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: Evaluate lim Z

Week 1: Assorted Problems

: Prove that for all n > 3, "™ > (n 4+ 1)™.

: Show that there exists a polynomial f(z,y) in two variables whose image is the open interval (0, 00).
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1 1
: Let f(x) be a continuous real-valued function on [0, 1] for which / f(z)dz =0 and / zf(x)de =
0 0

1. Prove that |f(x)| > 4 for some z € (0, 1).

n n n n
: Prove that there are no four consecutive non-zero binomial coefficients ( ) , ( ) , ( ) , ( )
r

r+1 r+2 r+3

in arithmetic progression.

T
: Find the constant C' such that / 22 et sint dt = p(z)e” sinx + q(x)e” cosx + C for some polyno-

0
mials p(x) and g(z).

n . b \"
: Let {a,} and {b,} be positive real sequences such that lim % —u>0and lim (—) =v>0.
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Prove that lim b, — a,, = ulogv.
n—oo

: Prove Lucas’s Theorem: Let m and n be positive integers and let p be a prime. Suppose m =

k
m m;
(mymy—1 - - - mimy), and n = (ngnk_1 - - -nN1ng), in base-p. Prove that ( ) = H ( ) (mod p).
n n;
i=0
n—1 k’ﬂ'
: Prove that in( — | =2"""n.
[Tsin (7)) =2
k=1
Let ay,as, ... be a sequence of real numbers satisfying a;;; < a; + a; for all ¢,7 = 1,2,.... Prove
that
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for all positive integers n.



11: Consider the Chebyshev polynomials defined by Ty(z) = 1, Ti(z) = = and T,,(z) = 227, (z) —
T, 2(x) for n > 2. Prove that for all n > 2,

o 1
< / T, (z)" 2" dx < 3\774_1
1
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12: Let p be a prime and let n > 1 be an integer. For any polynomial f(x) € F,[z], let V(f) =
#{f(a): a € F,}. Let a,_1,...,ay € F, be arbitrary. Prove that
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Z V(z" 4 ap12" o agr) >
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