
Lecture II : FT Operations
- Parti
-

①

In the last lecture me

covered FT error
correction,

state preparation & measurement.

The last class of FT operators

we need to consider are

Ces .

It is not enough to protect

quantum information , if



we want to do FT ②

computation we also need

to process the encoded

information fault
- tolerantly .

The most elegant way
to

do this is using

transversalgatesle.tl
be a QECC

on a physical qubits .



Let Qi for it [in] ③

be a partition of
the

"" "
"}

physical qubits of
&

into m non- empty disjoint

subsets i.e.

[ n] = Q , UQ2V - - -
v Qm

we say that a gate U
is

transversal with respect
to this partition if

it can be decomposed as



U = ④ Hi where each ④
E- 1

unitary Ui acts only on

qubits in the subset Qi
.

Most commonly , we

consider the partition
Qi= { i }

.

This definition also extends

to gates acting on multiple

code blocks or codes
.



there for two copies of ⑤

a code K on n qubit ,

we often consider the

partition Qi = { in , is }

where A e B index the

two code blocks
.

Why do we like transversal

gates ? They timitth_spad
terror . ☐

→
É±±←"

"era

⇒É= '-55
↳

☐-
emus



E£: Hadamard in the Stone code

Recall the steam code ⑥
0

Qubits : vertices
11

stabilizer

IT generates : faces
•→
-1

.

ie for each

face f we have

stabilizes IT ×, and IT Zu
Vff VEF

where Xu denotes a Pauli ✗

acting or the qubit on vertex v.

Logical I \
-20
I / \

operators ✗ I

T.FI I'M
☒
-
o- • Zo
-
o- •



Claim : tT= 1-10×7 ⑦

ie logical Hadamard

is ( single -qubit) transversal

Root : ( Heisenberg picture )

First show that it preserves

stabilizer
.

If -1T ✗✓ )Ñ = IT HXVH
ref vtf

= 2-✓
←
Z stabilizer

similarly+ ✗ É> É
☐logical ✗



Proof: ( schriidiuge picture) ⑧

iii.H 107 = 1+7
1- I -3

10-7 = 107*+1 1 10 11 007

1- I 0 11 10107+1000 1 1 11 7

1- I 10 I 01107 + I 1 I 000 I 1)

+ I 0 110 101 ) + I 101 I 001)

IF I E) = 1+707+1 -- + -- ++7

+ I - ++ + - t - > + - - .

This is It> = I s It >
☒+

stsz

Similar argument shows Ñ / D= F)
☐



Example2 ⑨

Claim : For any
CSS code

CNOT is transversal for 2

copies of the code
.

Proof : Let A C B index

the two copies .

Denote the stabilizer as

5 = Sxu Sz← 2- type

2 operators
✗ type
operators



④[[n,kid ]] code

CITE Groton

CNOT :X I → ✗✗

I 2- → 2-2-

:F#É¥
First compute action

on

stabilises
in joint
stabilizerFor St Sx f

5A ☒ IB ÉI 5A ☒ 513

It ☒ SB IA ☒ SB



For St Sz ①

SA ☒ IB 5A ☒ IB

It ☒ 5
" É 5A ☒ SB

Now let Ij be the logical

✗ for the g-
' th logical qubit

for j c- [ K]

If ☒ IB → If ☒ I?

I
"

☒ ¥ → I
"

☒ ¥

This is the correct action of

CNOT



①
Similarly
If ☒ IB → É; ☒ IB

It ☒ If → If ☒ É? ☐

Does this mean we solved

the problem of constructing

fault tolerant gates
?

No !

Thy [ Eastin
a Knill 2009 ]

No QECC that can correct

a single erasure can have



a transversal and universal①

set of gates .

Not enough time to prove this

here
. ( see their original paper )

Recall : universal set of

gates an approximate any

witaygalµ
What does this man ?

Thin [ Soloway h-itae.ir]

ÑG be a finite subset of

SUCH containing its own inverses



Such that (G) is dense in Suldl .

For any
E>0 there exists ④

a constant c such that for

any UE Sued ) there is a

sequence 5 of gates
in G

of length O( log
'

( Ita ) ) such

that 115 - UIIEE
.

115 - U11 = sup 11 (u- 5) It >HE {

It >

AEB is dense in B if the

union of A and all its limit

points is B



Informally every point in ④

B is either in A ar
'

arbitrarily

close
'

to a point in A .

Exanplesofwiuesalgaleset.IO
Arbitrary single qubit

rotations and CNOT

Not much use to us as

Eastin - Knill also rules out

a code with transversal

arbitrary single qubit rotations



①
② Clifford +T Very
- important

M FT
!

Recap : Clifford

gates map Pauli gates
to

Pauli gates under conjugation

ie g c- Clifford

iff for all Pauli gates P

gpg
"
= Q where Q is also

a Parti gente



①
Single qubit Clifford

group can be generated
by H a 5=1 ! ! )

Multi qubit Clifford group

generated by H
,
5
,
CNOT

It's clear that He

cant we Clifford , but

what about S ?

5×5=(1.911%1119)--1
= y



52-5
+
= sstz =z ⑧

Syst -- (E) I ✗ I:)

=L ,

- ' f-✗

Non-chiffodgatestgate-rs-T-ffoe.it/4)
Gale set {H ,T, coot} universal



It is often easy
to implement ④

fault-tolerant Clifford gates

in QECCS

e.g) . Stone code has Hw !

1
transversal H

,
CNOT e s

But codes with transversal

non- Clifford gates ( e.g .

T )

are much rarer !

This will be the subject

of the next lecture .



④Postscript

Cliffords + any non
- Clifford

gate is universal

[ Nebe , Rains , Sloane ]

Another useful universal

gate set

ccz a Hadamard

CCZ Control control Z

CC2-1II 1) = - 11117

All other comp . basis states invariant


