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Week &: Assorted Problems

: Let N denote the set of positive integers. Prove that f(x) = z is the only function from N to N for

which 2% + f(y) divides f(x)? +y for all z,y € N.

"1 = 1 , b, 3 3
: Let an_Zﬁ and bn—zm. Prove that nll_{ilOn(a—Z) =3

k=1 k=1

: Let p =3 (mod 4) be a prime. Let S be a set of p — 1 consecutive positive integers. Prove that S

cannot be partitioned into two subsets, each having the same products of the elements.

: Prove Catalan’s identity: Let Fy =1, F5, =1, F,, = F,,_1 + F,,_5 for n > 3 be the usual Fibonacci

sequence. Then for any positive integers r,n with r < n,

F?—F, F, = (—1)""F2%

2

: Suppose f : R — R is continuous with = f(x) = 2 f(t)dt + % Prove that f(x) = x + C for

/2
some constant C.

: Let aq, as, ag, ay be real numbers with 0 < a3 < as < ag < ay < 7 and a3 + as + ag + ay4 = 27.

1 1
Prove that cos a; + cos ag + cos az + cos ay < 3 Note also that 3 is the best possible upper bound.

2
: Let A be an n x n matrix all of whose entries are +1. Prove that |det(A)| < gn!.

: Let (a,) be a sequence of positive real numbers such that lim a, =1, lim /ajas---a, = 1. Prove
n—oo

n—oo
that
. aptaxt - Fay
lim =1.
n—oo n

: Suppose f(x,y) has continuous partial derivatives on the unit disk D = {(z,y): 2> + 3> < 1}.
2

af\> [0
Suppose f(x,y) = 1 on the boundary of D and that max (—f) + (8_£) = 1. Prove that

(z,y)€D X

V/D f(z,y) dz dx

Let ABCD be a convex quadrilateral with AD = BC'. Let P be the intersection of the diagonals
AC and BD. Let K and L be the circumcenters of the triangles PAD and PBC respectively (the

4
< -7

wi



11:

12:

circumcenter of a triangle is the center of the circle passing through the vertices of the triangle).
Prove that the midpoints of AB, C'D, and K L are colinear.

®¢in?y —rsine 1
Prove that / 3 = — —1In2.
0 x 2

Let k > 1 be any integer. Prove that the function f(n) = n* — n! is injective on N.



