Solutions to the Special K Problems, 2013

: Let a, n and k be positive integers. Suppose m > 3 and gcd(a, m) = 1. Show that a* + (m —a)* = 0 mod m?
if and only if m is odd and k = m mod 2m.

Solution: In order to have a* + (m — a)* = 0 mod m?, we must have a* + (m — a)¥ = 0 mod m. Working
modulo m we have

di+m—a)f =0 <= df +(-a)" =0 = "1+ (-1)F) =0
— 1+ (-1)"=0 < (-1)"=—-1 mod m

where, at one step in the above calculation, we divided by a* which we can do since ged(a,m) = 1. Since
m > 3, in order to have (—1)¥ = —1 mod m, we see that k£ must be odd. When k is odd, working modulo
m? we have

a*+(m—a)f =0 = o+ (mk —km* o+ 4+ kmabT — ak) =0

k-1

— a* + kma a*=0 < kmd" '=0 < km=0 mod m>.

Note that km = 0 mod m? <= k =0 mod m and so we have

a® + (m —a)f =0 mod m? < kis odd with k = 0 mod m <= m is odd and k = m mod 2m.

: Find the number of positive integers k such that k? + 2013 is a square.
Solution: For k,l € Z™ we have
E2 42013 =1 < I —k*=2013 < (I —k)(I + k) = 2013.

Given k,l € Z" with k < [l and (I — k)(I + k) = 2013, let a = [ — k and b = | + k to obtain a,b € Z*
with @ < b and ab = 2013. Conversely, given a,b € Z* with a < b and ab = 2013, note that ¢ and
b are both odd (since 2013 is odd) and let k = %% and | = %% to obtain k,l € Z% with k < [ and
(I — k)(I + k) = 2013. Thus the number of pairs k,l € Z* with k < [ and (I — k)(I + k) = 2013 is
equal to the number of pairs a,b € Zt with a < b and ab = 2013. Since 2013 factors into primes as
2013 = 3 - 11 - 61, it has eight positive divisors, namely 1,3,11,33,61,183,671,2013. Thus we have four
possible pairs a,b € Z*, namely (a,b) = (1,2013), (3,671), (11,183), (33,61), and hence four possible pairs
k,l € Z*, namely (k,1) = (1006, 1007), (334, 337), (86,97), (14,47). Thus there are exactly 4 positive integers
k for which k% 4 2013 is a perfect square, namely k = 1006, 334, 86, 14.




3: For each positive integer n, let a,, be the first digit in the decimal representation of 2", let b,, be the number
of indices k < n for which a; = 1, and let ¢,, be the number of indices k < n for which a; = 2. Show that
there exists a positive integer N such that for all n > N we have b,, > c,.

Solution: Note that the sequences {b,} and {c,} are increasing with

bp_1 ifa, #1 Cn—1 ifa, #2
bTL = . a,nd Cp = .
bp_1+1ifa, =1 Cn—1+1if a, =2.

We list some powers of 2 and find a few values of b, and c,.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2" 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16384 32768
b 0 0 0 1 1 1 2 2 2 3 3 3 3 4 4
c, 1 1 1 1 1 1 1 2 2 2 3 3 3 3 3

We claim that b, > ¢, for all n > 14. From the above table, we see that b4 > ci4 and b5 > c15. Let
n > 16 and suppose, inductively, that b,_1 > ¢,—1 and b,,_s > ¢,—2. We must show that b, > ¢,,. If a,, #2
so that ¢, = ¢,_1, then we have b,, > b,_1 > ¢,_1 = ¢,. Suppose that a, = 2 so that ¢, = ¢,_1 + 1.
Then, since 2" begins with the digit 2, for some k € N we have 2 - 10¥ < 2" < 3. 10*. Dividing by 2 gives
1-10* < 27~ < 1.5-10* which implies that 27! begins with the digit 1 so that a,,_; = 1. Since a,, = 2 and
ap_1=1wehaveb, =b,_1=b,_9o+1landc,=c¢c,_14+1=c¢,_9+1. Thusb, =b, o+1>c, o+1=c,.

4: Let {ay}n>1 be a sequence of positive real numbers such that a,, < % for all n > 3. Show that
{an} converges.

Solution: Let b, = max{an,an—_1} for n > 2. We claim that {b,},>2 is decreasing. If a,,—1 < a, so that

by, = an, then we have a, 11 < a"+;"‘1 < a";“n = a, so that b, 1 = max{an41,an} = an, and in this case
an+tan—1 < an—1+an—1

bnt1 = @y = by. If a1 > a, so that b, = a,_1, then we have a,41 < < = Qyp_1 SO
that b,+1 = max{ant1,a,} < an—1, and in this case b,y1 < ap—1 = b,. In either case, we have b, 11 < b,
and so {b,} is decreasing, as claimed. Also note that {b,} is bounded below by 0 (since we have a,, > 0 and
an—1 > 0 so that b, = max{a,,a,—1} > 0). Since {b,} is decreasing and bounded below, it converges. Let
I = lim b,. We claim that {a,} converges with lim a, = I. Let ¢ > 0. Choose N € Z* so that for all

n—oo n—oo
ne€Zt, ifn> N then b, <+ %e. Let n > N. We shall show that |a, — | < €. Since b, = max{a,,a,—1}
we have a, < b, <1+ %e < I+ e. It remains to show that a,, > [ — e. Suppose, for a contradiction, that

. I+Letl— .
a, <l—e. Since a, <l —cand ap11 <bpi1 <l+ %e, we have a, o < a"“;“” < +762+ C=]-— %e. Since

, I—Betitd .
apy1 <1+ %e and a,q0 <1 — %e we have a,13 < a””;a"“ < 76; kA %e. Since anpio <1 — % and

Opts <1 — %e we have b,,1+3 = max{a,13,ap42} <1 — %e, which contradicts the choice of V.



5: Let f(z) = az® + bz + ¢ with a,b,c € Z. Suppose that 1 < f(1) < f(f(1)) < f(f(f(1))). Show that a > 0.
Solution: Let
gx)=flz+1)—1l=alz+1)°+bz+1)+c—1=az’ +dz+e
where d =2a+b and e = a+ b+ c— 1. Note that g(0) = f(1) — 1, g( (0)) = (f(l) —1)=f(f(1))—1and
g(g(g(l)))g(f(f(l)) — 1) = f(f(f(l))) —1l,andso 1< f(1) < ( ) <f ( )) is equivalent to
0 < g(0) < g(9(0)) < g(9(9(0)))-

Since g(z) = az?+dz +e, we have g(0) = ¢, g(g(0)) = g(e) = ae® +de+e and g(g(g(0))) = g(ae*+de+e) =
a(ae?® + de + €)? + d(ae + de + €) + e. Thus

9(0) >0 = e>0
9(g(0)) > g(0) = ae? +de+e>e = e(ae+d) >0 = ae+d >0
9(9(9(0))) > g(g(0)) => a(ae® +de +e)® +d(ae +de+e)+e > ae’ +de+e
a(e(ae + d) +6)2 +d(e(ae +d) +¢€) + e > ae’* +de +e
e?(ae + d)? + 2ae? (ae + d) + ae? + de(ae + d) + de + e > ae® +de + e
e*(ae + d)* + 2ae*(ae + d) + de(ae + d) > 0 => e(ae + d)(ae(ae + d) + 2ae +d) > 0
ae(ae + d) + 2ae + d > 0 = ae(ae + d) + ae + (ae + d) > 0 = a(e(ae +d) + 1) > —(ae + d)
—(ae + d) (ae+d)

1
a>—F———"— = a>-1 ,since - <land ————
e((ae+d) + 1) e~ (ae+d)+1

I

<1

: Let E be the ellipse in R? centred at the point O. Let A and B be two points on E such that the line OA is
perpendicular to the line OB. Show that the distance from O to the line through A and B does not depend
on the choice of A and B.

Solution: Let E be the ellipse LA Z—j = 1, where a,b > 0, with centre O = (0,0). Let A be the point

a?

A = (rcosf,rsinf). Since OA is perpendicular to OB, the point B is of the form B = (—ssin#, s cos ) for
some s # 0. Let C' be the point on the line AB nearest to O. Since AACO is similar to AAOB we have
|0C| |0B]

OA] = AB| and so the distance from O to the line AB is

oot l0AIOB _ s _ 1
VT I =

L L
Pt

Since A and B lie on the ellipse E we have

r2cos?f  r?sin’6 B s2sin?0  s2cos26 B
2 + 72 =1 and 2 + b2 =1
so that
1 cos?f sin’@ 1 sin?6  cos?0
2T T 3 5 and — = —5 2
T a b s a b
hence
1 1 cos?f+sin?0 sin?6 + cos? 6 1 1
RrET T e T TatE
Thus
O I S U
- 2 2 B o 2 2’
Vr2 4 s L+ L+k Va2 +b

which does not depend on A and B.



Solutions to the Big E Problems, 2013

: Find the number of positive integers k such that k? 4+ 10! is a perfect square.
Solution: For k,l € Z* we have
410 =17 < > —k?> =10 < (I —k)(I+k)=10.

Given k,l € Z* with k <l and (I —k)(l+ k) = 10!, let a =1 — k and b = | + k to obtain a,b € Z with
a < b and ab = 10!. Note that a = b+ 2l so that a and b have the same parity, and since ab = 10!, which

is even, it follows that a and b must both be even. Let u = § and v = g to get u,v € ZT with u < v and

Uy = 170!. Conversely, given u,v € ZT with v < v and uv = 1701, let a = 2u and b = 2v and then let k£ = Z’JFT‘I
and [ = %52 to obtain k,! € Z* with k <l and (I — k)(l + k) = 10!. Thus the number of positive integers k
for which k% + 10! is a square is equal to the number of pairs k,l € ZT with k < and (I — k)(I + k) = 10!,
which is equal to the number of pairs u,v € Z* with u < v and uv = 170!, which, in turn, is equal to %7(170!)
where for n € Z%, 7(n) denotes the number of positive divisors of n. Since 10! = 28 - 3% .52 .7 so that
1TO!226-34~52-71,Weh8we

7(170!):%.7.5.3-2:105.

(SIS

: Let f:[0,1] = R be continuous. Suppose that / f(t)dt > f(z) > 0 for all € [0,1]. Show that f(z) =0
0
for all z € [0,1].

Solution: Suppose, for a contradiction that f(x) > 0 for some z € [0,1]. Choose ¢ € [0,1] so that f(c) > 0.
Since f is continuous, we have f(z) > 0 in a neighbourhood of ¢ so we can choose a point b € [0,1) with
f(b) > 0. By the Extreme Value Theorem, we can choose a € [0,b] so that f(z) < f(a) for all z € [0,D].
Then we have

fla) < / " ptyde < / " fa)dt = a f(a) < f(a)

giving the desired contradiction.

: For each positive integer n, let a,, be the first digit in the decimal representation of 2", let b,, be the number
of indices k < n for which a; = 1, and let ¢, be the number of indices k < n for which a; = 2. Show that
there exists a positive integer N such that for all n > N we have b,, > ¢,.

Solution: Note that the sequences {b,} and {c,} are increasing with

b1 ifa,#1 cn—1 ifa, #2
b, = ] and Cn = ,
bp_1+1lifa,=1 Ccp—1+1if a, =2.

We list some powers of 2 and find a few values of b,, and ¢,.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2m 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16384 32768
b 0 0 0 1 1 1 2 2 2 3 3 3 3 4 4
c, 1 1 1 1 1 1 1 2 2 2 3 3 3 3 3

We claim that b, > ¢, for all n > 14. From the above table, we see that b4 > ci4 and bys > c15. Let
n > 16 and suppose, inductively, that b,_1 > ¢,_1 and b,,_s > ¢,_o. We must show that b, > ¢,. If a,, # 2
so that ¢, = ¢,_1, then we have b, > b,_1 > ¢,_1 = ¢,. Suppose that a,, = 2 so that ¢, = ¢,_1 + 1.
Then, since 2" begins with the digit 2, for some k € N we have 2 - 10F < 2" < 3-10*. Dividing by 2 gives
1-10F < 27=1 < 1.5-10% which implies that 2"~! begins with the digit 1 so that a,_; = 1. Since a,, = 2 and
ap—1 =1wehavebd, =b,_1 =bp_o+landc, =c¢cp_1+1=cp_o+1. Thusb, =b,_o+1>c,_o+1=c,.



4: Let p be an odd prime. Show that (2;’) = 2 mod p?.

Solution: We have

p—1 p—1 p—1
20 - Tl (p—k)- [T (p+k) 1w —*%)
(210) _ @) k= k=1 _ g k=l
p p!-p! p?-(p— 1) (p—1)
and so modulo p? we have
p—1 9
(—=k%) _
2p k=1 (=D)PHp -1 2
= . =92. =2 .
(p) (p—1P (p—1P mod p

5: Let V be a vector space over R. Let V* be the space of linear maps g : V. — R. Let F be a finite subset
of V*. Let U = {z € V|f(x) =0 for all f € F}. Show that for all g € V*, if g(z) = 0 for all € U then
g € Span (F).
Solution: If F' =) or F' = {0} then we have U =V, and so if g(z) = 0 for all z € U then g = 0 € Span F..
Suppose that F # () and F # {0}. Choose a maximal linearly independent set {f1, f2, -+, fn} C F so that
{f1,f2,-++, fa} is & basis for Span F. Note that U = {z € V|fi(z) = fao(x) = -+ = fu(2)} because for

z eV, if fi(z) = fo(z) =--- = fu(z) =0 then for any f € F we can write f = > t;f; for some ¢; € R and
=1

1=

then we have f(z) = zn: t;fi(z) = 0.
i=1

We claim that there exist vectors vy, vs, - -, v, € V for which f;(v;) = 0, ; for all indices ¢ and j. Define
¢:V =R by ¢(z) = (f1(2), f2(), -,fn(x))T. Note that for t € R™, we have

tedp(V)t <= ¢(x)-t=0forallz €V < Y t;fi(x)=0forallz €V < Y t;fi=0 < t=0.

i=1 i=1

Thus we have ¢(V)+ = {0} and so ¢(V) = R", hence ¢ is surjective. Since ¢ is surjective, for each index
j=1,2,---,n we can choose v; € V so that ¢(v;) = e; where e; is the 4 standard basis vector in R".
Since e; = ¢(v;) = (f1(v)), fa(vs), -+, fn(vj))T, we see that f;(v;) = d; ; for all indices ¢ and j, as claimed.

n

Let g € V* with g(z) = 0 for all z € U. We claim that g = 5 g(v;)f; so that g € Span F. Let x € V.
i=1

Let v =) fi(x)v; and let u = & — v. Notice that u € U because for all indices j we have
i=1

M=
M=

fiw) = fi(x—v) = fi(z =3 filz)v) = f;(z) —

1 4

Fi(@) fi(v) = f(x) — ; Fi(@)805 = fi(z) — f(x) = 0.

% 1

Since u € U we have g(u) = 0 and so

n

fi(z)v) = ; Fi(@)g() = (X g(v) f) ().

=1

9(x) = g(u+v) = g(u) + g(v) = g(v) = g(

-

=1

n

Since g(z) = (X g(vi) fi) () for all z € V' it follows that g = > g(v;)fi, as claimed.
=1 i=1

K2 1=



22 2,2
Y

6: Let a, b and ¢ be positive real numbers. Let E be the elhps01d -+t + Z =1in R3 Let u,v,w € E be

b2
such that the set {u,v,w} is orthogonal. Show that the dlstance from the origin to the plane through u, v
and w does not depend on the choice of u, v and w.

Solution: We generalize to R™. Let a1, a9, -, a, > 0 and let E be the ellipsoid in R" =1.

=10
Let U = {uq,ug, -, u,} be an orthogonal set with each u; € E. Let P be the hyperplane through all of the

points u;. We have P = u; + U where U = Span {us — uy,ug — 1, -+, U, — ul}, that is

n n n
P:{U1+Ztk(uk—ul)‘thR}:{Ztiui tiER,Zti:].}.
k=2 =1

i=1

Let « be the point in P nearest to the origin. Note that x is the (unique) point in P N U*. Since x € U+
we have x « (up —u1) = 0 so that @ « up, = x + uy for all k > 2. Let ¢ = x « uy so that we have z - up, = ¢

n n
for all £ > 1. Since = € P, we can write x = Y t;u; with > ¢; = 1. Since U is orthogonal, the coefficients
i=1 i=1

. 7 n 1 —1
are given by ¢; = % u |2 Since Z t; = 1, this gives ¢ = ( > W> . Thus the distance from the
Uj Uq i=1 i=1 (Wi
origin to P is
n n 02 1 n 1 —-1/2
o] = | X tous| = | © 12l = [ & g =y [ D= Ve= (X )
' i=1 C =1 Jwil? c =1 Jugl?
Let A be the matrix with columns —-, that is A = (ﬂ, ﬂ, Un ) € M,(R) and let D be the diagonal
|u z| ult " uz]” 7 Jun
. . 1 1 1 . . T n ukz
matrix D = dlag(—, — —) For each index k, since uy, € E we have ug* Dug = Y, =1 and
a12 a22 anQ i=1 al

so the diagonal entries of the matrix A7 D A are given by

(ATD4), , = (% )TD () = L

Bk \Jug || ug|?”

Since the columns of A form an orthonormal basis for R” we have ATA = I and so

n n 1

> — = trace(A"D A) = trace(D) = Y —

i=1 | i=1 @i
Thus the distance from the origin to P is

|33|: (zn: 1 )71/2: (Zia;)lﬂ

i=1 \%\2

which is independent of the choice of wy,us, -, Us,.



