Week 8: Mock Putnam &

: Let n be a positive integer and for any k = 1,...,n, let P, = 2% + --- + 2* and let o, be the k-th
elementary symmetric polynomial in xy,...,z,. Prove Newton’s identity: for all k =1,...,n,

Pk - O'1Pk—1 + ngk_g — (—1)k_10k_1P1 + (—1)kk‘0k =0.

: Let S be the set of continuously differentiable functions f(z) : [0,1] — R such that f(0) = 0 and
£(1) = 1. Find

min/l(l + %) f'(x)? dx.
0
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: For any positive integer n, let (n) be the number of prime factors of n with multiplicity. That is,
Q(n) =ny +--- +nyg if n=p"* - p* is the prime factorization of n. It is known that

n

Z(Q(k) —loglogn)* = O(nloglogn).

k=1
Prove that ; b1
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: Let n be a positive integer. Find the minimum of ——— = over distinct positive integers
. . Tyt Ty,
1, ey n-

: Find all monic polynomials f(x) with integer coefficients such that for any positive integer n, there
exists a positive integer a,, such that f(a,) = 2".

: Let f(z) be a polynomial with rational coefficients of degree at least 2. Let fI¥(x) = f(fF=1(x))
denote the k-th iterate of f. Prove that the set

S={aecQ:VYkeN,a= f(a) for some a, € Q}

is finite.



Week 8: Sketch of proofs

: For convenience, denote op = 1 and Py = k. Let f(T) = (1 —x,T)--- (1 — x,7T), and consider the

power series f'(T')/f(T'). Expanding f yields

On the other hand, using product rule yields
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Thus we get

_ (zn: UZTZ) (Z +1TJ> = Zn:(—l)iz'aiT"—l.

=0

Now we take the TF 1-coefficient:

- Z (—1)i0in+1 ( ) kO’k <~ Z O'l j+1 +< )kkO'k = O,

i+j=k—1 i+j=k—1

which rearranges to the desired equality

Pk — Ulpk—l + Ung_z — -+ (—1)k_10k_1P1 + (—1)kk‘0'k = 0.

: Answer. 4/7.
We first show that for any f € S,

1

4

/ (1+2*)f'(z)* de > —.

0 T
Indeed, by Cauchy-Schwarz inequality,
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Thus

1 1 1 -1 4
/o (14 22 f'(2)* dox > (/0 22 dm) = (arctan 1 — arctan 0) ™! = —

= f()-fO)) =1.



To obtain equality, we need the equality (1 + z?)f’(z)? = ¢/(1 + 2?) for some constant ¢ > 0. That
is, (14 22)f'(z) is constant, or f'(x) = ¢/(1 + z?) for some constant ¢ > 0. Thus, we can take

2 dx = C arctan z,
x

f(x) =f(0)+0/:

where C'is a constant such that f(1) = 1. Here C' = 4/m works, so the value 4/7 is attained when

4
f(z) = —arctan z.
T

3: From the given equation, we have
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which means that for any € > 0,
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Due to the triangle inequality, for any z,y € R such that |x + y| > 2¢, we have either |z| > € or
ly| > €. Thus we get
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Now, for each n > 1, let S,, = {ab: 1 < a,b < n}. Note that Q is additive, i.e. Q(ab) = Q(a)+ Q(b)
for any a,b € N. Thus, the above yields

1 Q(k
lim —# kESn:L—Z >ep=0.
n—o0 N2 log logn
On the other hand, for n large enough, if — 2| < ¢, then
loglogn
Q(k) 1> (2—6)10g10gn_1>1.
log log n? ~ loglogn + log 2 -2

The second limit equality shows that the number of k satisfying this inequality is o(n?), so we get
1 Q(k
lim—2#{k€Sn: (k) —2‘<6}:O.
n—oo M,

log logn
Combining the fourth equality with this equality yields lim |S,|/n* = 0.
n—oo

Note. A more careful analysis actually shows that
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Indeed, from the given big-O estimate, we have two inequalities:
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By the same method as in the solution above, for n large enough and for any £,
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As a result, summing the two inequalities give
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: Answer. @
We claim a stronger statement: for any distinct positive integers x1, ..., z,,
4 > ()’
Equality is attained, for example, when x; = i for each ¢ < n. The fact that z, ..., z, are pairwise

distinct yields vy + 2o+ ...+ 2, > 142+ ---4+n = (”;1), and the above claim would then yield
the desired answer.

We now prove the claim by induction on n, with the base case n = 1 obvious. We may also
WLOG assume that z; < x5 < ... < x,. For the induction step, consider arbitrary positive integers
r1 < Xy < ...< Zpy1. Then by induction hypothesis,

x?+...+xi+lZ($1+I2+---+xn)2+xi+l'



However, notice that since x1 < ... <z, < 11,

$n+1($n+1 - 1)

2

Tzt .o+, <142+ 4 (T —1) =

For convenience, write z;+xo+. ..+, = cand ,,,; = x. Since ¢ < z(xr—1)/2, we have 2* > 2c+x
and thus

i tal >+ > a2+ )= (c+a)’ = (x4 .+ Tp)?

as desired.

: Answer. X — c for some integer c.
Suppose that f is monic of degree d. Clearly d # 0, and we are done if d = 1, so assume d > 2.

Pick a constant C such that f is strictly increasing on the interval (C,o00) and f(z) < f(C) for
any x € [0,C]. Choose some N > 1 such that 2V > f(C). Then for n > N, the equation f(a,) = 2"
implies a,, > C. Since f(a,,) > f(a,) for m > n, we get a,, > a, for all m > n > C. In particular,
we get a, — 00 as n — oo.

Since f is monic of degree d, the quantity f(x)'/? — z converges as  — oo, say to 3 € R. Then
we also have

1/d

lim 2" — a,qg = Im f(anq)’" — apg = B.
n—o0

n—oo

However, 2™ —a,,q is an integer for each n. Thus, [ is an integer, and 2" —a,g = f <= a,q =2"—0
for n large enough. We get f(2" — ) = 2™ for n large enough, and so f(x — 3) — 2% is zero for
infinitely many values of z. This gives us the polynomial equality f(X) = (X + )%

Finally, the values attained by f are all dth powers. But f(a;) = 2; contradiction.

: Since f € Q[z] has degree at least 2, the polynomial f(z)?> — (2x)? has even degree with positive
leading coefficient. Thus, there exists M; > 0 such that |f(a)| > 2|a| for any a € Q with |a| > M.

Next, for any a € Q, denote by g(a) the smallest positive integer k such that ka is an integer.
We claim that there exists My > 0 such that ¢(f(a)) > 2¢g(a). Let n = deg(f) and write

1
f(CE) = N(aox” -+ alxnfl + ..+ an),

where N is a positive integer and ag, aq, ..., a, are integers with ag # 0.

Fix some a € Q, and write a = ¢/d, where ¢ and d = ¢(a) > 0 are coprime integers. Note that
q(f(a)) - N f(a) is an integer, and so

d" [ q(f(a) ) axc*d",
k=0

Working mod d? yields
d* | q(f(a))(aoc” + arc™'d),



and thus
d2
ged(d?, age™ + a1cn—1d)

| 4(f(a)).
We now bound ged(d?; agc™ + a;c"'d). Since ged(c,d) = 1, we get
ged(d?, apc™ + ayc"td) = ged(d?, age + ard).

Next, since ged(c, d) = 1, there exists an integer ¢y such that cco = 1 (mod d). In particular, ¢ is
invertible mod d?, so Then we get

ged(d?, age + ard) = ged(d?, agcoc + aycod)
= gcd(dQ, ag + aicod) | gcd((alcod)Q, ag + aicod)

= ged(ag, ag + aycod) < ag.

As a result, we get q(f(a)) > d?/a2 > 2d for d = q(a) > 2|ap|*>. The second claim is proved by
taking MQ = 2|CL0|2.

Now let T'={a € Q: |a] < M, q(a) < Ms}. There are finitely many choices of denominators
for elements in 7', and finitely many choices of numerators for each denominator, so T is finite. If
a ¢ T, then the choice of M; and M, yields either |f(a)| > 2|a| or ¢(f(a)) > 2¢(a). By induction,
for any k, either |f¥l(a)| > 2¥|a| > 2°M; or q(f¥)(a)) > 2*q(a) > 2¥M,. We can now show that S
is finite. In fact, we claim that S C T

Fix some a € S, and choose a sequence (a;)r>1 of rational numbers such that a = f*(ay;) for
all k > 1. The previous paragraph implies that a, € T if 2¥M; > |a| and 2* My > g(a). Thus there
exists IV such that ap € T for any k£ > N. By pigeonhole principle, there exists ¢ > N and m > 0
such that b := a; = ;4. Then a = f0(b) = fi+™(b). By induction, we get f7I(b) = f"I(b) for
all n > i. In particular, the orbit {fFl(b) : k > 0} = {f¥/(b) : 0 < k < i +m} of b is finite. Since a
is in this orbit, the orbit {f¥l(a) : & > 0} of a is also finite. The previous paragraph then implies
a € T, as desired.



