
AN ALGORITHM FOR PACKING NON-ZEROA-PATHS IN GROUP-LABELED GRAPHSMARIA CHUDNOVSKY1, WILLIAM H. CUNNINGHAM2, AND JIMGEELEN2Abstrat. Let G = (V;E) be an oriented graph whose edges arelabeled by the elements of a group � and let A � V . An A-path is apath whose ends are both in A. The weight of a path P in G is thesum of the group values on forward oriented ars minus the sum ofthe bakward oriented ars in P . (If � is not abelian, we sum thelabels in their order along the path.) We give an eÆient algorithmfor �nding a maximum olletion of vertex-disjoint A-paths eahof non-zero weight. When A = V this problem is equivalent to themaximum mathing problem.1. IntrodutionLet � be a group; we will use additive notation for groups, althoughthey need not be abelian. A �-labeled graph is a graph G in whih eahedge e = uv 2 E(G) is assigned weights !G(e; u); !G(e; v) 2 � where!G(e; u) = �!G(e; v). Let G be a �-labeled graph and let A � V (G).An A-path is a path, with at least one edge, whose ends are both in A.Now, if P = (v0; e1; v1; e2; v2; : : : ; ek; vk) is a path in G, then the weightof P , denoted !G(P ), is de�ned to be Pki=1 !G(ei; vi).We are interested in the maximum number of vertex-disjoint A-pathseah of non-zero weight, whih we denote by �(G;A). Chudnovsky etal. [1℄ gave a min-max theorem for �(G;A); they also disuss mo-tivation for the non-zero A-paths problem. In partiular, they showthat Mader's S-path problem [4℄ is a speial ase. The only previouslyknown algorithm for Mader's S-path problem was obtained by Lov�aszvia a redution to linear matroid mathing [2℄. We present an algorithmfor �nding a maximum olletion of vertex-disjoint non-zero A-pathsthat runs in time O(jV (G)j6). In our omplexity alulations, groupDate: September 9, 2004.1991 Mathematis Subjet Classi�ation. 05B35.Key words and phrases. mathing, A{paths, odd paths, groups.This researh was partially onduted during the period Chudnovsky served asa Clay Mathematis Institute Long-Term Prize Fellow. The researh was supportedin part by the Natural Sienes and Engineering Counil of Canada.1



2 CHUDNOVSKY, CUNNINGHAM, AND GEELENoperations (suh as addition and omparison) are treated as elemen-tary operations. Our algorithm is similar to an algorithm of Lov�aszand Plummer [3, p376℄ for �nding a maximum mathing. Lov�asz andPlummer leverly abstrat an algorithm from what would otherwiseappear to be a nononstrutive proof of the Edmonds-Gallai StrutureTheorem (see [3℄). Using a similar approah, we obtain an algorithmfrom our proof of Theorem 1.3, whih is a struture theorem for non-zero A-paths. Theorem 1.3 is losely related to a struture theoremof Seb}o and Szeg}o [5℄ for Mader's S-path problem; our results were,however, obtained independently.Let E0(G;A) denote the set of all edges e = uv 2 E whose endsare both in A and that have !G(e; v) = 0; note that deleting suhedges does not a�et �. Let def(G;A) = jAj � 2�(G;A); we all thisthe de�ieny. Let odd(G;A) denote the number of omponents H ofG�E0(G;A) with jV (H)\Aj odd. Finally let X;A0 � V (G) suh thatA [X � A0. It is straightforward to see thatdef(G;A) � def(G;A0)� jA0 � Aj� def(G�X;A0 �X)� jA0 � Aj � jXj� odd(G�X;A0 �X)� jA0 � Aj � jXj:Let x 2 V and let Æ 2 �. We will onstrut a new �-labeled graphG0 from G by hanging the labels as follows. For eah edge e = uv inG we de�ne !G0(e; u) = 8<: !G(e; u) + Æ; if u = x�Æ + !G(e; u); if v = x!G(e; u); otherwise.We say that G0 is obtained from G by shifting by Æ at x. Note that,if x 62 A, then this shift does not hange the weight of any A-path(even when � is non-abelian). If G0 is a �-labeled graph obtained by asequene of shifting operations on verties not in A, then we say thatG and G0 are A-equivalent. The main theorem in [1℄ is:Theorem 1.1. Let � be a group, let G be a �-labeled graph, and letA � X. Then there exists a �-labeled graph G0 that is A-equivalent toG and there exist sets X;A0 � V with A [X � A0 suh thatdef(G;A) = odd(G0 �X;A0 �X)� jA0 � Aj � jXj:Our struture theorem provides a anonial hoie for A0 and Xin Theorem 1.1. Before stating the struture theorem we need somede�nitions; we start by larifying what we mean by a path.A path is a sequene P = (v0; e1; v1; e2; v2; : : : ; ek; vk) where v0; : : : ; vkare distint verties of G and ei has ends vi�1 and vi for eah i 2



PACKING NON-ZERO A{PATHS 3f1; : : : ; kg. Thus P is ordered in that it has distinguished start (v0)and end (vk). The path (vk; ek; vk�1; : : : ; v1; e1; v0) is denoted by �P .We allow paths onsisting of a single vertex; we refer to suh paths astrivial.An A-olletion is a set � of vertex disjoint paths suh that:1. eah vertex in A is either the start or the end of a path in �,2. the start of eah path P 2 � is in A, and3. if P 2 � is non-trivial and has its end in A, then !G(P ) 6= 0.A path P 2 � is loose if it is trivial or its end is not in A; thus eah pathin � is either an A-path or it is loose (not both). The value of an A-olletion �, denoted valA(�) or val(�), is the number of A-paths thatit ontains. An A-olletion is optimal if val(�) = �(G;A); note thatthere are optimal A-olletions. Let P(G;A) denote the set of all A-olletions and let P�(G;A) denote the set of all optimal A-olletions.Let � be an A-olletion and let BA(�) (or B(�)) denote the set ofpairs (v; !G(P )) where v is the end of a loose path P 2 �. Note thatjB(�)j = jAj�2valA(�). Now letR(G;A) = [(B(�) : � 2 P�(G;A));the pairs in R(G;A) are alled reahable pairs.For eah vertex v 2 V (G), we let �(G;A; v) = f� 2 � : (v; �) 2R(G;A)g: Now we letD1(G;A) = fv 2 V (G) : j�(G;A; v)j = 1g;D2(G;A) = fv 2 V (G) : j�(G;A; v)j � 2g; andD(G;A) = D1(G;A) [D2(G;A);D(G;A) is the set of reahable verties. Note that D1(G;A) andD2(G;A) are not a�eted by shifting on a vertex v 62 A.To make use of the oming struture theorem, we need the followingeasy lemma.Lemma 1.2. Let G be a �-labeled graph and let A � V (G). Then thereexists a �-labeled graph G0 that is A-equivalent to G and suh that:(1) for eah v 2 D1(G0; A), �(G0; A; v) = f0g, and(2) for eah u 2 NG0(D(G0; A)) � A, there exists uv = e 2 E(G0)suh that !G0(e; v) 2 �(G0; A; v).Proof. Suppose that v 2 D1(G;A) and that �(G;A; v) = f�g. If v 2 A,then � = 0. On the other hand, if v 62 A and G0 is obtained from G byshifting by � at v, then �(G0; A; v) = f0g and �(G0; A; y) = �(G;A; y)for all y 2 V (G)� fvg.Now suppose that uv = e 2 E(G) where u 62 A [ D(G;A) andv 2 D(G;A). Let � 2 �(G;A; v) and let G0 be the �-labeled graph



4 CHUDNOVSKY, CUNNINGHAM, AND GEELENobtained from G by shifting by !G(e; v)� � at u. Then !G0(e; v) = �and �(G0; A; y) = �(G;A; y) for all y 2 V (G). �We an now state our struture theorem.Theorem 1.3. Let � be a group, let G be a �-labeled graph, and letA � V (G). Now let A0 = A [ NG(D(G;A)) [ D1(G;A) and let X =NG�E0(G;A0)(D(G;A)). If (G;A) satis�es:(1) for eah v 2 D1(G;A), �(G;A; v) = f0g, and(2) for eah u 2 NG(D(G;A)) � A, there exists uv = e 2 E(G)suh that !G(e; v) 2 �(G;A; v),then def(G;A) = odd(G�X;A0 �X)� jA0 � Aj � jXj:2. Proof of the struture theoremIn this setion we outline a proof of the struture theorem; this out-line is intended to motivate the main steps in the algorithm. Through-out the rest of the paper we let � be a group, we let G be a grouplabeled graph, and we let A � V (G).We begin with two easy observations:2.1. If u 2 A � D(G;A), then �(G � u;A � fug) = �(G;A) � 1 andR(G;A) � R(G� u;A� fug).2.2. If u 2 V (G) � A and �(G;A; u) � f0g, then �(G;A [ fug) =�(G;A) and R(G;A) � R(G;A [ fug).We are interested in elements for whih the inlusions, in 2.1 and 2.2,hold with equality; the next two results identify some suh elements.We will not prove these lemmas now sine they follow immediatelyfrom more general results (Lemmas 4.3 and 4.4) proved later.Lemma 2.3. Let u 2 A � D(G;A). If there exists uv = e 2 E(G)and � 2 �(G;A; v) suh that !G(e; u) 6= ��, then �(G�u;A�fug) =�(G;A)� 1 and R(G;A) = R(G� u;A� fug).Lemma 2.4. Let u 2 V (G) � A where �(G;A; u) � f0g. If thereexists uv = e 2 E(G) and � 2 �(G;A; v) suh that !G(e; u) = ��,then �(G;A [ fug) = �(G;A) and R(G;A) = R(G;A [ fug).With the main ingredients in plae, we an begin the proof of thestruture theorem. Suppose that:(1) for eah v 2 D1(G;A), �(G;A; v) = f0g, and(2) for eah u 2 NG(D(G;A)) � A, there exists uv = e 2 E(G)suh that !G(e; v) 2 �(G;A; v).



PACKING NON-ZERO A{PATHS 5Now let A0 = A [ NG(D(G;A)) [ D1(G;A) and X =NG�E0(G;A0)(D(G;A)).Lemma 2.5. �(G;A) = �(G�X;A0�X)+ jXj and R(G;A) = R(G�X;A0). Hene def(G;A) = def(G�X;A0 �X)� jA0 � Aj � jXj.Proof. First we onsider u 2 NG(D(G;A)) � A. By (2), there existsuv = e 2 E(G) suh that !G(e; v) 2 �(G;A; v). Then, by Lemma 2.4,�(G;A [ fug) = �(G;A) and R(G;A) = R(G;A [ fug).Now onsider u 2 D1(G;A)� A. By (1), we have �(G;A; u) = f0g.Thus there exists � 2 P�(G;A) suh that (u; 0) 2 B(�). Let P 2 �be the path ontaining u, let v be the vertex preeding u on P , letPv be the initial subpath of P ending at v, and let e = uv. Notethat !G(Pv) � !G(e; v) = !G(P ) = 0. Thus !G(Pv) = !G(e; v). Let�v = (� � fPg) [ fPvg. Now �v is an optimal A-olletion with(v; !G(Pv)) 2 B(�v). Therefore !G(e; v) 2 �(G;A; v). Hene, byLemma 2.4, �(G;A [ fug) = �(G;A) and R(G;A) = R(G;A [ fug).This proves that �(G;A) = �(G;A0) andR(G;A) = R(G;A0). More-over, note that X � A0. Now onsider u 2 X. By de�nition, there ex-ists uv = e 2 E(G)�E0(G;A0) where v 2 D(G;A0). Therefore there ex-ists � 2 �(G;A0; v) suh that !G(e; v) 6= �. Therefore, by Lemma 2.3,�(G� u;A0�fug) = �(G;A0)� 1 and R(G;A0) = R(G� u;A0�fug).It follows that �(G;A) = �(G � X;A0 � X) + jXj and R(G;A) =R(G�X;A0), as required. �We need one more de�nition. A ritial pair (G;A) onsists of a�-labeled graph G and a set A � V (G) suh that G is onneted,D1(G;A) = A, D2(G;A) = V (G)� A, and E0(G;A) = ;.Now let A1 = A0 � X and G1 = G � X. The next lemma followsfrom the de�nition of G1 and A1.Lemma 2.6. For eah omponent H of G1 � E0(G1; A1), eitherdef(H; V (H) \ A1) = 0 or (H; V (H) \ A1) is ritial.Proof. Let G2 = G1 � E0(G1; A1). By Lemma 2.5, D(G2; A1) =D(G;A). Note that, if uv = e 2 E(G) with u 2 V (G) �D(G;A) andv 2 D(G;A), then either u 2 X or e 2 E0(G;A0). Thus, if H is a om-ponent of G2, then either V (H) � D(G2; A1) or V (H)\D(G2; A1) = ;.If V (H) \ D(G2; A1) = ;, then def(H; V (H) \ A1) = 0. Thuswe may assume that V (H) � D(G2; A1). Note that, sine H isa omponent of G2, D1(H; V (H) \ A1) = D1(G2; A1) \ V (H) andD2(H; V (H) \ A1) = D2(G2; A1) \ V (H). By the de�nition of A0,a vertex v 2 D(G2; A1) is in D1(G2; A1) if and only if v 2 A1. Hene(H; V (H) \ A1) is ritial, as required. �



6 CHUDNOVSKY, CUNNINGHAM, AND GEELENThe �nal lemma was proved in [1℄; we prove a more general lemmalater (see 4.5).Lemma 2.7. If (G;A) is a ritial pair, then def(G;A) = 1 and, hene,jAj is odd.It follows from Lemmas 2.6 and 2.7 that def(G1; A1) = odd(G1; A1).Thereforedef(G;A) = odd(G�X;A0 �X)� jA0 � Aj � jXj:This ompletes the proof of the struture theorem.3. The exhange propertyChudnovsky et al. [1℄ proved that fB(�) : � 2 P�(G;A)g is theset of bases of a matroid. The following lemma extends that resultby providing an exhange property on all A-olletions. The proof isessentially the same as the proof given in [1℄. (For sets A and B, welet A�B = (A� B) [ (B � A).)Lemma 3.1. Let �1;�2 2 P(G;A) and let p1 2 B(�1) � B(�2).Then there exists �01 2 P(G;A) and p2 2 B(�1) [ B(�2) suh thatB(�01) = B(�1)�fp1; p2g. Moreover, given �1, �2, and p1, we an�nd �01 and p2 in O(jV (G)j2) time.Proof. Suppose, by way of ontradition, that there exist3.1.1. �1;�2 2 P(G;A) and p1 = (u; �) 2 B(�1) � B(�2) suh thatthere do not exist �01 2 P(G;A) and p2 2 B(�1)[B(�2) with B(�01) =B(�1)�fp1; p2g.3.1.2. We hoose �1, �2, and (u; �) satisfying 3.1.1 with jE(�1) [E(�2)j as small as possible.We use the following laim repeatedly.3.1.3. There do not exist �01 2 P(G;A) and p2 2 V (G)� � suh thatB(�01) = B(�1)�fp1; p2g and jE(�01) [ E(�2)j < jE(�1) [ E(�2)j.Proof of laim. Suppose otherwise. By 3.1.1, p2 62 B(�1) [ B(�2).However, jE(�01)�E(�2)j < jE(�1)�E(�2)j. So, by 3.1.2, �01, �2, andp2 do not satisfy 3.1.1. That is, there exists an element p3 2 B(�2)�B(�01) suh that B(�01)�fp2; p3g 2 B. However, B(�1)�fp1; p3g =B(�01)�fp2; p3g 2 B, ontraditing 3.1.1. �Let p1 = (u; �) and let P = (v0; e1; v1; : : : ; ek; vk) be the path in�1 ending at u. By possibly reversing the order, we may assume that



PACKING NON-ZERO A{PATHS 7there is a path P 0 = (v00; e01; v01; : : : ; e0l; v0l) in �2 that starts at v0. Sup-pose that P is not ontained in P 0. Now let �01 be the A-olletionobtained from �1 by replaing P with the trivial path (v0). Note thatB(�01) = B(�1)�fp1; (v0; 0)g and jE(�01)[E(�2)j < jE(�1)[E(�2)j,ontraditing 3.1.3. Hene P is ontained in P 0.Suppose that P 0 is disjoint from eah path in �1 � fPg andlet �01 be obtained from �1 by replaing P with P 0. Note thatB(�01) = B(�1)�fp1; (v0l; !G(P 0))g and (v0l; !G(P 0)) 2 B(�2), ontra-diting 3.1.1. Therefore there is some vertex that is both on P 0 and ona path in �1 other than P ; let v0i be the �rst suh vertex on P 0 and letQ = (u0; f1; u1; : : : ; fm; um) be the path of �1 ontaining v0i. Supposethat uj = v0i. We onsider two ases.Case 1: Q is a loose path.Let P1 be the A-path ontained in G[E(P 0) [ E(Q)℄ and let P2 bethe path in G[E(P 0) [ E(Q)℄ that starts at v0 and ends at um.Case 1.1: !G(P1) 6= 0.Let �01 = (�1 � fP;Qg) [ P1. Note that B(�01) = B(�1) �fp1; (um; !G(Q))g and (um; !G(Q)) 2 B(�1), ontraditing 3.1.1.Case 1.2: !G(P1) = 0.Thus !(P 0[v00; v0i℄) = !(Q[u0; uj℄) and, hene, !(P2) = !(Q). Nowlet �01 be the A-olletion obtained from �1 by replaing P and Q withP2 and the trivial path (u0). Note that B(�01) = (B(�1) � fp1g) [f(u0; 0)g. Moreover, sine !G(P1) = 0, P1 6= P 0. Thus there is an edgeof Q[u0; uj℄ that is not in E(�2). So, jE(�01) [ E(�2)j < jE(�1) [E(�2)j, ontraditing 3.1.3.Case 2: Q is an A-path.Let P1 and P2 be the A-paths in G[E(P 0) [ E(Q)℄ that both startat v0 and that end with u0 and um respetively. Note that !(P1) +!(Q) + !( �P2) = 0 and !(Q) 6= 0, so either !(P1) 6= 0 or !(P2) 6= 0.Moreover, either P 0 is loose (and hene di�erent from P1 and P2) or!(P 0) 6= 0. Thus either !(P1) 6= 0 and P2 6= P 0 or !(P2) 6= 0 andP1 6= P 0. By possibly swapping P1 and P2 and reversing Q, we mayassume that !(P2) 6= 0 and P1 6= P 0. Let �01 be the A-olletionobtained from �1 by replaing P and Q with P2 and the trivial path(u0). Note that B(�01) = (B(�1) � fp1g) [ f(u0; 0)g. Moreover, sineP1 6= P 0 there is an edge of Q[u0; uj℄ that is not in E(�01) [ E(�2).Thus jE(�01) [ E(�2)j < jE(�1) [ E(�2)j, ontraditing 3.1.3. This�nal ontradition ompletes the proof.The above proof an easily be made algorithmi with the desiredrunning time. �



8 CHUDNOVSKY, CUNNINGHAM, AND GEELENWe now prove a useful appliation of the exhange property.Lemma 3.2. Let �1;�2 2 P(G;A) and let B1 � BA(�1). Then thereexists �3 2 P(G;A) suh that either:(1) val(�3) = val(�1) and B1 � B(�3) and B(�3) � B1 � B(�2),or(2) val(�3) = val(�1) + 1 and jB(�3) \B1j � jB1j � 1.Moreover, we an �nd suh �3 in O(jV (G)j3) time.Proof. We assume that:(�) Among all �1 2 P(G;A) with B1 � B(�1) we hoose �1minimizing jB(�1)� B(�2)j.We may assume that there exists p1 2 B(�1)� (B1 [ B(�2)), sineotherwise �3 := �1 satis�es (1). By the exhange property, thereexists �3 2 P(G;A) and p2 2 B(�1) [ B(�2) suh that B(�3) =B(�1)�fp1; p2g.Case 1: p2 2 B(�1).Thus val(�3) = val(�1) + 1 and jB(�3) \ B1j � jB1j � 1, satisfying(2).Case 2: p2 2 B(�2)� B(�1).Thus val(�3) = val(�1), B1 � B(�3), and jB(�3) � B(�2)j <jB(�1)� B(�2)j, ontraditing (�).That ompletes the proof; this proof an learly be made algorithmiwith the desired running time. �The following two lemmas are onsequenes of Lemma 3.2.Lemma 3.3. Let �1;�2 2 P(G;A) with val(�2) = val(�1) + 1, letuv = e 2 E(G), let (u; �) and p be distint elements of B(�1), andlet (v; �) 2 B(�2) where � + !G(e; v) � � 6= 0. Then there exists�3 2 P(G;A) suh that val(�3) = val(�2) and either (u; �) 2 B(�3)or p 2 B(�3). Moreover, we an �nd suh �3 in O(jV (G)j3) time.Proof. By Lemma 3.2 with B1 = fp; (u; �)g, we get one of the followingtwo ases.Case 1: There exists � 2 P(G;A) suh that val(�) = val(�1) andB1 � B(�) and B(�)�B1 � B(�2).Thus p; (u; �); (v; �) 2 B(�). Let Pu and Pv be the loose paths in� ending at u and v respetively. Now let P = (P1; e; �P2). Note thatP is an A-path and !G(P ) = � + !G(e; v) � � 6= 0. Now let �3 =(� � fPu; Pvg) [ fPg. Note that valA(�3) = val(�2) and p 2 B(�3),as required.



PACKING NON-ZERO A{PATHS 9Case 2: There exists �3 2 P(G;A) suh that val(�3) = val(�2) andjB(�3) \ B1j � jB1j � 1.Thus either (u; �) 2 B(�3) or p 2 B(�3), as required.This proof is learly onstrutive with the desired running time. �The next lemma is a diret onsequene of Lemma 3.2; we omit theeasy proof.Lemma 3.4. Let �1;�2 2 P(G;A) with val(�2) = val(�1), let p1 2B(�1), and let p2 and p3 be distint elements of B(�2). Then thereexists �3 2 P(G;A) suh that either:(1) val(�3) = val(�1), p1 2 B(�3), and either p2 2 B(�3) orp3 2 B(�3), or(2) val(�3) = val(�1) + 1.Moreover, we an �nd suh �3 in O(jV (G)j3) time.4. Key lemmasIn this setion we prove onstrutive analogues of some of the lemmasin Setion 2.Throughout this setion we let G be a �-labeled graph, A � V (G),and P � P(G;A). We use the following de�nitions:�(P; A) = max(valA(�) : � 2 P);def(P; A) = jAj � 2�(P; A);P� = f� 2 P : valA(�) = �(P; A)g; andR(P; A) = [(BA(�) : � 2 P�):Now, for eah v 2 V (G), we let�(P; A; v) = f 2 � : (v; ) 2 R(P; A)g:In addition, we de�ne:D1(P; A) = fv 2 V (G) : j�(P; A; v)j = 1g;D2(P; A) = fv 2 V (G) : j�(P; A; v)j > 1g; andD(P; A) = D1(P; A) [D2(P; A):We begin with some easy observations relating to 2.1 and 2.2:4.1. Let u 2 A�D(P; A). If there exists � 2 P(G� u;A� fug) suhthat valA�fug(�) = �(P; A), then there exists �0 2 P(G;A) suh that(u; 0) 2 R(P [ f�0g; A).



10 CHUDNOVSKY, CUNNINGHAM, AND GEELEN4.2. Let u 2 V (G) � A with �(P; A; u) � f0g. If there exists� 2 P(G;A [ fug) suh that valA[fug(�) = �(P; A) + 1, then thereexists �0 2 P(G;A) suh that either valA(�0) > �(P; A) or valA(�0) =�(P; A) and there exists � 2 ��f0g suh that (u; �) 2 R(P[f�0g; A).The next result generalizes Lemma 2.3.Lemma 4.3. Let u 2 A�D(P; A), uv = e 2 E(G), and � 2 �(P; A; v)suh that !G(e; u) 6= ��. If there exists � 2 P(G�u;A�fug) suh thatvalA�fug(�) = �(P; A)� 1 and there exists p 2 BA�fug(�)�R(P; A),then there exists �0 2 P(G;A) suh that valA(�0) = �(P; A) and either(u; � + !G(e; u)) 2 B(�0) or p 2 B(�0). Moreover, if jPj � 2jV (G)j,then we an �nd suh �0 in O(jV (G)j3) time.Proof. Let �1 be the A-olletion obtained by adding the trivial path(u) to �. Note that valA(�1) = �(P; A) � 1 and p; (u; 0) 2 BA(�1).Let �2 2 P� with (v; �) 2 BA(�2). Now valA(�2) = valA(�1) +1. Therefore, by Lemma 3.3, we �nd �0 2 P(G;A) with valA(�0) =�(P; A) and either (u; 0) 2 BA(�0) or p 2 BA(�0). Now �0 satis�es thelemma.This proof is learly onstrutive with the desired running time. �The next result generalizes Lemma 2.4.Lemma 4.4. Let u 2 V (G) � A with �(P; A; u) � f0g, let uv = e 2E(G) with !G(e; v) 2 �(P; A; v). If there exists � 2 P(G;A[fug) suhthat valA[fug(�) = �(P; A) and there exists p 2 BA[fug(�)�R(P; A),then there exists �0 2 P(G;A) suh that either valA(�0) > �(P; A) orvalA(�0) = �(P; A) and either p 2 B(�0) or there exists (u; �) 2 B(�0)with � 6= 0. Moreover, if jPj � 2jV (G)j, then we an �nd suh �0 inO(jV (G)j3) time.Proof. Note that, if v 2 A, then, sine !G(e; v) 2 �(P; A; v), we have!G(e; v) = 0. On the other hand, if v 62 A, then, by possibly shifting,we may assume that !G(e; v) = 0. Let p = (w; Æ). We break the proofinto the following ases.Case 1: There exists �1 2 P(G;A [ fug) with valA[fug(�1) = �(P; A)and p 2 BA[fug(�1), suh that u is not the start of the loose path in�1 ontaining w.There is a path P 2 �1 whose start or end is u. Suppose that P is aloose path with respet to A[fug; thus u is the start of P and P doesnot ontain w. Then �0 := �1 � fPg satis�es the lemma. Thereforewe may assume that P is an A [ fug-path; furthermore, by possiblyreversing P , we may assume that u is the end of P . Let � = !G(P ).Sine P is an A [ fug-path in �1, we have � 6= 0. Now note that



PACKING NON-ZERO A{PATHS 11�1 2 P(G;A), valA(�1) = �(P; A) � 1, and p; (u; �) 2 BA(�1). Let�2 2 P� with (v; 0) 2 BA(�2). Applying Lemma 3.3 to �1 and �2 we�nd �0 2 P(G;A) with valA(�0) = �(P; A) and either p 2 BA(�0) or(u; �) 2 BA(�0), as required by the lemma.Case 2: There exists �1 2 P(G;A[fug) with valA[fug(�) = �(P; A)+1.There is a path P 2 �1 whose start or end is u. If P is a loosepath, then �0 := �1 � fPg satis�es the lemma. Therefore we mayassume that P is an A [ fug-path; furthermore, by possibly reversingP , we may assume that u is the end of P . Let � = !G(P ). Sine Pis an A [ fug-path in �1, we have � 6= 0. Now note that �1 is anA-olletion, valA(�1) = �(P; A), and (u; �) 2 BA(�1). Thus �0 := �1satis�es the lemma.Case 3: There exists �1 2 P(G;A [ fug) with valA[fug(�1) = �(P; A)and there exists (z; �) 2 BA[fug(�1)� f(w; Æ)g with zu = f 2 E(G).Let P 2 �1 be the path ending at w. We may assume that u isthe start of P , sine otherwise we redue to Case 1. Let Pz 2 �1be the path ending at z, let Pu = (Pz; f; u), and let Pw = (Pz; f; P ).Let � = !G(Pu). Note that !G(Pw) = � + Æ, so either � 6= 0 or!G(Pw) = Æ. Suppose that � 6= 0. Let �0 = (�1 � fP; Pzg) [ fPug.Note that valA(�0) = �(P; A) and (u; �) 2 BA(�0), as required. Nowsuppose that !G(Pw) = Æ. Let �0 = (�1 � fP; Pzg) [ fPwg. Note thatvalA(�0) = �(P; A) and (w; Æ) 2 BA(�0), as required.Case 4: There exists �2 2 P(G;A [ fug) suh that valA[fug(�2) =�(P; A) and (z; �); (v; 0) 2 BA[fug(�2) where zu = f 2 E(G) and(z; �) 62 f(w; Æ); (v; 0)g .Note that, sine (v; 0) 2 R(P; A), we have (v; 0) 6= (w; Æ). Re-all that � 2 P(G;A [ fug), valA[fug(�) = �(P; A), and (w; Æ) 2BA[fug(�). Applying Lemma 3.4 to �1 := � and �2, we �nd �3 2P(G;A) suh that either valA[fug(�3) > �(P; A), or valA[fug(�3) =�(P; A) and either (v; 0); (w; Æ) 2 BA[fug(�3) or (z; �); (w; Æ) 2BA[fug(�3). The ase that valA[fug(�3) > �(P; A) redues to Case2 and the ase that valA[fug(�3) = �(P; A) and either (v; 0); (w; Æ) 2BA[fug(�3) or (z; �); (w; Æ) 2 BA[fug(�3) redues to Case 3.Case 5: There exists �2 2 P(G;A [ fug) suh that valA[fug(�2) =�(P; A) and (u; 0); (v; 0) 2 BA[fug(�2)g.Note that, sine (v; 0) 2 R(P; A), we have (v; 0) 6= (w; Æ). Re-all that � 2 P(G;A [ fug), valA[fug(�) = �(P; A), and (w; Æ) 2BA[fug(�). Applying Lemma 3.4 to �1 := � and �2, we �nd �3 2P(G;A) suh that either valA[fug(�3) > �(P; A), or valA[fug(�3) =



12 CHUDNOVSKY, CUNNINGHAM, AND GEELEN�(P; A) and either (u; 0); (w; Æ) 2 BA[fug(�3) or (v; 0); (w; Æ) 2BA[fug(�3). The ase that valA[fug(�3) > �(P; A) redues to Case 2;the ase that valA[fug(�3) = �(P; A) and (v; 0); (w; Æ) 2 BA[fug(�3)redues to Case 3; and the ase that valA[fug(�3) = �(P; A) and(u; 0); (w; Æ) 2 BA[fug(�3) redues to Case 1.Let �v 2 P� with (v; 0) 2 BA(�v). We may assume that there is apath P 2 �v that ontains u, sine otherwise �2 := �v [ f(u)g meetsthe riteria of Case 5.Case 6: P is a loose path with respet to A.For any y 2 V (P ), we let Py denote the initial segment of P endingat y. We may assume that !G(Pu) = 0, sine otherwise �0 := (�v �fPg) [ fPug satis�es the lemma. Now we may assume that v is theend of P , sine otherwise �2 := ((�v � fPg) [ fPug meets the riteriaof Case 5. Now let z be the vertex preeding u on P and let P 0 be thesubpath of P starting at u and ending at v. Let � = !G(Pz). We mayassume that (z; �) 6= (w; Æ), sine otherwise �0 := ((�v � fPg) [ fPzgsatis�es the lemma. Finally, we see that �2 := (�v � fPg) [ fPz; P 0gmeets the riteria of Case 4.Case 7: P is an A-path.For any y 2 V (P ), we let Py denote the initial segment of P endingat y. Note that, by possibly reversing the diretion of P , we mayassume that !G(Pu) 6= 0; let � = !G(Pu). Let z be the vertex onP immediately following u, let P 0 denote the subpath of �P that endsat z, and let � = !G(P 0). We may assume that (z; �) = (w; Æ), sineotherwise �2 := (�v�fPg)[fPu; P 0g meets the riteria of Case 4. LetQ 2 �v be the path ending at v. Let P 00 = (Q; e; �Pu). Note that P 00 isan A-path and that !G(P 00) = !G(Q) + !G(e; u)� !G(Pu) = �� 6= 0.Therefore �0 := (�v � fP;Qg) [ fP 0; P 00g satis�es the lemma.That ompletes the proof; this proof an easily be made algorithmiwith the desired running time. �We say that (G;A) is P-ritial if G is onneted, E0(G;A) = ;,D1(P; A) = A, and D2(P; A) = V (G)�A. The next result generalizesLemma 2.7.Lemma 4.5. If (G;A) is P-ritial and def(P; A) > 1, then thereexists � 2 P(G;A) suh that valA(G) = �A(P) + 1. Moreover, ifjPj � 2jV (G)j, then we an �nd suh �0 in O(jV (G)j4) time.Proof. We start by onsidering an easy ase.Case 1: There exists �1 2 P(G;A) with valA(�1) = �A(P) and thereexists (u; �); (v; �) 2 BA(�1) where uv = e 2 E(G).



PACKING NON-ZERO A{PATHS 13We break this into two further subases.Case 1.1: � + !G(e; v)� � 6= 0.Let Pu; Pv 2 �1 be the paths ending at u and v respetively andlet P = (Pu; e; �Pv). Note that P is an A-path and that !G(P ) =� + !G(e; v) � � 6= 0. Thus � := (�1 � fPu; Pvg) [ fPg satis�es thelemma.Case 1.2: � + !G(e; v)� � = 0.Note that, sine (G;A) is P-ritial, either u 62 A or v 62 A. Bypossibly swapping u and v, we may assume that v 62 A. Then, sine(G;A) is P-ritial, there exists � 0 2 �(P; A; v) � f�g. Let �2 2P� with (v; � 0) 2 BA(�2). Applying Lemma 3.4 to �2 and �1, we�nd �3 2 P(G;A) suh that either valA(�3) > �A(P) or valA(�3) =�A(P) and either (u; �); (v; � 0) 2 BA(�3) or (v; �); (v; � 0) 2 BA(�3).If valA(�3) > �A(P), then � := �3 satis�es the lemma. Also, notethat BA(�3) annot ontain both (v; �) and (v; � 0). Therefore we mayassume that (u; �); (v; � 0) 2 BA(�3). Now, sine � 6= � 0, we have�+ !G(e; v)� � 0 6= � + !G(e; v)� � = 0. Therefore �1 := �3 satis�esthe riterion for Case 1.1.(�) Among all triples (�1; (v1; �1); (v2; �2)) where �1 2 P(G;A),valA(�1) = �A(P), and (v1; �1); (v2; �2) 2 BA(�1) we hoose the triplesuh that the distane between v1 and v2 in G is minimum.In view of Case 1, we may assume that v1 is not adjaent to v2.Let P be a shortest (v1; v2)-path and let u be an internal vertex of P .Sine (G;A) is P-ritial, there exists � 2 �(P; A; u). Let �2 2 P�with (u; �) 2 BA(�2). Applying Lemma 3.4 to �2 and �1, we �nd�3 2 P(G;A) suh that either valA(�3) > �A(P) or valA(�3) = �A(P)and (u; �); (vi; �i) 2 BA(�3) for some i 2 f1; 2g. If valA(�3) > �A(P),then � := �3 satis�es the lemma. Thus, by symmetry, we may assumethat valA(�3) = �A(P) and (u; �); (v1; �1) 2 BA(�3). However, sinev1 is loser to u than it is to v2, we have a ontradition to (�).That ompletes the proof; this proof an easily be made algorithmiwith the desired running time. �5. The algorithmThroughout the algorithm we maintain a set P � P(G;A). We areprimarily interested in the sets D1(P; A) and D2(P; A). Therefore, byremoving unneessary A-olletions from P, we keepjPj � jD1(P; A)j+ 2jD2(P; A)j � 2jV (G)j:



14 CHUDNOVSKY, CUNNINGHAM, AND GEELENIf P1;P2 � P(G;A), then we say that P2 is riher than P1, with respetto A, if either �A(P2) > �A(P1) or �A(P2) = �A(P1) and jD1(P2; A)j+2jD2(P2; A)j > jD1(P1; A)j+ 2jD2(P1; A)j:By possibly shifting (as we did in Lemma 1.2), we may assume that(G;A) satis�es:(1) for eah v 2 D1(P; A), �(P; A; v) = f0g, and(2) for eah u 2 NG(D(P; A)) � A, there exists uv = e 2 E(G)suh that !G(e; v) 2 �(P; A; v).Now let A0 = A [ NG(D(P; A)) [ D1(P; A) and X =NG�E0(G;A0)(D(P; A)).Optimality ondition: If def(P; A) = odd(G�X;A0�X)�jA0�Aj�jXj,then the A-olletions in P� are optimal.Proof. Note that def(P; A) � def(G;A) � odd(G�X;A0�X)� jA0�Aj � jXj. Thus, if def(P; A) = odd(G�X;A0 �X)� jA0 � Aj � jXj,then def(P; A) = def(G;A) and, hene, eah A-olletion in P� isoptimal. �In eah iteration of the algorithm, if def(P; A) 6= odd(G � X;A0 �X)� jA0�Aj � jXj, then we �nd an A-olletion � suh that P [ f�gis riher than P. Hene in at most O(jV (G)j2) iterations we will �ndan optimal A-olletion. It remains to show how we �nd the promisedA-olletion �.We omit the elementary proof of the next lemma.Lemma 5.1. Let A1; X1 � V (G) suh that A [ X1 � A1 � A0 andX1 � X. Then, in O(jV (G)j3) time, we an onstrut P1 � P(G �X1; A1 � X1) suh that either �A1(P1) > �A(P) � jX1j or �A1(P1) =�A(P)� jX1j and R(P; A) � R(P1; A1).Lemma 5.2. Let A00 � A0 with A � A00. Suppose that �0 2 P(G;A00)where either(i) �A00(P 0) > �A(P) or(ii) �A00(P 0) = �A(P) and there exists (v; �) 2 BA00(�0) � R(P; A)where v 62 D2(P; A).Then, in O(jV (G)j4) time, we an �nd � 2 P(G;A) suh that P [f�gis riher than P.Proof. The proof is indutive on jA00 � Aj. If A00 = A, then � := �0satis�es the lemma. Thus we may assume that there exists a 2 A00 �A. Let A1 = A00 � fag. By Lemma 5.1, we an onstrut P1 �P(G;A1) suh that either �A1(P1) > �A(P) or �A1(P1) = �A(P) andR(P; A) � R(P1; A1). Indutively, we may assume that �A1(P1) =



PACKING NON-ZERO A{PATHS 15�A(P), D1(P1; A1) = D1(P; A), and D2(P1; A1) = D2(P; A). Now, byLemma 4.4, we an onstrut �00 2 P(G;A1) suh that P1 [ f�00g isriher than P1 with respet to A1. �The next lemma is proved similarly; we leave the details to thereader.Lemma 5.3. Let X 0 � X. Suppose that �0 2 P(G � X 0; A0 � X 0)where either(i) �A0�X0(P 0) > �A(P) or(ii) �A0�X0(P 0) = �A(P) and there exists (v; �) 2 BA0�X0(�0) �R(P; A) where v 62 D2(P; A).Then, in O(jV (G)j4) time, we an �nd � 2 P(G;A) suh that P [f�gis riher than P.Let G1 = G � X and let A1 = A0 � X. Now, by Lemma 5.1,we an onstrut P1 � P(G1; A1) suh that either �A1(P1) > �A(P)or �A1(P1) = �A(P) and R(P; A) � R(P1; A1). By Lemma 5.3,we may assume that �A1(P1) = �A(P), D1(P1; A1) = D1(P; A), andD2(P1; A1) = D2(P; A). Now let G2 = G1 � E0(G1; A1). Note thatno A1-olletion in G1 uses an edge in E0(G1; A1), so P1 � P(G2; A1).Note that, if we an �nd �0 2 P(G2; A1) suh that valA1(�0) > �A1(P1),then, by Lemma 5.3, we an onstrut � 2 P(G;A) suh that P [f�gis riher than P.Let H be a omponent of G2, let AH = A1 \ V (H). For eah� 2 P(G2; A1), we let �jH denote the restrition of � to H and let��H denote the restrition of � to G2�H. Let �1;�2 2 P�1 . Supposethat valAH (�1jH) > valAH (�2jH). Now let �0 = (�2 � H) [ (�1jH).Note that �0 2 P(G2; A1) and that valA1(�0) > �A1(P1), as re-quired. Therefore we may assume that, for all �1;�2 2 P�1 , we havevalAH(�1jH) > valAH (�2jH). Let PH = f�jH : � 2 P�1g.Lemma 5.4. For eah omponent H of G2, either def(H;AH) = 0 or(H;AH) is PH-ritial.Proof. Note that, if uv = e 2 E(G) with u 2 V (G) � D(P; A)and v 2 D(P; A), then either u 2 X or e 2 E0(G;A0). Moreover,D(P1; A1) = D(P; A). Thus, if H is a omponent of G2, then eitherV (H) � D(P1; A1) or V (H)\D(P1; A1) = ;. If V (H)\D(P1; A1) = ;,then def(PH ; AH) = 0. Thus we may assume that V (H) � D(P1; A1).Note that, sine H is a omponent of G2, D1(PH ; AH) = D1(P1; A1) \V (H) and D2(PH ; AH) = D2(P1; A1) \ V (H). By the de�nition of A0,a vertex v 2 D(P1; A1) is in D1(P1; A1) if and only if v 2 A1. HeneH is PH-ritial, as required. �



16 CHUDNOVSKY, CUNNINGHAM, AND GEELENSuppose that (H;AH) is PH -ritial and that def(PH ; AH) > 1.Then, by Lemma 4.5, we an onstrut �1 2 P(H;AH) suh thatvalAH(�1) > �(PH ; AH). Now let �2 2 P�1 and let �0 = �1 [ (�2�H).Note that �0 2 P(G2; A1) and that valA1(�0) > �A1(P1), as required.Therefore we may assume that: For eah omponent H of G2, we havedef(PH ; AH) � 1: Thus def(G1; A1) = odd(G1; A1). So, we have:def(P; A) = def(G�X;A0 �X)� jA0 � Aj � jXj= odd(G�X;A0 �X)� jA0 � Aj � jXj;as required. This ompletes the desription and proof of the algorithm.Let n = jV (G)j. The algorithm, as stated, requires O(n6) time. Theomplexity in Lemma 3.2 an be improved from O(n3) to O(n2), byombining the proofs of Lemma 3.2 and 3.1. This would redue theoverall omplexity of our algorithm from O(n6) to O(n5).AknowledgementsWe thank Bert Gerards for his ontributions towards the formulationand proof of Theorem 1.3. Referenes[1℄ M. Chudnovsky, J. Geelen, B. Gerards, L. Goddyn, M. Lohman,and P. Seymour, Paking non-zero A-paths in group-labeledgraphs, preprint.[2℄ L. Lov�asz, Matroid mathing and some appliations, J. Combin.Theory Ser. B 28, (1980) 208{236.[3℄ L. Lov�asz and M. D. Plummer, Mathing Theory, North-Holland,1986.[4℄ W. Mader, �Uber die Maximalzhal kreuzungsfreier H-Wege, Arhivder Mathematik (Basel) 31, (1978) 382-402.[5℄ A. Seb}o and L. Szeg}o, The path-paking struture of graphs,in Integer Programming and Combinatorial Optimization (Pro-eedings 10th IPCO Conferene, New York, 2004; D. Bienstok,G. Nemhauser, eds.) [Leture Notes in Computer Siene 3064℄,Springer, Berlin, 2004, pp. 256{270.1. Prineton University, U.S.A.2. University of Waterloo, Canada


