Solutions to the Bernoulli Trials Problems for 2012

: There exists a positive integer n such that n® + (n +1)% = (n + 2)3.

Solution: This is FALSE. Replace n by z — 1 and let f(z) = (z —1)3 + 23 — (z + 1)3 =
2% — 622 — 2. The only possible rational roots of f are x = £1,42 but f(-2) = —34,
f(—=1)=-9, f(1) = =7 and f(2) = —16 so f has no rational roots.
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: There exists a positive integer n such that neither n nor n° uses the digit 1 in its base 3

representation.

Solution: This is FALSE. Indeed if n does not use the digit 1 in its base 3 representation,
then its base 3 representation ends with 200---0 (say with 0 < k zeros) and so the base 3
representation of n? ends with 100---0 (with 2k + 1 zeros).

: For every positive integer n, n is prime if and only if there exist unique positive integers a

and b such that % = % — %.

Solution: This is TRUE. For any positive integer n, we have % = ﬁ - ﬁ SO we

can take a = n — 1 and b = n(n —1). When n = kl with k, > 1, we also have 1 =
k(ll—l) Yy (11—1)7 so in this case a and b are not uniquely determined. Suppose n is prime.

1.1 _ b-a

Toget + =12 =222 we need n(b—a) = ab. Since n is prime, we have n|a or n|b. If we

had n|a with say a = kn then we would have n(b — a) = ab = knb so that b — a = nb, but

this is not possible since b — a < b while nb > b. Thus n /fa and hence n‘b, say b = In. We
have n(b—a) =ab=aln = b—a=al = b= (I+1)a = In = (I+1)a. Since n is prime
and n fa we have n|(l + 1), and since ged(l,1 4+ 1) = 1 we have l|a. Say (I + 1) = sn and
a=tl. Thenin=(l+1)a=stinsos=t=1and wehave [+ 1=nanda=101=n—1.
Thus in the case that n is prime, the values of a and hence b are uniquely determined.

: \/1—1—\/74— vV1++/7+---1is rational.

Solution: Thisis TRUE. Let [ = \/1 + \/7 + V14 7+ ---, assuming that this expression
is well defined. Then we have [ = 1 + \/7+ V14+V7+-- hence I* =212 +1=7+1,

that is [* — 2[> — [ — 6. Thus [ is a root of f(x) = z* — 20> — 2 — 6. The only possible
rational roots of f are x = +1,+2 43, £6. We try some of these and find that f(2) = 0,
then long division gives f(z) = (z — 2)g(z) where g(z) = (2 + 22 + 22 + 3). We have
g'(z) = 322 + 4x + 2, which has negative discriminant, so ¢’(z) > 0 for all z. Thus g is
increasing with ¢g(0) = 3, so g has 1 real root which is negative. Since 2 is the only positive
real root of f, it follows that [ = 2 (assuming that [ is well-defined).

We will not bother to verify that [ is well-defined. We remark that one way to define
the number [ rigorously is to define a sequence {a,} by a1 =1 and a1 = 1+ V7 + an,
for n > 1, then verify that {a,} converges and let [ = lim a,,.
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5: sin(20°) sin(40°) sin(60°) sin(80°) is rational.
Solution: This is TRUE. We use the identities sin asin 3 = 3 (cos(aw— 3) — cos(a+ ) and
sinasin B = § (sin(a + 3) + sin(a — 3)) and the fact that sin(100°) = cos(10°) = sin(80°)
to get
sin(20°) sin(40°) sin(60°) sin(80°) = 3 (cos(20°) — cos(60°)) %52 sin(80°)
= 3 ¢0s(20°) sin(80°) — *2 sin(80°)
= ﬁ(sin(lOOO) + sin(60°)) — \/Tg sin(80°)
3 5in(100°) + 2 — 2 sin(80°)

Sl fSy o

e\ V3 /2
= 2 .
6: (5) < (v2)
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Solution: This is TRUE. We have ()" < (vV2)”* «= VBIn(5) < 3lnv2 «
V3(1-1In2) < Iln2 < V3 < (2++v3)In2. We have 7 > 3.141 so T > .785 and

V3 > 1.732, and we have In2 > .69 and so v/3 (F + v/3) In2 > (2.517)(.69) > 1.736 > /3.

7: Given a € R, let 1 = a and for n > 1 let x,,41 = x,, cos(z,). Then {z,} converges for all
choices of a € R.

Solution: This is FALSE. When a = 7 we have z,, = (—1)""1x,

8: Define a bijection f : ZT — Z? by counting the elements in Z? as follows. Let f(1) = (0,0)
and f(2) = (1,0), and then continue counting by spiralling counterclockwise so that for

example we have

k 1 2 3 4 5 6 7 8 9 10
f(k) (070) (170) (17_1) (0>_1) (_1’_1) (_1’0) (_171) (071) (171) (271)

Then there exists a € ZT such that f~1(a,0) is a multiple of 5.

Solution: This is FALSE. We have f~1(1,0) = 2, f~1(2,0) = 14+ (1+1+2+2)+3+1 = 11,
f713,0) =1+ (1+14+2+2+3+3+4+4)+5+2=28, and in general we have

fHa,0)=1+2(1+2+-+(2a—2))+(2a—1)+ (a — 1)
=14+ (2a—1)(2a—2)+3a—2=4a*—3a+1 '

In Z5 we have

a 01 2 3 4
a? 014 41
40 -3a+1 1 2 1 3 3
so we see that f~1(a,0) is never a multiple of 5.
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: There exists a permutation {aj,as,---,a2} of the set {1,2,---,20} such that for all k

with 1 < k < 20, either ax = ax41 + ax—1 or ax = |ak+1 — ag—1|.

Solution: This is FALSE. Reduce modulo 2 to get ax € Zs. Then for 1 < k£ < 20 we
have ar = aip—1 + ag+1, that is axy1 = ap + ax—1. Thus modulo 2, the entire sequence

ai,as2,- - ,az is entirely determined from the values aq,a2. The only possibilities are
000000000 - - -, 011011011 ---, 101101101 --- and 110110110---. None of these possibilities
can occur since the set {1,2,---,20} has 10 even numbers and 10 odd numbers.

There exists a permutation {aj,as,---,as0} of the set {1,2,---,20} such that for all k&
with 1 < k < 20, k + ag is a power of 2.

Solution: This is TRUE. We can use the permutation

k12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
ar, 3 2 1 4 11 10 9 8 7 6 5 20 19 18 17 16 15 14 13 12

There exists a partition of {1,2,---,15} into 5 disjoint 3-element sets Sy = {ax, bk, cx}
such that ay + b = ¢, for k =1,2,3,4,5.

Solution: This is TRUE. For example, we can use {1, 14,15}, {2, 7,9}, {3,10, 13}, {4, 8,12},
{5,6,11}.
For every finite set of integers S, ’{(a,b) € Sg‘a—b is odd}‘ < ‘{(a,b) € 52|a—b is even}‘.

Solution: This is TRUE. Say S = {a1,a9,---,ar}U{b1,ba,---,b;} where the a; and b; are
distinct with each a; even and each b; odd. Then we have

’{(a,b) c 52|a,—b is Odd}‘ = ‘{(azybj)}‘ + ‘{(bz,a])}‘ = 2kl , and
‘{(a,b) € 52|a—b is even}‘ = ‘{(ai,aj)}‘ + ‘{(bi,bj)}‘ — k22
and we have (k2 +1?) — 2kl = (k —1)? > 0.

For every set S, whose elements are finite subsets of Z, with the property that AN B # ()
for all A, B € S, there exists a finite set C' C Z such that ANBNC # () for all A,B € S.

Solution: This is FALSE. For example we can take

S = {{172}? {273}7 {17374}7 {27475}7 {17 37576}7 {2747677}7 {17 3757778}7 {274767879}7 e }

There exists a linearly independent set {A;, As, A3} of real 3 x 3 matrices such that every
non-zero matrix in Span{A4;, As, A3} is invertible.

Solution: This is FALSE. Indeed we can not even find two such matrices. Let {A, B} be a
linearly independent set of 3 x 3 real matrices. Since det(A + tB) is a real polynomial of
degree 3 in t, it has a real root, so we can choose t € R so that A 4+ tB is not invertible.
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: I A . . I B
For all 2 x 2 real matrices A, B and C, det <B C’) = 0 if and only if det (A C) =0.

. .. (0 1 (0 0 (1 0
Solution: This is FALSE. For example, takeA—(O 0),3—(1 O>’0_<O 0),

There exists a positive integer n and an n x n matrix A whose entries lie in {0, 1}, such
that det(A4) > n.

B 0 0 0

0O B 0 0 Lol
Solution: This is TRUE. For example, let A = 0 0 B 0 where B=|1 1 0

0O 0 0 B 0 11
Then A is a 12 x 12 matrix and det(A) = (det B)4 =24 =16.

For every function f : R — R, if f? and f2 are both polynomials, then so is f.

Solution: This is TRUE. Say f2 = ¢g and f3 = h where g and h are polynomials. Write
g = api™pk2 - pFmoand h o= bpilips2 - pnlm where a,b € R, the p; are distinct
irreducible polynomials, and each k;,l; > 0. Since g3 = h? we have 3k; = 2l; for all i.
Thus each [; is a multiple of 3, say l; = 3t;. Since f2 = h = bp 31 p23%2 ... p,,,3'™, we have
f= Jopitipet2 - pptm, which is a polynomial.

Every real polynomial is equal to the difference of two increasing polynomials.

Solution: This is TRUE. Choose an even inter m > deg(f’). Since lirin (™ + f) = oo,

it follows that ™ + f’ has an absolute minimum. Chose a > 0 so that ™ + f'(z) +a > 0
for all z € R. Let g(z) = m;—i—l ™ + az. Since ¢'(x) = 2™ +a > a > 0 for all x € R,
g is increasing. Since (f + g)'(x) = 2™ + f'(x) + a > 0 for all x € R, f + ¢ is increasing.
Thus f = (f + g) — ¢ is the difference of two increasing polynomials.

For every polynomial f with integer coefficients, and for all distinct integers aq,aq, - - -, ay,
there exists an integer ¢ such that the product p(a;)p(az)---p(a;) divides f(c).

Solution: This is FALSE. For example, let f(x) = 22?2 + 2. Then f(0) = 2 and f(1) = 4
but there is no integer ¢ such that f(c) is a multiple of 8. Indeed, for x € Zg we have
2% €{0,1,4} so f(x) € {2,4}.

For all increasing functions f,g : R — R with f(z) < g(z) for all z € Q, we have
f(z) < g(z) for all x € R.
2z —V?2) , for & < V2

Solution: This is FALSE. For example, we can take f(x) =
( z—V2+41, forxz>+2

r—V2, forx < V2

andg(x):{2(x—\/§)—|—1,forac>\/§.



21: There exists a continuously differentiable function f : R — R™ such that f/'(z) = f ( f (l‘))
for all z € R.

Solution: This is FALSE. Suppose, for a contradiction, that f is such a function. Since
f'(x) = f(f(x)) € R for all x € R, f is increasing. For all z € R we have f(z) € R™,
that is f(z) > 0, so since f is increasing f(f(z)) > f(0), and so f'(z) = f(f(x)) > f(0).
It follows, from the Mean Value Theorem, that all x < 0 we have f(z) < f(0) + f/(0)x
(indeed, we have W = f'(¢) > f(0) for some x < ¢ < 0, and so, since x < 0, we

have f(x) — f(0) <z f(0), that is f(x) < f(0) + f'(0) x) In particular, when =z = —%

we have f(x) < f(0) — f/(0) - % = 0, which is not possible since f takes values in R™.



