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1. Introduction

THE object of this paper is to investigate the duals, in the sense of
Eckmann—Hilton, of the Lusternik—Schnirelmann category and related
invariants.

In his survey of numerical homotopy invariants Ganea [in (5) 470]
pointed out that the dual of the weak category had not yet been defined.
Since then Ganea (6) has given a definition of cocategory which dualizes
correctly and allows the notion of weak cocategory to be defined. As
usual, the spaces of cocategory 1 are the non-contractible H-spaces.

Starting from Ganea’s definition we prove the following theorem,
generalizing Theorem 2.4 of (5), which shows the relations between the
invariants and also shows that they are all different.

THEOREM 1.1. Let A be a connected countable CW-complex. Then
cocat A > weocat A > nild > W-long 4
and furthermore all the inequalities can occur.

All the definitions and proofs of the inequalities will be given in § 2.
Examples 2.5, 2.6, and 3.5, which are all spaces with two non-zero
homotopy groups, show that the inequalities may be strict.

If Q* A is the space of free loops on 4, the natural fibration
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always has a retraction p: Q*4 — Q4 such that pog ~ 1 when 4 is an
H-space. By using the space in Example 3.5 we show in § 4 that the
existence of a retraction is not a sufficient condition for 4 to be an
H-space. This answers a question of I. M. James.

This paper is part of a doctoral dissertation written under the super-
vision of Dr. I. M. James at Oxford University. I would also like to
thank Professor T. Ganea for his helpful advice. In particular Proposi-
tion 4.2 is due to him.,

2. Definitions and examples
All the spaces we will consider have the homotopy type of connected
countable CW-complexes and have a base point denoted by *. All the
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maps will preserve base points unless the contrary is explicitly stated.
The constant map is denoted by 0 and the identity map by 1. The set
of homotopy classes of maps from X to Y is denoted by [X,Y] and we
will not usually distinguish between a map, its homotopy class, or its
corresponding cohomology class.

Following§ 6 of (6), for any space A construct the ladder of cofibrations

Gud "k, LB (=0

Let %, be the standard cofibration in which F, = €4, the reduced cone
over A, and B, = X4, the reduced suspension of 4. Suppose inductively
that €} has been defined. Let F},, be the fibre of f,; since f o ¢, ~ 0
we can lift e, to a map ¢j,,: A > Fy,,. Convert e}, into a cofibre map
egi1: A — F, where F,, is the reduced mapping cylinder of ¢, - Let
By, be the cofibre of ¢, ., and f..,: F, ., — By, the identification map.

When e, is converted into a fibration let the fibre be D, with pro-
jection d,: D, — A.

Since e, is homotopic to the natural embedding 4 -~ QX A, the first
two rungs of the ladder are homotopic to the following diagram.

fll

o, €
A—s4-"504
A 0

| |
D1-——>JJ{—>QZA > B,
Definition 2.1. The cocategory of A, cocat 4, is the least integer k = 0
for which there exists a map r: F, — 4 such that r o ¢, ~ 1; if no such
integer exists cocat 4 = 0.

A

Definition 2.2. The weak cocategory of A, weocat A, is the least integer
k = 0 for which d;, ~ 0; if no such integer exists weocat 4 = oo.

With this definition the dual invariant weak category is slightly
different from that originally defined by Berstein and Hilton [see (7)].

The spaces of cocategory 0 and weak cocategory 0 are the contractible
spaces. 1t follows from Theorem 1.8 of (9) that the spaces of cocategory 1
are the non-contractible H-spaces.

Let (QA4)*+D be the (k+1)-fold smash product of QA4 and let

& (QAYFD 5 QA4

be the commutator map with respect to the loop space multiplication
on 4 as defined in § 6 of (6).

Definition 2.3. The nilpotency class of the loop space of A, nil 4, is
the least integer k£ > 0 for which ¢, ~ 0; if no such integer exists
nil4 = co.
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Recall that nil4 = supnil[X,QA4] where X ranges over all based
spaces [(1) Theorem 2.7].

Definition 2.4. The Whitehead product length of A, W-long A, is the
least integer k > 0 such that [«y,..., [y, piq]---] = O for all o; € 7, (A)
in positive dimensions; if no such integer exists W-long 4 = co.

Tt is clear from the definitions that for any space 4, cocat 4 == wcocat 4.
The other two inequalities in Theorem 1.1 follow from (6) Lemma 6.4
and (1) Theorem 4.6.

ExamrLE 2.5. Let A be defined by the 2-stage Postnikov system
K(Z,5) > A~ K(Z,2)
where the k-invariant is u® € HYZ,2;Z), u being the fundamental class in
H*Z,2;Z). Then weocat A = 2 and nil 4 = 1.

Proof. This space A4 is obtained from the complex projective plane
CP? by killing off the homotopy groups in dimensions greater than 5.
Berstein and Ganea in (1) 3.10 show that nil4 = 1.

By (14) Corollary 2 there is a non-trivial higher-order Whitehead
product in A4, [a,a,a] = 4-3!8 where « generates m(4) = Z and B
generates 7;(4) = Z. Consider the homotopy exact sequence obtained
by converting ¢,: 4 —+ QXA into a fibration:

A /
(D) > m(A) > m(QTA).
By the naturality of the higher-order Whitehead product,
era{ o o o] = [epa e 0,000 = 0
since all Whitehead products vanish in the H-space QXA. Hence by
exactness there exists y € 75(D;) such that d;,y = [«, «, ] and in par-
ticular d, ¢ 0. Therefore by the definition weocat 4 > 1.

Since A is a 2-stage Postnikov system, it follows from (6) Lemma 6.3
that cocat 4 = wcocat 4 = 2.

Exampre 2.6. Let A be defined by the 2-siage Postnikov system
K(Z,,4) > A - K(Z,,2)
where the k-invariant is w.Sq'uw € H¥Zy, 2;,Z,), u being the fundamental
class in H¥Zy, 2;Z,). Then nil4 = 2 and W-long A = 1.

Proof. The space A4 has trivial homotopy groups except in dimensions
2 and 4. Thus all Whitehead products vanish and W-long 4 = 1.

The k-invariant of 4 is non-primitive. Hence, by (3) Theorem 6, 4 is
not an H-space and cocat 4 = 2. But it follows from Sugawara’s
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Theorem [(15) Theorem 8.1] that Q4 is not homotopy commutative
and sonild4 = 2.

3. Weak cocategory
Throughout this section we will take the space A as lying in the

fibration sequence

ox ok o4 l.x ok

where X is an H-space with multiplication p, K = K(m,n) is an
Eilenberg—MacLane space, and k€ H*(X ;) is the k-invariant. This
is the general situation when A4 is the (r-+1)th stage of a Postnikov
system and there is a multiplication structure up to the rth stage X.
In this section we find a condition for weocat 4 <{ 1 and use it to
“give an example of a space 4 with wcocat 4 = 1 but which is not an
H-space.
" The multiplication u defines a retraction r: QXX — X [see (9) Theorem
1.8] of the embedding ej: X -> QX X. Then

roQXloe ~roe ol (bynaturality)
~1

This homotopy induces a map f: D; — QK between the fibres of ¢, and [.

AvCD,
N
d, e .
Dy A - QN4
N
/
!
TUCGR roQx/
P
m - / _\y

QK

Let ¢ denote the cohomology suspension of the fibration

D, »A->Q3A.
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THEOREM 3.2. weocat A <C 1if and only if there exists a map w: Dy QX
such that Qkow = o(k or oQXl) e HYD; ).

This will follow from the next proposition and from the homotopy
exact sequence of the fibration 4 -~ X — K.

Prorosttrion 3.3. f = ok or o QXI).

Proof. In diagram 3.1 ¢é: QK - K is the evaluation map and
f: D, - K is the adjoint of f. The maps p and s come naturally from
extending the fibrations | and e, [see § 1 of (6)]. It follows from (13)
Lemma 14 that ko p ~ —é&o w and hence by the naturality of the cofibra-
tion sequences of m and d, the diagram 3.1 is homotopy commutative.

HYQEA; 7) — > Ho(A, D, m) < H"=Y(Dy: )

1 ]
| o !
. HYA U CDy: ) (D, QK] (3.4)
! 0
i |
V v
[QZA4, K] - D, K| < " =Dy K]

In diagram 3.4 all the vertical maps are isomorphisms, & is the
boundary homomorphism, and é§ is induced from e;. The left-hand
square is commutative by naturality. The commutativity of the right-
hand square follows from the hexagonal lemma (4) I, 15.1 and the
isomorphisms

[£D,, K] = H(ED,,m) = H"(A U CDy, 4;7).

The cohomology suspension o is determined by 8-1¢f and hence also

by —t*-1s*. Now
s¥(koroQXl) =koroQXlos
—fot (from diagram 3.1)

-

I

Hence, from diagram 3.4,

8(f) = &f(k or o QXI).
The suspension o is determined modulo the image of d*. But d* =0
since e* is epimorphic in cohomology and hence [ = olkoroQXl).

ExAMPLE 3.5. Let A be defined by the 2-stage Postnikov system
K(Z,,7)~ A~ K(Z,2)
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where the k-invariant is ut € H3(Z,2;Z,), w being the fundamental class
m H¥Z,2;Z,). Then cocat A = 2 and weocat 4 = 1.

Proof. There is, up to homotopy, only one multiplication p on
K(Z,2) and
p¥ut) = 1 @ u2u? @ u?-+ut @ 1 (mod 4).

Hence the k-invariant is non-primitive and, by (3) Theorem 6, 4 is not
an H-space. Since A4 is a 2-stage Postnikov system, cocat 4 = 2.
Since Qk = 0, by Theorem 3.2 weocat 4 = 1 if and only if

alkoroQXl) = 0e H(Dy; Z,).
In order to calculate kor we need to know the cup product in
H*(QXK(Z,2);Z,).
The space X = K(Z,2) is homotopic to the infinite complex pro-

jective space and so its integer cohomology ring is Z|v] where v € H*(X).
Let e, € H,;(X) be dual to »*. Then the diagonal map

Ay H (X)) > H(X) @ H(X)

is given by A,( z e D ey

Since H,(X) is free by the Bott-Samelson theorem (2), H,(QXX)
is the free associative algebra generated by H.(X) with ¢, as unit.
Denote elements of H,(QEX) by (a]...la,) where a; ¢ H(X). Since
A QOYX > QXX XQYX is an H-map, it follows from the Eilenberg-
Zilber theorem that

Aylay ). ]ay) = (Agayl.|Agay)
where (a; ® by |ay @ by) = (aq [ a5) © (by | by).

Let {d,)|...|a,> € H¥(QXX) be dual to (a,]...|a,) where &; = v*. Hence,
by using A, and duality, we calculate the following cup product in
H*QXX).
oyt = (2w [v))?

= (o) 60 [v?) 4w [07) 400 o) +12¢w v |02+
+12v |97 | o> 120" [ |0+ 24w v [0 [ V).
Since H*(QEX) is free, H*¥(QXX;Z,) = H¥*QZX) ® Z, and
r¥y e H{QEX;Z,)
is the reduction mod 4 of (¥). So
Pk = r¥ut = D +2u? u) e H3(QEX;Z,),

where (uh|...Ju%) is the reduction mod 4 of (vh|...|v%).
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Hence (QEN*r*k* = 2 u? |u*> € H3(QXA;Z,) where we use the same
notation for the elements of the cohomology of A4 as those of X in
dimensions less than 9.

By Proposition 3.3,
[ = o2{u?|u?). (3.6)

Now consider the eohomology spectral sequence (mod 4) of the fibration
homotopie to D; - 4 —Q¥XA4. We have
Ept = HP(QXA; H (D, Z,))
and F,, is associated to a filtration of H*(4;Z,). For p < 8,
HP(QEA) =~ HP(QXX)

and is free. Hence for p << 8 by the universal coefficient theorem
Ept ~ Hr(Q¥A) & HYD,;Z,).

In this spectral sequence, all the elements are eventually killed off
except H*(A4;Z,) c E™°. So there exists x € £93 of order 4 such that

dy(2) = Culup.
dy(Culuy @ @) = Culu)?
= {u? | u?>-+2¢ where £ € B0,
So in E§0, 2{u? |u? = 0 (mod 4) and hence 2{u? |42 is in the kernel

of the cohomology suspension o. Therefore by (3.6) f = 0 ¢ H'(D,;Z,)
and weocat A = 1.

Then

4. The space of free loops

For any space A4, a free loop in A is a map A: [ -> A, which is not
required to preserve base points, but which satisfies A0 = Al. Denote
the space of free loops on 4 by Q*A4. The base point of Q*4 is the
constant loop at the base point of 4. There is a natural fibration

204 "s0%4 L 4,

where f(A) = A0 and g is the inclusion map. It follows from (12) that
Q*4 and QA have the homotopy type of countable CW-complexes if
A does.

PROPOSITION 4.1, If A 4s an H-space which is a countable CW-
complex then the fibration <7 has a retraction p: Q*¥A — QA such that
pog =1

Proof. By Lemma 6.4 of (11) there is a multiplication p on A4 such
that u(a, %) = p(x,a) = a for all a € 4. The proposition then follows
from (10) Theorem 2.7.
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T. Ganea has pointed out that the result also holds when weocat 4 < 1

and hence Example 3.5 shows that the existence of a retraction in &7 is
not a sufficient condition for 4 to be an H-space.

ProrositioN 4.2. If A is a countable CW-complex such that
weocat A << 1 then the fibration o/ has a retraction p: Q¥4 — QA such
that pog ~ 1.

Proof. Tnthe homotopy commutative diagram 4.3 there is by Proposi-
tion 4.1 a retraction p’ such that p’ og’ =~ 1. Now wecocat 4 <1 so

d, ~ 0, Qb, D,
|
Qd, Ed1
v g S y
QA LN 1 (4.3)
0N !
7| 1Qe 'Q*e e
7 v f v

Q284 ——>Q*QSA -~ - Q¥A

14

and it follows from the fibration sequence that Qe has a retraction =
such that 7 o Qe ~ 1 [see (8) Lemma 2.3].

Define p =70 p oQ¥e,
so that pog=~7op og oQe~r0e~1.

COROLLARY 4.4. Let A be the space defined in Bxample 3.5, then the
fibration <7 has a retraction p: Q*A —> QA such that pog =~ 1 but A is

not an H-space.
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