Solutions to the Bernoulli Trials Problems for 2018

: There exists a positive integer k such that 2¥ ends with the digits 2018 in its decimal representation.
Solution: This is FALSE. To have 2* = 2018 mod 1000 we would need 2F = 2 mod 4 but for & > 2 we have
2% = 0 mod 4.

: There exists a positive integer n which is a multiple of 2018 such that the sum of the digits of n is equal to

2018.

Solution: This is TRUE. The sum of the digits of 2018 is 11 and the sum of the digits of 4036 is 13 and we
have 11-174+ 13 -8 = 2018 so, for example, we can take n to be the number obtained by writing 174 copies
of the digits 2018 followed by 8 copies of the digits 4036.

: There exist infinitely many positive integers n such that (2018n)! is a multiple of n! + 1.

Solution: This is FALSE. Recall that when k1, k1, - - -, k¢ are non-negative integers with k1 +ko+---+ky = N,

1 . .
the number #’kﬂ is an integer and that for real numbers a1, as, - - -, ay we have
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In particular, note that (n!)?°'¥|(2018n)! and that we have
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so that (n!+ 1)(n!)2°*® < (2018n)!, and so
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This can only be true for finitely many values of n since lim — e = 0.
n—00 n.

: When n = 2018, there exists a permutation o of the set {1,2,---,3n — 1,3n} with the property that
o(Bk)=0Bk—1)+0(3k —2) for all k € {1,2,---,n}.

Solution: This is FALSE. If we had o(3k) = 0(3k — 1) + 0(3k — 2) for all k € {1,2,---,n} then we would
have o(3k) + 0(3k — 1) + 0(3k — 2) = 20(3k) for all k and hence (1) + 0(2) + - - - + ¢(3n) would be even.
But when n = 2018, 0(1) +0(2) +---+0(3n) = 1 +2+4-- -+ 3n = G _ 32018005451 _ 3.1009. 6055,
which is odd.

: For all positive integers a and b with ged(a,b) = 1, there exist infinitely many positive integers & such that
a + kb is a Fibonacci number.

Solution: This is FALSE. Modulo 13, the first few Fibonacci numbers a,, are as follows:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
a, 0 1 1 2 3 5 8 0 8 8 3 11 1 12 0 12

n 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
au 0 12 12 11 10 8 5 0O 5 &5 10 2 12 1 0 1

and then the pattern repeats every 28 terms with a, 28 = a,, mod 13. We see that for all n we have a,, # 4
and so there are no Fibonacci numbers of the form a, = 4 + 13k.
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6: For a polynomial of the form f(z) = > cxz® with each ¢, € Z and cg = 20 and cg9 = 3, the largest possible
k=0
number of distinct rational roots of f(z) is equal to 6.
Solution: This is TRUE. Either all the rational roots of f(x) are integers a with |20, or at least one of

the rational roots is of the form x = § with @|20. When all the rational roots are integers, if the distinct
rational roots are ap,as, -+, ay then since (x —a1)(x —ag) - (x — ag)’f(x) we see that ajas - - - ag’20 so the
largest possible number of distinct rational roots in this case is £ = 5 which occurs when the rational roots
are {ay,as, - ,a5} = {1,-1,2,-2,4+5}. When f(x) has a rational root of the form % where a,[20, we
have f(z) = (3z — a1)g(x) Where g( ) is monic with constant coefficient *(T so the other rational roots of
f (m) are all rational roots of g(x) which must all be integers. In this case, if the rational roots of f(x) are
&, az,a3,- -+, ap then since (3x —a1)(x—az) -+ (x —ar ’f ) we see that ajas - (lg’20 SO the largest possible
number of distinct rational roots is £ = 6 which occurs when {‘“ as, - - ag} {i 2,—2, i5}. One

such polynomial is f(z) = (3z — 1)(2% — 1)(2% — 4)(z — 5)(z** + 1).

7: There exists a bijective function from the FEuclidean plane to the open unit disc which sends lines in the
plane to chords in the disc.
Solution: This is FALSE. In the open disc, let a = (0,0), b = ( ,0), c= (O ) d= (3, 3) and e = (%, %)
and let A, B,C, D, E be the points in R? which are mapped by f(z) to the points a,b, ¢, d,e. The line AB
is sent by f(z) to the chord ab and the line AC maps to the chord ac. Note that C' cannot lie on the line
AB because ¢ does not lie on the chord ab, and so the two lines AB and AC are not parallel and intersect
at A. Since the line DE is sent by f(x) to the chord de and the chord de does not intersect with either of
the chords ab or ac in th open disc, it follows that the line DE cannot intersect with either of the lines AB
or AC in R2. But this is not possible since the lines AB and AC are not parallel.

8: For every bounded function f: R — R, if f(z) + f(x + %) = f(x + %) + f(:v + %) for all x € R then f is
periodic.

Solution: This is TRUE. Let f(z) be bounded with f(z) = f(z+ %) + f(z+ 1) — f(z + 2) for all . Then
for all z we have

F@) = e+ )+ Sa s 3~ 1o+ )
=(fEr D+t~ fat D)+ (e )+ et = fla+3)) = fa+3)
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—(fe+ D+ e+ D) = Fe+ )+ @+~ S+ D) + @ +1) = f(o+3)
=2f(x+1) - flea+3)+flz+2) - f(z+3)
—2f(x+1)—f(x+%)+(fx+%)+f(x+%)—f(x+g)) flz+3)
=2f(x+1) - flea+3)+fz+L) - f(z+3)
—2f(m+1)—f(m+%)+(f 4+ 3)+ f(z+2) f(x+2)) flz+3)
=2f(z+1)— f(z+2)
and hence f(z +2) — f(zx +1) = f(x +1) — f(z). By induction, for all z € R and all k£ € ZT we have
fla+k)—flz+k—-1)= flz+1)— f(z). Thusfor:cERandnEZ*wehave
fla+m) = f@)= X (fla+k) = fla+ k= 1) =n(f@+1) - f@).

1
Since f(z) is bounded, we must have f(x + 1) — f(z) = 0.

9: For all functions u,v : R — R, if the function f(z) = u(v(z)) is continuous then the function u( — v(z)) is
continuous.

Solution: This is FALSE. For example, if we define u(z) by u(x) =1 for x < 0 and u(x) = 0 for x > 0 and
)

if we define v(z) by v(z) = 0 for z < 0 and v(z) = 1 for > 0 then we have u(v(z)) = 1 for all  but
u( —v(z)) =0for <0 and u( —v(z)) =1 for z > 0.
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There exists a bounded C* function f : R — R such that lim f™(0) = co.

n—oo
Solution: This is TRUE. The function g : (—1,1) — R given by g(z) = 1% has derivatives ¢ (0) = nl, so
we can let f(z) = g(x)h(z) for |z| < § and f(x) = 0 for |z| > § where h: R — [0,1] is a C*° bump function

o0
n

with h(z) =1 for || < % and h(z) = 0 for |z| > L. Alternatively, we can let f(z) = > T

For every increasing function f : (0,1) — (0,1) with f(x) > z for all € (0,1), there exists a continuous
function g : (0,1) — (0, 1) which is not increasing and has the property that g(z) < g(f(z)) for all z € (0,1).

Solution: This is TRUE. Let f : (0,1) — (0,1) be an increasing function with f(x) > « for all € (0,1).
Let a = f(%) and note that a > % Define g : (0,1) — (0,1) by g(z) = z for z € (O, %] U [a,l) and
g(x) = h(z) for z € [%,a} where h : [%,a] — [%, a] is any continuous function which is not increasing such
)=1and h(a) =aand L < h(z) <aforallz € (3,a). If 0 <z < % and f(z) < 3 then we
(2)) = f(z) > 2 = g(z). If0 <2 < % and f(z) >  then we have f(z) < f(3) = a so that

g(f(x)) =h(f(x)) > 3 >2=g(zx). If £ <z <athen we have f(z) > f() = a so that g(f(z)) = f(z) >
(z I

a > h(z) = g(z). If a < 2 < 1 then we have f(z) > z > a so that g(f(z)) = f(z) >z = g(z).
1-1 0 0
. . 4 0-1 0 O
There exists a 4 x 4 real-valued matrix A such that A* = 0 0 —2 —9
0 0 0 -2

Solution: This is FALSE. Suppose, for a contradiction, that A is such a matrix. Let fa(x) be the charac-
teristic polynomial of A and let Aj, A2, A3, A4 be the complex eigenvalues of A (that is the roots of f4(z),
possibly with repetition). Then Mt A0t A3t and A\, are the reigenvalues of A% so, after possibly reordering
the eigenvalues, we have /\14 = /\24 = —1 and /\34 = /\44 = —2. It follows that the eigenvalues cannot be
real, and since the roots of f4(x) occur in conjugate pairs we must have Ay = A1 and Ay = A3. Thus the 4
complex eigenvalues of A are distinct, so the matrix A is diagonalizable over C, so the matrix A* must also
be diagonalizable over C. But in fact A* is not diagonalizable over C since the eigenvalues —1 and —2 both
have algebraic multiplicity 2, but the eigenspaces of —1 and of —2 are only 1-dimensional.

There exists a 2x2 integer-valued matrix A such that the entries of A2 are prime numbers and the determinant
of A is the square of a prime number.

. (1 1 s (2 11
Solution: This is TRUE. For example we can take A = (1 10) so that A = (11 101 )

o0
There exists a decreasing sequence of positive real numbers {a,} such that > a, diverges
o0
n=1
and " nla, converges.
n=1

Solution: This is TRUE. Let a, = for n > 3 and choose a; > as > a3 so that the sequence

1
n-log n-log(log n)

(oo}

{a,} is positive and decreasing. Note that the series . a, diverges by the integral test. For all 0 < k <n
n=1

we have (k+1)(n—k)=(k+1)n— (k+ 1Dk < (k+ 1)n —nk =n, and so

n)2=1-n)2 - n-1)B-(n—2)---(n-1)>n-n-n---n=n"
It follows that 2log(n!) = log((n!)?) > log(n™) = nlogn and hence log(n!) > ”1"%. When n > 8 > €2 we

nlin > p so that log(n!) > n, and so

also have 3

| _ 1 1 _ 2
niGn! = log(n!)-log(log(n!)) > ”h)%-logn  n(logn)?"

o0

(oo}
. 2 . . .
The series ) ) nlogn)? converges by the integral test, so the series ) X nla, converges by comparison.
n= n=



15: There exists a sequence of complex numbers {a,} with the property that for all positive integers p, the sum
o0

>~ an? converges if and only if p is a prime number.
n=1

Solution: This is TRUE. Let P be the set of prime numbers. Let n be a positive integer. Choose complex

numbers wy, ws, - - -, wy such that for all 1 < p < n we have
n 0if pe P,
> wp? = . P
k=1 lifpg¢ P
(the polynomial with roots ws,ws,---,w, has coefficients which are symmetric polynomials in wy,---,w,

n
and can hence be expressed in terms of the sums Y w? ). Choose m = m,, > 1 larger than the maximum
k=1

value of > ‘wkp‘ over all choices of 1 <r <nand p € P with 1 <p <n. Let £ = ¢, = n(nm)™ and let
k=1

(@n,1,n,2, *,ane) be the sequence obtained by repeating the sequence (25, L2 ... La) g fotal of (nm)"
times. For all 1 < p < n we have
0 ifpe P,

(nm)" Pifpg P,

4 4 n
S ank? = (nm)" 3 (2)7 = (nm)" 7P Y wiP =
k=1 k=1 k=1
and when p € P and 1 < s </, if we write s = gn 4+ r with 0 < r < n we have

S s p
| S| = | 2 )| < i <k

Let (a1, az,as, - - ) be the sequence (a1,1,61,2,**,a1,6,-02.1, "+, 42,65,03.1, ", 0345, - ). Then for all positive
(o] (oo}

integers p, if p € P then ) aiP converges and if p ¢ P then > ax? diverges.
k=1 k=1



