mod m gives —1 = 69 (mod m), or m | 70. Working mod 3 yields m"*! = (m + 1)"
(mod 3). Since m and m+1 cannot be both divisible by 3, this means m and m+1 are not divisible
by 3, and so m =1 (mod 3). So far, this gives us m € {1,7,10,70}.

Working mod m+1 gives (—1)"*' = 69 (mod m+1), so m+1 divides either 70 or 68. However,
the three numbers 8, 11, and 71 does not divide both of 70 and 68. It remains to consider the case
m = 1, which gives 1 — 2" =69. But 69 > 1 > 1 — 2"; contradiction.
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1—e
: Answer.

For convenience, denote ¢, = 1/3/(nn). For each X,z € [0,1]*> and 7 > 0, let §(X, z,r) be 1 if

|X — 2| < r and 0 otherwise. From the definition, we have

Yn(l') _ % (1 . ﬁ(_n&@ﬁﬁr,m)) .

=1



As a result, we have

1
Y, (z) de == — —/ (_1)5(Xi7$77"i) dz.
/[071}2 2 2 Jpap H

By linearity of expectation,

n

1 1
E[/ Yn(x)dx]z———/ E|[]
[0’1]2 2 2 [071]2

=1

(_1)5(Xi,x,ri)] dr.

Since the variables X; and r; are identical and independently distributed, we get

n

H(_l)é(Xi,x,ri)

=1

E = E [(—1)°Xe"

where X is a random uniformly chosen point in [0, 1]? and r is a randomly chosen positive integer
less than ¢,,. For z € [¢,,1 — ¢,)?, we have

Pr(§(X,z,r)=1)=c,' / ’ Vol (B, (z) N [0,1]*) dr = !
0 n
So we have

— 5(X,I,T)n: . _ _\n -2
E[(-1) ] (1 - n) — e 7.

For z ¢ [c,, 1 — ¢,]?, we have
/ E[(-1)°%=" dr < 1 — (1 - 2¢,)* = 0.
z€[0,1]2\[cn,1—cn]?

Therefore, the answer is $(1 —e™?).

: We first notice that for any x > 1, the given formula yields

! f@F x?
ST = T e =T = e e <

That is, we have |f/(x)| < 1 for all z > 1. We also have f’(z) > —z2 for all z > 1.

First consider the case where |f(zo)| < xo for some zy > 1. We claim that |f(z)| < z for all
x > xo. If not, then there exists x; > xy such that |f(z1)| > x;, and thus

(1) = f(zo)l = |f (1) = |f(wo)] > 21 — 20 = ‘W > 1.
S(a1) = f(wo)

By mean value theorem, there exists ¢ € (zg, 1) such that f'(c) = The above

Tr1 — Xy
inequality means |f’(c)| > 1 for some ¢ € (zg, ;). Contradiction, since |f'(z)| <1 for all z > 1.



Since |f(x)|] < z for all > zg, we get f'(x) > 0 for all + > xy. In particular, f is strictly
increasing on (xg,00). Thus, lim f(x) exists and is either oo or a fixed real number, say L. If the
T—r00

latter holds, then we must have f’(z) — 0 as * — oo. On the other hand,

lm f(e) = tim @ U@/

200 a—o0 12(1 + f(2)2024) ~ aoo 1+ f(x)2024 T 1 4 202 > 0.

Contradiction. Thus we get f(z) — oo as z — oco.

Now consider the case where |f(x)| > = for all z > 1. By continuity, we have either f(z) > x
for all x > 1 or f(x) < —x for all x > 1. The former case immediately yields lim f(z) = oco. In
T—r 00

the latter case, we have f(x) 4+ x <0 for all z > 1. On the other hand, for all x > 2,

1 3
f’(x)+12—P+1>Z>O.

So the function g(x) = f(z)+x is bounded above but ¢’ is bounded below by a positive real number.
Contradiction!

: We rewrite Z/pZ as F,. For each a € F,, denote e,(a) = ¢**/?. Notice the formula

Y a:()?
—Zep ca)
{0 a # 0.

cG]F » ’

Thus, the quantity

== Z Zep cla-b—a))

P o bean ceF,
counts the number of pairs (a, b) of vectors in A™ such that a-b = a. We can write
‘A’Qn

NA,oz =
p

+ R, where Z Z ep(c(a-b—a)).
a ,beAn EIFX
We now apply Cauchy-Schwarz over a to get

2

';” S Y gefab-a))

acA™ |bEA™ ccFX

= IS S ST afas (b - b)) glate - a)

p aclFy by, boeA” ¢ co€F)

= |A2|n Z Z ep(a(ca — 1)) Z ep(a- (c1by — c2by))

p b1,b2€A™ ¢y ) eFX acFp

= |A‘npn—2 Z Z ep(a(CQ_cl))101b1=Czb2'

bi,boe A" 1,c2 EF;

R2

IN




We write ¢ = ¢; and s = ¢3/¢; so that

R A Y S eplacts = 1) Tbcan

b1,baeA™ ¢ scy

Note that for a fixed s, the sum over ¢ is almost a complete sum:

-1 if s #£1,
p—1 ifs=1.

S eplac(s—1)) =

cE]FPX

Hence
R < JAP"? Y (p— 1)+ (1) - A" N ((F\{1}) - bo)| < [AP"p" Y,

boc A"

and so R < |A["p™?~1/2. The given bound on |A| gives |A[* > p™/?+1/2 50

2n
’A‘ > |A|npn/2—1/2 >R
p

as desired.



