Solutions to the Special K Problems, 2018

: Let C be the circle of radius 1 centred at (0,1). Let D be the circle of radius 2 centred at (a,2) where a > 0
and D is externally tangent to C. Let E be the circle of radius r centred at (z,0) where 0 < z < a and E is
externally tangent to both C' and D. Find the values of x and r.

Solution: The distance between the centres of two externally tangent circles is the sum of their radii. Applying
this rule to the circles C and D gives a? + 12 = (2 +1)2 = 9, and so a = 2v/2. Applying the rule to the
circles C and E gives 22 + 1 = (1 +7)? = 1+ 2r + 72 and so 22 = 2r + 2. Applying the rule to the circles
D and E gives (a — )% +4 = (2 + )2, and so a? — 2az + x> = 4r + 2. Put in a = 2v/2 and 22 = 2r + 12
to get 8 — 4v2x + 2r + 72 = 4r + r2, and so 4v/2x = 8 — 2r, that is 2v/2z = 4 — r. Square both sides to get
822 = 16 — 8r + r2. Put in 2 = 2r +r? to get 8(2r +r2) = 16 — 8 + 2, and so 7r? + 24r — 16 = 0 hence
(7r —4)(r +4) = 0. Since r > 0 we must have r = 1. Since 2v/2z =4 —r = 2!, we have z = %.

: Let a, be the n'? positive integer k such that L\/E J divides k. Find n such that a,, = 600.

Solution: We have L\/EJ = ¢ when vk — 1 < ¢ < Vk, or equivalently when ¢ < vk < £ + 1, or equivalently
when €2 < k < (€+ 1)2. In this case, £ = |Vk | divides k when k is a multiple of £ with ¢ < k < (€ + 1),
that is when k = €2, k = (2 + ¢ or k = (> + 20 = ({+1)? — 1. Thus the values of k for which [v/k | divides k
are

12,12 41,1242,2%2,2242,2244,3%,324+3,32+6,4%,4%2+4,4>+8,5%,52+5,5°+10, ---

and so we have az,,_o = m?, ag;m_1 = m? +m and ag, = m? + 2m = (m + 1)? — 1. Note that 24% = 576
and 242 4 24 = 600, so for m = 24 we have 600 = m? +m = azm_1 = a71. Thus we can take n = 71 to get
a, = 600.



3: A Mersenne prime is a prime of the form p = 2¥ — 1 for some positive integer k. For a positive integer n, let
o(n) be the sum of the positive divisors of n. Show that o(n) is a power of 2 if and only if n is a product of
distinct Mersenne primes.

Solution: When n = 1 we have o(n) = 1 = 2° which (for convenience) we consider to be a product of zero

Mersenne primes. Let n > 2, say n = [[ p;"* where the p; are distinct primes and m; > 1. Recall (or show)
i=1
that
¢

on)=T[ (L+pi+p2+-+p™).
=1

If n is a product of distinct Mersenne primes then each m; = 1 and each p; is a Mersenne prime, say
¢ ‘
p; = 2K — 1, s0 we have a(n) = [] (1 +p;) = J] 28 = 2kuthetthe,
i=1 i=1
Suppose, conversely, that o(n) is a power of 2, say o(n) = 2¥. We need to show that each m; = 1

¢
and that each p; is a Mersenne prime. Since [] (1 +pi+--+ pimi) = o(n) = 2% it follows, from unique
i=1
factorization, that each term (1 + p; + --- + p;™) is a power of 2, say
(I4pi+---+p™) =2".

It suffices to show that each m; = 1 since this implies 1 + p; = 2" so that each p; is a Mersenne prime.
Suppose, for a contradiction, that m; > 2. Note that p; is odd since if p; was even then 1+ p; +--- 4+ p;"™
would be odd. Note that m; must be odd since if m; was even then 1 + p; + ---p;"* would be odd. Let
m; = 2l; + 1 and note that ¢; > 1. Thus we have

2% = (14 pi+p2 + -+ = U+ p) 1 +p° +p + -+ %)
and so 1+ p; and 1+ p;2 + - - + p; 2% are both powers of 2. Note that ¢; must be odd since if ¢; was even
then 1+ p;2 +pi* + -+ + p;%% would be odd. Let ¢; = 2r; + 1 and note that =; > 0. Then
2= (L p)(L+p® 4 49T = (L p) (L+p®) (L4 pit + - +p1T).
Thus (1+ p;2) is a power of 2. But this is not possible, since p; # 2 and p; is odd so that p;2 +1 = 2 mod 4.

o0
4: Let {a,} be a sequence of positive real numbers such that > a, < co. Show that there exists a sequence
n=1

o0
{cn} of positive real numbers with lim ¢, = oo such that > cpa, < 3

3
n—00 n=1

Solution: Let S = Y a,. Recall (or show) that for all € > 0 there exists m € Z* such that Y a, < e

n=1 n=my

o0
For each 0 < ¢ € Z choose my with 1 = mg < m; < mg < mz < --- such that an<4%. For all n € Z+

n=msy
. £—3
with my_1 < n <my, let ¢, = 2T Then
fee] mq—1 mo—1 mg—1 mga—1
Z CnQp = Z Cnly + Z CnGp + Z Cnlp + Z CpQp + -
n=1 n=1 n=m:i n=msy n=ms
mlfl 1 m271 1 mgfl 1 m471 9
= 2 dgtnt 2 ggtnt X gant 3 gan -
n=1 n=my n=ms n=msy
1 mlfl 1 mgfl 1 mgfl 9 WL471
=45 2 Gntgg 2 antg D Gntg ) antoo
n=1 n=mi n=msy n=ms
1 1 . 1 . 2
<15 Ean-i-ﬁ Z an+§ Z Cln+§ E Ap + - -+
n=1 n=mi n=ms n=ms



5: Find the minimum possible value of f/(2) given that f(x) is a polynomial with nonnegative real coefficients
such that f(1) =1 and f(2) = 3.

Solution: When deg(f) = 0 we cannot have f(1) = 1 and f(2) = 3. When deg(f) = 1, to get f(1) =1
and f(2) = 3 we must have f(r) = 22 — 1, but then the coefficients of f(x) are not all nonnegative. Let

f(x) = 3 apz® = ao + a1 + agx® + -+ + a, 2™ where n > 2 and each a; > 0. We have f(1) = 2 and
k=0
f(2) = 3 when
ag + a1+ as + az+ -+ a, =1 (1)
ao + 2a; + 4as +8as + --- +2"a, =3 (2)
Subtract (1) from (2) to get a1 + 3az + Taz + -+ + (2" — 1)a, = 2 (3) and subtract (3) from (1) to get
ap — 2ay — 6az — -+ — (2" — 2)a,, = —1 (4), then rewrite equations (3) and (4) as
ay = 2 —3as —Taz —---— (2" — D)a, (5)
ap =—1+ 2as +6az + -+ (2" — 2)a, (6)
From (6) we see that since ag > 0 we must have 2ay + 6as + 14a4 + - - - + (2" — 2)a,, > 0 > 1, that is
az+3az+Tas+ -+ (2" = 1a, > 3 (7)

n
Also, we have f/'(x) = Y kapz* ! = a; + 2a22 + 3az2® + - - - + na,z", and so
k=1

f'(2) = a1 +4as + 12a3 + --- +n2" 'a,
= (2-3as—Tag — - — (2" — 1)a,) +4as + 12a5 + - - + n2" " 'a, , by (5)
=24as+5az+---+ (2" = 2" + 1a,
=2+az+5a3+ -+ ((n—2)2""" +1)a,
>2+4as+3az+--+ (2" = 1ay,
>241=2
Note that equality can be attained by choosing az = 4 and az = 0 for k > 3 then using (5) and (6)

to ge
a1 = % and ap = 0. Indeed when f(z) = 32+ 32%, we have f'(z) =+, f(1) =1, f(2) =3 and f/(2) = 3.



6: Let ap = a1 = 1 and let as, = a,_1 + a, and ag, 41 = a, for n > 1. Define f : Z+ — Q* by f(n) = aa%l
Show that f is bijective.

Solution: First we note that f(1) = % =1 and for & > 1 we have

F(ok) = 92k _ B T g W g f(k) , and
agk—1 Ak—1 Bx—1
a2k+1 ag 1 1 1
2k +1) = = = = -
£ ) Qo ak + ap—1 %Zk_l L+as 1+ ﬁ

and, in particular, f(2k) > 1 and f(2k + 1) < 1. Suppose, for a contradiction, that f is not injective.
Let n be the smallest positive integer such that f(n) = f(m) for some m > n. We cannot have n = 1
since when m > 1 is even we have f(m) > 1 and when m > 1 is odd we have f(m) < 1. If n is even
then m must also be even since f(m) = f(n) > 1, but if we let n = 2k and m = 2[ then we have
f(n)=f(m) = f(2k) = f(2]) = 1+ f(k) =1+ f(I) = f(k) = f(I), which contradicts the choice of n.
If n is odd then m must also be odd since f(m) = f(n) < 1, but if we let n = 2k +1 and m = 2{ + 1 then we

have f(n) = f(m) = f(2k+1) = f2l+1) = % = H;(ll)) = f(k) = f(l), which again contradicts

the choice of n. Thus f is injective.

It remains to show that f is surjective. Let m € Z™ and suppose, inductively, that for all a,b € Z* with
a < mand b < m there exists n € ZT such that f(n) = % Leta,b € Z1 witha < mand b <m. Ifa < m and
b < n then, by the induction hypothesis, we can choose n € Z* such that f(n) = %. If a = b = m then we can
choosen = 1toget f(n) =1=¢. Ifa =mand b < m then 1 < a—b < m so, by the induction hypothesis, we
can choose k € Z* such that f(k) = %3 and then for n = 2k we have f(n) = f(2k) = 1+ f(k) = 1+952 = 4.
Finally, if a < m and b = m then, by the induction hypothesis, we can choose k € Z* such that f(k) = ;%

and then for n = 2k + 1 we have f(n) = f(2k +1) = —— = —— = 4. It follows, by induction, that for

Ty ~ e
all a,b € Z" there exists n € Z* such that f(n) = ¢, hence f is surjective.




Solutions to the Big E Problems, 2018

: Let C be the sphere of radius 1 centred at (0,1, 1). Let D be the sphere of radius 2 centred at (a, 2, 2) where
a > 0 and D is externally tangent to C. Let E be the sphere of radius r centred at (x,r,r) where 0 < z < a
and F is externally tangent to both C' and D. Find the values of z and r.

Solution: The distance between the centres of two externally tangent circles is the sum of their radii.
Applying this rule to the circles C' and D gives a? +2-12 = (2 +1)2 = 9, and so a = /7. Applying the
rule to the circles C' and E gives 22 + 2(1 —7)? = (1 +7)? and so 22 = —1 + 6r — r2. Applying the rule to
the circles D and E gives (a — 2)? +2(2 —7)? = (2 +r)?, and so a? — 2azx + 2? = —4 + 12r — r%. Put in
a=+Tand 22 = =1 +6r —r2 to get 7 — 27z + (=1 4+ 6r — r?) = —4 + 12r — 72, and so 2v/Tz = 10 — 67,
that is v/7¢ = 5 — 3r. Square both sides to get 7z = 25 — 30r + 9r2. Put in 22 = —1 + 67 — r2 to get
7(=1+6r—1?) = 25—30r+9r%, and so 16r% — 72r +32 = 0 hence 2r> —9r +4 = 0, that is (2r —1)(r —4) = 0.

Thus either r = % or r = 4. Also, since 7z =5 — 3r we have z = 5_7?”. If we had » = 4 then we would
5_3
have x = 5;\%2 = —+/7 which is not possible, since z > 0. Thus we must have r = % and z = \/; = g

: Let a,, be the n'? positive integer k such that H/EJ divides k. Find n such that a,, = 600.

Solution: Let us say that k is allowable when H/EJ divides k. We have {\S/EJ = ¢ when Vk—1 <0< Vk, or
equivalently when ¢ < V/k < £+ 1, or equivalently when ¢3 < k < (£+1)3. Since 3 + (3043)¢ = (£ +1)° —1,
the allowable values of k£ with L\B/EJ = /{ are

CorB 0,420, 03+ (304 3).

Thus for each ¢ € Z*, there are exactly 3¢ 4 4 allowable values of k with L\?’/EJ = (. The total number
7
of allowable values of k with 1 < k < 8 =5121is > (30 +4) = 7+ 10 + 13 + 16 + 19 + 22 + 25 = 112.
=1
Since 600 — 512 = 88 = 11 - 8, There are 12 more allowable values of k with 83 =512 < k < 600, namely
83,83 48,83 4+2-8,---,8 +11-8 = 600. Thus when n = 112 + 12 = 124 we have a,, = 600.



3: Define f : (1,00) — R by f(z) :/ litht Find the range of f.

x

vodt
Solution: We claim that f is increasing. Let g(u) = / i By the Fundamental Theorem of Calculus, we
. In

Wt ), Wt

Fla) =20 (@) = §'0) = pom ~ e = e~ s = e

:ln(xQ) "Iz 2z Iz Inx

112 T
have g/ () = . Since f(0) = [ 5 = [ 18— g(a®) - g(o), we have
nu e e

and so f/(z) > 0 for all # > 1. Thus f is increasing, as claimed. Because f : (0,00) — R is increasing and
continuous, it follows that the range of f is the interval (a,b) where a = lim+ f(z) and b= lim f(x).
r—1 T—r00

For all t € [z, 2% we have Int < In(z?) = 2Inz, hence 5 > 57—, and so
“ ot 2’ —x
f(@) /T Int _/I 2lnzx 2Inzx
, ot 2e -1 s 1 ,
By I'Hospital’s Rule, lim = lim = lim (2° — 3z) = o0 and s0 b = lim f(z) = cc.
z—ooo 2Inzx T—00 2/;5 00 T—00

2
T dt 2lnxz o
Make the substitution Int = wu, so that ¢t = e* and dt = e“du to get f(x) = / i / — du.
T n Inx u

When Inz < u < 2Inz we have x < e* < 22, so for all > 1

2Inz el 21n$w2 2lnz
f(x) :/ —du §/ —du = [mglnu} =22In (21%) =22In2
1 1

In

nz u nzx u u=Ilnz
2lnz el 2lnx T 2lnz

f(a:):/ fduZ/ —du = [Jc lnu} =2z In(322) =zn2.
Inz U Inx U u=Inz

Since zIn2 < f(z) < x?In2forall z > 1 and lim zln2 =1In2 = lim 2%In2 it follows, from the Squeeze
z—1t z—1+

Theorem, that a = lirgl+ f(x) =1n2. Thus the range of f(z) is the interval (In 2, co).
T—



4: Let p be a prime number, let Z, be the field of integers modulo p, and let M3(Z,) be the ring of 3 x 3
matrices with entries in Z,. Find the number of functions F : Z — Mj3(Z,,) such that F'(k+1) = F(k)+ F(l)
and F(kl) = F(k)F(l) for all k,l € Z.

Solution: When R is a ring, a function F' : Z — R such that F(k+1) = F(k)+F(l) and F(kl) = F(k)F(l) for
all k,1 € Z is called a ring homomorphism. Recall (or prove) that the ring homomorphisms F' : Z — R
are the maps of the form F(k) = ka for some a € R with a®> = 1. It follows that the number of ring
homomorphisms F : Z — Mj5(Z,) is equal to the number of matrices A € M3(Z,) with 4% = A.

When F is a field, a matrix A € M,,(F) such that A2 = A is called a projection matrix. Recall (or
prove) that a projection matrix A € M, (F) is determined by its image and its kernel and that we have
F" =ImA®KerA. It follows that the number of projection matrices A € M, (F') with rank(A) = r is equal
to the number of pairs (U, V) where U and V are subspaces of F" with dim(U) = r and dim(V) =n —r
and UNV = {0}.

Let F = Z,. The number of r-dimensional subspaces U C F" is equal to ((pI: tll))((’; Z:Z ggg r:g 22))((5 :L:If:_ll))
because to choose an independent set {uy,us,- -+, u,} there are p™ — 1 ways to choose u; € F™\ {0}, then
p™ — p ways to choose uz € F™\ Span{u;}, then p™ — p? ways to choose uz € F™ \ Span{uy,us} and so
on, so the number of independent sets {u1, uz, - --,u,} is equal to (p™ — 1)(p™ —p) --- (p" — p"~ 1), and when
U = Span{uy,us,---,u,}, a similar argument shows that the number of different bases {vq,va,---,v,} for
U is equal to (p" —1)(p" —p) - (p" — p"~1). Another similar argument shows that, once we have chosen an
r-dimensional subspace U C F™, the number of (n — r)-dimensional subspaces V C F™ with U NV = {0} is

(" —p )" —p" 1) (p" —p" )
prT=1)(pr =" —p)--(pm T —pn )
Letting a, be the number of projection matrices A € M3(Z,) with rank(A) = r, the total number of

projection matrices is

equal to i

3_ 3 3.2 3 3 3 2
oo ooy = 1+ 5 G 1 g )

=1+@ +p+p*+ (@ +p+1p*+1
=20p* +p* +p*+1).




5: Let ap = a1 = 1 and let as, = a,_1 + a, and ag, 41 = a,, for n > 1. Define f : Z+ — Q* by f(n) = aa%l
Show that f is bijective.

Solution: First we note that f(1) = % =1 and for & > 1 we have

F(ok) = 92k _ B T g W g f(k) , and
agk—1 Ak—1 Bx—1
a2k+1 ag 1 1 1
2k +1) = = = = -
£ ) Qo ak + ap—1 %Zk_l L+as 1+ ﬁ

and, in particular, f(2k) > 1 and f(2k + 1) < 1. Suppose, for a contradiction, that f is not injective.
Let n be the smallest positive integer such that f(n) = f(m) for some m > n. We cannot have n = 1
since when m > 1 is even we have f(m) > 1 and when m > 1 is odd we have f(m) < 1. If n is even
then m must also be even since f(m) = f(n) > 1, but if we let n = 2k and m = 2[ then we have
f(n)=f(m) = f(2k) = f(2]) = 1+ f(k) =1+ f(I) = f(k) = f(I), which contradicts the choice of n.
If n is odd then m must also be odd since f(m) = f(n) < 1, but if we let n = 2k +1 and m = 2{ + 1 then we

have f(n) = f(m) = f(2k+1) = f2l+1) = % = H;(ll)) = f(k) = f(l), which again contradicts

the choice of n. Thus f is injective.

It remains to show that f is surjective. Let m € Z™ and suppose, inductively, that for all a,b € Z* with
a < mand b < m there exists n € ZT such that f(n) = % Leta,b € Z1 witha < mand b <m. Ifa < m and
b < n then, by the induction hypothesis, we can choose n € Z* such that f(n) = %. If a = b = m then we can
choosen = 1toget f(n) =1=¢. Ifa =mand b < m then 1 < a—b < m so, by the induction hypothesis, we

can choose k € Z* such that f(k) = %3 and then for n = 2k we have f(n) = f(2k) = 1+ f(k) = 1+952 = 4.

Finally, if a < m and b = m then, by the induction hypothesis, we can choose k € Z* such that f(k) = ;%

and then for n = 2k + 1 we have f(n) = f(2k+1) = 1+1# = H},,a = 3. It follows, by induction, that for
TR =

all a,b € Z" there exists n € Z* such that f(n) = ¢, hence f is surjective.

6: Let n € ZT and let N = {1,2,3,---,n}. Let S be a set of subsets of N with the property that for all

A,BC N,if Ac Sand A C B then B € S. Define f: [0,1] — R by f(z) = 3 zl4l(1 — 2)M\A4l. Show
AeS
that f is nondecreasing.

Solution: For A € S and = € [0,1], let Ra(x) be the rectangular box R4(x) =

Lap(z) = { 0,2) if k € 4,

I4,(x) where I4 x(z) is
1

T’:]:

the interval

[z, 1] if k ¢ A.

Note that when A, B € S with A # B, the boxes Ra(z) and Rp(z) are disjoint (because when k lies in
exactly one of the two sets A and B, the intervals I4 ,(x) and Ip ;(z) are disjoint). It follows hat

flx)= 3 241 — o)Al = Vol(RA(as)) = Vol( U RA(LU)).
Aes A€s A€sS

Let 0 <z <y < 1. We claim that |J Ra(z) C |J Ra(y). Let t = (t1,t2,--+,tn) € U Ra(z). Choose
A€sS Aes Aes
A € S such that t € Ra(z). Since t € Ra(x) we have ty, € I4 ,(x) for all k, that is ¢, € [0,2) when k € A

and tj, € [z,1] when k ¢ A, and hence A = {k € N|t;, < x}. Let B = {k € N|t; <y} so that t; € [0,y)
when k € B and ¢ € [y,1] when k ¢ B. Since 2 < y we have A C B. Since A C B and A € S we have
B e S. Since t;, € [0,y) when k € B and t;, € [y,1] when k ¢ B we have t € Rp(y). Since t € Rp(y) and
Rp(y) € | Ra(y) we have t € |J Ra(y). This shows that |J Ra(x) C U Ra(y), as claimed. Thus

AeS AesS AesS AesS
f(x) =Vol( U Ra(z)) < Vol( U Ra(y)) = f(y)
A€S A€S

and so f is nondecreasing, as required.



