Solutions to the Bernoulli Trials Problems for 2019

: For every function f : N — N with 0 < f(n) < n for all n € N, the graph of f contains an infinite set of
colinear points.

Solution: This is FALSE. For example we can take f(z) = [/z].

! !
: For n = [] p;* where | € Z*, each k; € ZT and the p; are distinct primes, let f(n) = > k;p;. Then
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Solution: This is FALSE. When n = 2* we have f(n) = 2k so Y ﬁ > 57 = 00.
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: For all integers n > 3, if ¢(n) = ¢p(n — 1) + ¢(n — 2) then n is prime.

Solution: This is FALSE. For example, when n = 1037 = 17 - 61 so that ¢(n) = 16 - 60 = 960, we have
n—1=22.7-37so that p(n—1) = 2-6-36 = 432 and n—2 = 1035 = 3%2.5-23 so that p(n—2) = 6-4-22 = 528.

: For every integer n > 2 there exists a nonzero n X n matrix A with entries in Z such that if we interchange
any two rows in the matrix A then the resulting matrix B is skew-symmetric, that is BT = —B.

Solution: This is FALSE. Let n > 2 and suppose that A is such a matrix. When k # [ we must have A;; =0,
otherwise interchanging rows k and [ would give a matrix B with B;; = Ag; # 0 but then BT # —B. This
shows that A must be a diagonal matrix. Also, if k& # [, we must have Ay = —A;; because when we
interchange rows k and [ we obtain a matrix B with By; = A;; and By = Ay . Thus A must be diagonal
with Ay = —A;; for all k£ # [. This can only occur when n = 2.

: There exists a sequence {a,},>1 where each a,, € R? with a, — 0 such that the open discs D(an, %) are
disjoint.

Solution: This is TRUE. For each n € Z*, place discs of radius #, n21+1 AR (n+11)271

with the bottom disc, of radius # sitting in a % X % square with its bottom left vertex at position

in a vertical column

n

Op2 = (%2 -3 % , 0). Note that a,2 — (0,0) as n — oo and that the height of the column of discs above
k=1

(2 isequaltoQ(#—&—n%H—i—-“—i-m) §2-%~((n+1)2—n2):%—)Oasn—)oo.

: The closed unit square in R? is equal to the union of a collection of disjoint sets each of which is homeomorphic
to the open interval (0,1).

Solution: This is TRUE. For example one set, which is homeomorphic to (0,1), can follow the boundary
of the square starting and ending at the lower left corner (0,0), and another can follow the V shape with
vertices at (%, 1), (0,0) and (1,1), and the remaining portion of the square is the disjoint union of three
open triangles which can be covered by disjoint horizontal open line segments.

: There is a unique positive integer n such that there exists a connected planar graph G with n vertices each
of which has degree 5.

Solution: This is FALSE. The icosahedron is one such graph. Given two such graphs G; and G we can
form a third such graph, with more vertices, as follows. Choose external edges e; = (uy,v1) on Gy and
ea = (ug2,v2) on Ga, then delete the edges e; and ey and replace them by the edges (u1,v1) and (ug,vs).
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For all n,l € Z™, there exists a map f : Z,;, — Z, such that every sequence of length [ in Z,, is of the form
flk+1), f(k+2), -, f(k+1) for some k € Z,,.

Solution: This is TRUE. We can construct such a map f as follows. Let G be the directed graph whose

vertices are the n!~! sequences of length | — 1 in Z, with an edge from the vertex (a;,as,---,a;_1) to
each of the n vertices (as,as,---,a;_1,r) with x € Z,. Note that G has n! edges which correspond to
the n! sequences (ay,as,---,a;_1,z) of length I. Note that G is connected, indeed a walk from the vertex

(a1,---,a;—1) to the vertex (b1,---,b;—1) is given by
(a1)a2)”'7a’l71)7 (a27a37"'7a’l71)b1)) (a3)"'7al717b17b2)7”' )(alflabla"'7bl72)) (b1)b27"'3b171>'

Also note that each vertex has the same number of incoming edges as it has outgoing edges, indeed the
vertex (ai,as,--,a;—1) has the n incoming edges (z,a1,---,a;—2) with z € Z,,. Since G is connected and
each vertex has the same number of incoming and outgoing edges, it follows that G admits an Eulerian cycle
(that is a directed cycle which traverses every edge). Given an Eulerian cycle

(alv"'val—l); (Clg,"',a[), (a37"'aal+1),"'a (anl7a17"'aal—2)7 (ala"'7a'l—1)

we obtain a function f : Z,; — Z,, as desired by setting (f(l), f(2),--, f(nl)) = (a1,a9, -, a,).

Here is a sketch of a proof that such a graph G admits an Eulerian cycle. First choose a directed cycle
C in G of maximal length from the vertex (00---0) to itself. Suppose, for a contradiction, that this cycle
does not traverse every edge of G. The collection of all the missing edges (along with their endpoints) forms
a nonempty subgraph H of G. Since each vertex of G has the same number of incoming and outgoing edges,
and since H is obtained from G by removing the edges in the cycle C, it follows that each vertex of H has
the same number of incoming and outgoing edges. Since G is connected, it follows that one of the vertices in
H lies along the cycle C'. Starting at a vertex v which lies in both C and H, we form a path in H by adding
one edge at a time until we obtain a maximal path D in H. Note that this maximal path D must be a cycle
ending at the initial vertex v because H has the property that each vertex in H has the same number of
incoming and outgoing edges. This gives us a contradiction because the cycle D in H can be inserted into
the cycle C to obtain a cycle in G of greater length than C.

There exists an uncountable set S of subsets of Z with the property that for all A, B € S with A # B the
set AN B is finite.

Solution: This is TRUE. For example, we can construct such a set .S as follows. Let T be the (uncountable)
set of all binary sequences « = (ag, a1, az, - -) with ag = 1. To each o = (ag, a1, as, - ) € T, we associate the
set A(a) C Z whose elements are the numbers whose binary representations are ag, aga1, agaias, - --. Then
we can take S = {A(a)|a € T'}.

There exists a sequence of sets Ay, A, A3, -+ where each A, is an n-element set of positive real numbers
with [] @ =1 such that lim (% Sa)=1
acA, n—=o0 N aeA,

Solution: This is TRUE. For example, we can choose
m k
A1 = {1} 5 A2m = U {22—,1_ s 2k+1} and A2m+1 = Agm @] {1}
k=1

It is clear that each A, has n elements and the product of the elements in A,, is equal to 1. Let S,, = > a

acA,

and note that

m 2k+1 m n 1

Som = 2( 2k 2k+1) Z_:(l+2k+1 2k+1)*2m+2 2k7k_12k‘+1'
Thus we have Sa,, < 2m—&—]§:1 55 < 2m+1 and we have S, > 2m — Z 2k+1 > 2m— kzl 2% > 2m—1 so that
2’2”7; L S, < 2m+1 . By the Squeeze Theorem, it follows that hm 2—5 = 1. Since S 41 = Som+1
1

we have 2m < So,,4+1 < 2m + 2 so that 23{11 < 2m+152m+1 < 2m+1 2 and hence ml_mo ms’QnH»l =1.
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For every sequence {a,}n>1 in R, if lim — Z ar =be R and lim
Axnyzk . n— o0 ogn

Solution: This is TRUE. Let S,, = Z ax and suppose that hm 7: = 0. Let ¢ > 0 and choose ¢ so that
k=1
|% — b| < e for all k > ¢. By Abel’s Summation by Parts Formula, for n > ¢ we have

Zf—ceRthenb—c

n 14
_ 1 1 1y _ 1 1 Si/k
Y E=nSt X Sk(x ) = S+Zk(k+1) 1S+ Y 2L+ Z ]
k=1 k=1 k=1 k=(+1
n n—1
and hence ¢ = lim_ ben O = Jim oen L i’;/ " Also, we have
k=1 k=041
(b )hl n+1 < (b_ 6) nil _1 < nd Sk /k < (b+ E) nil _1 < (b+ 6) In -2
2 = 1= R+l = L > T+1
k=041 k=041 k=041

and hence (by dividing by logn and taking the limits) (b—¢€) < ¢ < (b+€). Since € > 0 was arbitrary, ¢ = b.

/0 In? (ac+3) dx > 10.

oo
Solution: This is FALSE. In fact, / In® (;%;) do = 72 < 10. Let t = In (%£2) so that ¢’ = 2 =1 4
0

x

)

hence x = et:il' Then, using Integration by Parts (thce)7 we have

e 2 (48 2 312 1° 6t
h’l (m+3)d$_ 11’1 (T)dm: t d(et 1): et_l - et_ldt
0 0 [e%s) %) e}
< 6t > 6te? o
= t = - dt = tlet4e 2 4e S 4..0)dt
/0 ] /0 - /0 6 (6 +e " +e 7+ )
:Z/ 6tektdt2({2tektro+/ Gektdt)
0 0 0

31

k=1 k=1
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1+ 6cos 27“ > 24/7 cos (% arctan 3\/5)
Solution: This is TRUE, indeed equality holds. We have
cos(76) = Re(( cosf +isin 9)7) = cos” 0 — 21 cos® fsin? O + 35 cos® O sin® O — 7 cos O sin® 0
= cos” 0 — 21 cos® O(1 — cos? ) + 35 cos® O(1 — cos? 0)? — TcosO(1 — cos® )3
= 64 cos” @ — 112 cos® § + 56 cos® § — 7 cos 6.

and so cos 27” is a root of the polynomial

f(z) = 642® — 1122° + 562° — 7Tz — 1
= (z — 1)(642° + 642° — 482* — 4823 + 822 + 8z + 1)
= (z —1)(82° + 42* — 4z — 1)?

and hence a root of g(x) = 896 +4x —4x —1. Indeed, cos 27” is the unique positive root of g(z) and the other
7'r 1.3 1.2 2
—sr—1

two roots are cos 47 and cos == 7 It follows that 6 cos <& is the positive root of f( ) =51 +57 3
or, equivalently, of g(z) = 27f( ) =23 4+ 322 — 18z — 27 Thus 1 + 6 cos —" is a root of
hz) =gz —1)=(x—-1)3+3@x-1)*-18(x —1) - 27 =23 — 212 — 7.
Since h(0) = =7, h(—1) = 13 and xgrzloo h(z) = —oo, the other 2 roots of h(x) are negative, so 1 + 6 cos X
is the unique positive root of h(z). To solve h(z) =0 we let z = w+ L to get
P —2r—7=0 = (w—2)"—2(w-I1)=T=0 = w3 -1 —7=0 < w® = 7w —73=0
= = TYTAT _ T(1 4 3\/34) = 1v/Te*? = w = Te=0+2™0/3 ke (0,1,2)

where 6 = tan~! 3v/3. When w = v/7eT* we have z = w + % = \ﬁ(ew/3 + e*w/?’) = 2/7 cos (%)



14: There exists a continuous function f : [0,1] — R which crosses the z-axis at uncountably many points,

15:

where we say that f crosses the z-axis at @ when f(a) = 0 and for all § > 0 there exist z,y € (a—46,a+9)
with f(z) < 0and f(y) >0

Solution: This is TRUE. Let C' be the (standard) Cantor set and let I,, , be the open intervals removed when
constructing C' as follows. We let Cy = [0, 1] and we let Ip1 = (3, g) Let C1 = Co\Ipq = [O, %] U [%, 1]
and let 11 1= (1 2) and I » = (7 §) At the n'! step, C,, is the disjoint union of 2" closed intervals each

919 919
of size 5 and I, j, for 1 < k < 2™ are the open middle thirds of the closed component intervals of C),. The

37L
Cantor set C is the intersection C' = ﬂ C,. It is well-known that C' is uncountable and, indeed, that there

n=1

is an injective map F' from the set of binary sequences into C' given by F(a1, a9, ) = Z 23— For each

n,k, let gnk 1 [0,1] = [0,27"] be a continuous function with g, x(x) = 0 for ¢ I,, ,, and 0_< gnk(x) <277
for z € I, ,, and then let f = > (—1)"gn k. Then f is continuous (since the sum converges uniformly by the
n,k

Weierstrass M-test) and f crosses the z-axis at every point in C.
For n € Z* and x € R, define f,, : R — [0,1) by f,(z) = nz — |nz]. Then for some a < b, the sequence of
functions {f, : [a,b] = R} has a convergent subsequence.

Solution: This is FALSE. We claim that for every bounded integrable function f of period 1, which is not
equivalent to a constant, it is impossible for a subsequence of {f(nz)} to converge on any nondegenerate
interval [a, b]. For any interval [«, 8], we have

/j F(nz)de = ;/,j f(z)dz

1C%Tfﬂﬂm " s [ swas)
— x)axr + x)dr — x)dx
K k=|nao] k

[nB] Lnal

(18] = o)) [ f@ydo o)

1
:(5—@)/0 f(z)dx +o(1) asn — oo.

Thus
B

lim f(nz)de=(f—a)K (1)

n—oo

where K = fo x) dxz. Now consider a subsequence {f(ngz)} of {f(nx)} and suppose that f(ngz) — g(x)
for all x € [a, b]. By the Dominated Convergence Theorem, if [o, 8] C [a, b] we have

B B
/ g(z)dx = klir& flngx)de = (8 — a)K.
Thus
B
/ (9(z) — K)dz = 0.

Because a and § are arbitrary in [a, b]. we must have g(x) = K almost everywhere in [a,b]. Apply equation
(1) to the function |f(z) — K| and use the Dominated Convergence Theorem to get

1 b b
(b—a)/o |f(x)—K|dx:k1Lr&/ |f(nkm)—K’dx:/ lg(x) — K| dz = 0.

Thus f(z) = K almost everywhere in [a, b]



