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Figure 98. OBSERVATIONAL PLANS Simpsons Paradox

1. Badkground Review — Lurk ing Variates, Gonfounding and Compari SONErTr or [optionalreating

As badgrourd to ansveling Questbn(§ abaut an X-¥ rdlationshipbetween X-¥ Relaionshp? (existenceasodation, causgion)
a focal vaiatex and a eponsevariate, Z,, Z,, ......Zin the €hama d the iight - A ~
are alledlurk ing variates, a phrase ha mears lurking explanabry variates in @\
that eachZ acourts, d leastin part,for chargesfrom dement to éement n the @/R
value of he eponsevariate The mportanceof lurking vanates is ha if the ds- E =®
tributons of ther valuesdiffer beween groups of dements[like Guopopua- @\Wse
tionsor sanpled with different valiesof the bcal variate an Ansver alboutthe @’/‘; iate

X-¥ relationshipmay differ from the tue gate d affairs wnlessthe dfferences M
in the valiesof the elevantzZs ae taken into @oourt.

The samestdisticalissueraised by lurking variates is nvdved with different rminology, in conbunding; the dfference

is tha the kehaiour o lurking variates (the entity repongble) is why confourding (the gatisticalissug ocaurs.
An explanaory variateregpongble for confourding is called aconbunder or conbunding variate thesetwo terns ae yno-
nyms for a Lrking varatewhosedistibution of values(over a goup d element3 differs for dff erent valiesof the bcal variate
The following cefinitionssummarize the bregping dsausgon:
* Lurk ing variate a non<ocal eplanaory varatewhosediffering dstributons of values(over goups of dement3 for dffer
ent valiesof the bcal vaiate if taken into @oourt, would meangfully charge an Answer aboutan X-¥ rdationship
* Confounding: differing dstribuons of valuesof ore or nmore nonfocal explanaory variatgy among two ©r more) goups
of dementsllike Gb)popuationsor sanrpled with different valiesof the beal variate

- Confounder (conbunding variate: a ron<ocal explanaory vaiiateinvolved in confourding.

‘Confourding and confourdet havethe mrvenenceof beingoneword temindogy rather than the ralti-word phrases in-

volving furking varates' which convey the samedeas

* Compari sonerror: for an ArsweraboutanX-¥ rdationshipthat is kasedon @mparing atributes of groups of dements vith
different valiesof the bcal variate comparism error is the diferencefrom theintended (or trug state d affairs aisingfrom:

- differing dstribuions of lurking variate valuesbeween (r anong) the goups of dements OR - confourding.

The dtemae wordng of the Bg phrase acomnodates the euivalent ernminologes of lurking varates and @nfourding;

in a @ricular conkext, we wse he \ersimn of the ddinition agropriateto tha context

@ ‘lurking vaiates' can nore readly accomnodatephenomenaike Smpsa's Paracbx dsaussé in this FHgure 98;

e ‘confourding is nore omnon in he oniext of compaative Hars, & in Sedion 7which sars on @ge912 d Figure
9.2 of theseCaurse Materals, but the variety of usage of‘confourding can ke asaurce of dfficulty (seethe following
Figure 99 m pages 965 b 968.

Compaism eror in experimentaland dsevationalPlars is dsaussd in Sedion B on pages 926 to 928 in Fgure 92.

The chama d the fight (from, for insance page9.6 of Fgure 92) reminds us of svad mattes.

o Daa-basedinvesigatirg is concerred hitially Nor respondent mplation)
with four graups of wnits — he target Target Reponden
popuation, the study popuation, the popuation popuanon popUatm —————— MODEL
respadentpopuation and the sample i
o Asmdatedwith each of these grops | { /
are pneor nore) attributesif interest Cdgpggsm (trSLgr\gljes (meii‘ggvam
o Answel9 to Questongy are wsudly j L

givenin terns of atributes, dten hdr values.
o Ou sx categries d error, of whichfive are cefired
in terms of dtributes — nodel aror is the eception. Study Non—respmse Sampk Memuament Modd
- In the £hema, the burarowsarising from conmparism eror eror eror
error point to boxes represening groups of dements o units @ popuation a a sanple) rather than as br the aher five eror
caegories,to lines pining boxes; the mmparism eror arow & the ight is to be dken & pointing to bath sanple dlipses.
+ Multiple conpaisan eror arowsare a onegiene of its diferent manfesationsin diff erent Quesibn mniexs.

nswef§_to Leston|

In eaflier disaus$on (eg., in Sedion 2 on pge9.6 in Figure 92), the onxt for conparisa error due %
to lurking varatgg/confourding is cmpardive invesigatirg of a treament effed; the elevantcausal ® Z>¥
studure eg., from nea the midde o page910 d Figure 92), is case §), shown & the yper right, with
focal variate X, respane variate ¥ and Urking variate/confourderZ. In this Hgure 98, as simmarized n Xl\
the grucure @), at the bwerright, we kroacen the diausgon in two ways: A), Xz/

e we havetwo (r thre@ ‘focal variates jna necessaiily al of equd inteest h the Questbn @niexi;
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e we ae unconcenedwith cawsaton as he ea®n or the X,-¥ andZ-¥ asgdations becaus the naure d the baal vari-
ates is s1ch tha we camot sd thdr levds and this predudes usg such focal variatdy to manpuate the valie of¥;
- this is why the bwerstudure d the iight overkeaf o page9.57 haslines athe than arows beween the vaiatesynbds.

The phenomenn known & Smpsan's Paracbx can aise h a @nmpaative invesigaton whee the dtributes ae proportons
—tha is, the epponsevariate¥ is quditative [disaete (caegorical) in nature, the damaic name(Paracx) is a efledion of
how the dfed of lurking varatg can revese the dgn of a elatonship The d#a in tweny of the first tventy-one Tdes
981 to 9821 usedin disausson of Impsm’s Faradbx in this Fgure 98 ae hypothdical The dsaus$onis in $x sedions:
2. lllusrationsof Smpsan's Paradox. 5. Reasnsfor Sinpsors Paradox — popuation subgraups and weighted aeraes.
3. ‘Sinpsorks ParadbX with a quantitative regponsevariate 6. Reagnsfor Simpsors Paradbx — probability distributions.
4. Reasnsfor Sinpsors Paradbx — properiesof proportons. 7. A Plan br an investgaton b answverthe Questbn of £x dsaimingtion.

The dsaus$on is framedin terms d pgpulations becau thee ae ro inherent sanpling isswes n Smpsat's Paracbx; when

the goups beingconparedaresamplsg theke is he aldtionalstdisticalissueof manaing sanple ator.

2. lllustrations of Smpsons Paradox.

The datain Tade 981 kelow comefrom the dsaus$on of Smpsa's Paradox in Programl1l d Agang All Odds Indde
Stdistics; the onextis posdble sx dsaimingion in gaduae adnissons. Overdl, the amisson rate [or propattion (@n
attribut)] is lower for women(50% vs 55% for men — ge tle bottom ine of the TBle) but, when the da ae sibdivided ty
school (Law and Busdnesy, the £mde admisson rate is higher (by 5 percentage intg for eat school. The (binary) reponse
variateis shool admisson (Yes,No) and the lirking variateis women-tomen atio anong aplicants its dfed is becau:

* the o chools hadappre- Table 981  ........WVOMEN...oooccccc. | v = NI 2
ciably differert admisson Number of ADMISSIONS | Number of ADMISSIONS .
rates: 8) and B% for Law SCHOOL Applicants  Number % Applicants  Nurber % DEE— I
20 and B% br Busness Law 120 96 80 240 BO 75 I oBon
% halfas nary women & men Busness 20 24 20 120 8 15 >
S 120 Busness
(120 vs.240 appled to Law Both 240 Lo 50 360 B8 55 .

T T
Women Men

but equal numbers of women and mefi20) appledto Busness
The dagramto the ight of Tade 981 hows s dda in graphical formy Smpsan's Paradbx is the pasitive slgpe d the mdde
dasedline for the datafor bath schools charging to anegaive slgpe n the ypper and lowerlines or the <hoolsindividually.
In this illustration, the vaiates in the bwerstrudure @), at the bwerright overkeaf ; page9.57 are:

X, is an gpplicant s=x (fermale, nake), %, is the £hool gpplied to (Law, Busness,

[In Tades9.8.5and 98.6 o the fadng page9. 5, X, is the kve of study (Magers, Dodoral],

Z is the (lurking variate women-tomen mtio anong gplicants(disausse furtherin Sedions3 and 5 ; pages 959 and 960,

¥ is the eponseto an apicant(@dnitted not admitted. [On page9.3, ¥ is time br degee ompleion (minimum longe)]
Unlike investigatirg a reament dfed when hee is nore than me bcal vaiate(eg, wsinga fadorial tregment stucturg, the

focal vaiateof primary inteest h this Queston context is X;, an gplicant sx.
%

100

The limitation imposed by Table 98.2 ......... WOMEN.cocovvvvs | v (= N -
H : 1 o aw
lurking variates an an Answer Number of ADMISSIONS | Numberof ADMISSIONS 168 L
to a Questdn alputanX-¥ re- SCHOOL | Appicants Number % | Applicants Number % wod o e
lationshipis illustated urther Law 120 9% 80| 168 26 75 {10 _
by the déa in Tades 9.8.2 to Busness 20 24 20| 10 B 5 T e
984: s the dagans to he Both 240 20 50 288 na 50 omen e
right of the Bldes emphasze, oy
it is dsopossble to have Table 98.3: ......... WOMEN.....cccoe | v EN............... . sioLan
e Number of  ADMISSIONS Numbe of  ADMISSIONS 1
* tl;lte S?-Oma)vadl admg,son SCHOOL Applicants  Number % Applicants ~ Nurrber % 50 07____,.,--—-7050"1
rae for women and men T
. Law 120 96 80 240 »2 80
_butt r?lhlg,r\}erra:]e f?r _ngr_n_en BuSNEsS 20 24 20 120 4 20 110 120 Busness
n he Wo snaois indwi- Both 240 20 50| 360 26 60 S — or

dudly (Tatde 98.2);
% alower ovaal admisson rate for women lut the samerate for women and memithe two shoolsindividually (Tade 28.3);
% ahigherrae averd andin the two shoolsindividually for women(Talle 98.4.

The dfed of lurking vari- Table 98.4: .......... WOMEN....cooovs | v, EN...............

ates on an X-¥ rdationshipat Nurber of  ADMISSIONS | Nunmber of  ADMISSIONS

L SCHOOL Applicants  Nurber % Applicants  Number %

a seondlevel of subdivisionis - 20 % 80 = o0
illustréed n Tades 9.8.5 and av

Busness 20 24 20 120 B 15

98.6 at he pper right of the
facing page9.m; acontext for

Both 240 o 50 240 D8 45
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Figure 98. OBSERWAT IONAL PLANS: Simpsons Paradox (cortinued 1)

thesedda is the proportion of graclae gudents who anpletetheir degee n the mhimumtime In Talde 985 the popor-
tion or women & lower overal, higherwhen sibdivided ty subjed area(Law or Busnes9 but againlower when sibed areais
stbdvidedby leve (Maders or Dodora). Smilar effeds ae ®en in Tale 98.6, except the poportions for women feome
equal when sibdivided ty subjed areaandhigherwhen urthersibdvidedby leve.

#9.50

Probabilisticall, subdividing Table 98.5: ........... WOMEN.....ccooe | v, EN............... %
is condtioning so ha Tades Number of COMPLETIONS | Nurber of COMPLETIONS 100
981 to 986. in i||UStI’EﬁI’]g SCHOOL Students Nuimber % Students Nuber % N R
i X Sh h Law: Magers &0 51 85 60 54 90 ]
ISerg)rB Paracbx, shav the Dodoral| 60 33 55| 300 BO 60 RO
imitation on @ Ansverwhich i I it Ry S S o R ot
involves @mparing condtional Bus: I"D"gégzl g.(; 22 ig 138 218 ;’g R
probabilties br a egponseva- oo s
riate with differert condition- Eﬁ’s‘i’nss 1;8 gg ;8 ?igg 23%4 gg peremmrem
ings tha is, mmparing prob- ol
abities br ¥ gi\/en Xl and Xz Both 240 0 50 480 264 55 Women Men
with ¥ givenorly X, (in Tades Table 98.6 WOMEN o
981 to 984 or fOf V3 given aple 00 L WWOMEN.L ] BN %
. . Number of COMPLETIONS | Numbe of COMPLETIONS 100
X1, X, andX; _W|th ¥ given )_(1 SCHOOL Swdents  Nimber % Students  Nimber % b,
and X, or ¥ givenonly %, (in Law- Maders © ” % 240 >% 85 | oo 21000
Talles 98.5 and 9.6 — e Dodoral| 60 42 70 80 52 65 B SN
Sedion 6 aerkaf o page9.60. Bus. Maders 0 B 30 120 2 o5 ol o7
Four aher ilustrdions of Dodoral 60 6 10 40 2 5
; o~ N
Simpsors Paracbx ae gven in Law 120 96 80 | 320 256 80 1 80— 0 pusness
Note 2 o pages 961 and 962 Busness 20 24 20| 160 2 20 S .
and hree nore ilustraive aldes Both 240 20 50 | 480 288 60 O onen o

(ike Tade 98.9 overkaf m page
9,60 are dsaussé on mges 962 and 963 n the Apendk of this Figure 98.

3. ‘Simpsors Paradox with a Quantitative Regponse Variate

Sinpors Paradox is wisudly presentedin the @niext of comparing propartions but tre same fhenomepn @n aaur with
acontinuaus reponsevariate As illustraed ty the dda in Tade 987 and the daglam to its ight, whose onextis gadiae
studesadmnisson aveages the arerae islower ovaal for women than me(84%vs 86%

but, when the da ae sibdivided by bje 987 womEN . A

; } able 987 .....WOMEN....... | ........MEN...........
sdhool, bah a/erzgesarehlgherfO(WO Nurber of Apglicants | Numbe of Applicants 907 S0e— e Law
men The ES’mesevarlat(_? hee_ IS a SCHOOL | Applicants Average©@) | Applicants Average @4 . _...--oBoh
appicank averaye, the atributeis the Law 50 % 150 a8 e v
awerag of theseaveages(eg, 0 and Busness 50 82 50 80 wy, T —esosues
88 for Law 82 and & for Busnesy Both 200 84 200 86 Vo or

and theurking variateis women-tomen
ratio anong aplicants(1:3 for Law 3:1 for Busness. With 11 ratios, thele is no‘paracbx.

The illustrgion inTakde 987 sowns tha Smpsa's Paradx is not sdely a phenomenn which may arise when omparing
propations Its aigin lies in the relative ‘natura’ group szes aising from the pocess ¢ subdividing (©r its inverse of com-
bining) usel to manaye oMpaism atror in dosevationalPlars. Sich a Lirking variate (caled the women-tomen atio in the
disaus$on of Tabe 981 i page9.3 and Takde 987 dove is differert in nature b Z in the wpper @usaktrudure d case §) at
the lowerright of page9.57, whichwe tink of as keingalle to cawsean dement to chage te vale of ts rponsevariate
Thus, we now remgnizetwo ways a targe in alirking variatecan afed atributevaug:

e by cawsirg elementsegpomsevariate(@nd hence ther attributg valuesto chage, AND:
e by distotting atributecalkulation when sibdividing is uisedto manaye @mparism eror in an dosevational Plan

4. Reasors for Simpsons Paradox — properties d proportions

Quantties (ike varate and dribute value which are sirgle numbers ae rdatively straght-
forward to conpae: 4 is geder than 2 § geder than -6, dthouch the htterhasa larger magni-
tudethan the first two Howerer when agiantities (ike proportions or factions and the oordin-
ates of points an a aterdiagan) invdve two numbers, @npaiisms my raise onplications. For
exanple, n the dagam a the ight, pdnts A and C with differert coordnakes ae the samedis-
tancefrom the aigin and wint B is clogr to the aigin than A and C dgiite its mordinates keing
larger than ae d thase ¢ A and C. The gurprising) resilt for fractions ©r proportions), exhbited
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as $npsai's Paradbx, is thet for dght (pasitive) integesa, b, ..., h, it is possble to have(asin Tade 981 an page9. B):

asc es9g : . a+e_C+0. 325 90 2,9 44 o 99
b>d and f>h but & the sameimeto have: brT <d+h’ eg. 35> 10 and 56> 80 but 100 < 180"

This property dso applesto mae than two irs of fractions @s h Takde 9815 on prge9.6) and br aher mnbinatonsof
inecudity and egqudity (@s h Tades9.8.2 98.3 98.5 and 98.6 o page9.3 and orerkaf o page9.509)

When the faction 3% is instead?, we e athe fight thet thee is no‘paracx 325380 4nd 2259 ang 44 s 39
(asin Tade 98.4, reminding s tha it is the goup stzes(in the deminaors) 40" 40 60"~ 60 100 ~ 100

unde subdividing tha may engaye he poperty of proportions which geerates the paracoX — recll Section 3 on @ge9. 3.

5. Reasors for Simpson's Paradox — population subgroups and weighted averages

The dstated @lcuation of he valiesof (population) atributes (ke pro- Table 98.8: Weighed perceriage  Weights
portions end aeraey, which geerate the paradXillustréed n Sedions2 Table 981 12x80+ @x20=50 1 1
and 3is an nsenceof weghtal conbinatonsof the orregponding atributes 20,75+ Wyq5=55 2 1
of popuation stbgoups. As hown in Talde 98.8 & the ight, the dtribute 360 360 33
valuesin the hs line of each of Talles 9.81to 984 ae weighted ©mbina: Tatle 982: 10x80+20x20=50 1 1
tionsof the dtributes in the two tlde lines @ove them; whéa produce the 18,754+ Wyi5=59 7 5
chamgesin atribute \aluesrelative to each dieris a targe inweghss. Each 288 288 jrY,
weight is deteminedby the (aurd) sizeof a popuation sibgraup; this sze Tabe 983 Dxgo+Dxop=50 1L 1
is the lurking variatewhosechame is epaonsble for the charge in (the sgn iingO . i;‘g’xzo_ 60 ; f
of) the X%-¥ rdationship The same ideapglies i eah of the two levels o 360 3607 - 33
SLbdvi_sicn in TaHesQ.S._Sand 9.6 and to the ee‘ragesin Tade 987 When Tatle 98.4: 120xg80+ 2x20=50 } %
the weights ae equal (@sin Talde 98.9, theke is no‘paracbx. .75+ Wyi5=a5 1}

6. Reasors for Smpsons Paradox — probability distribu tions

Taldle 981 an page 9.8 provides déa from which the probability fundion of a dsaete trivariate distibuion can ke
estmated. To dbtain this nodel, we first extend Talde 981 & in Tade 98.9 bdow to indude three &tra cdumns br ‘Both

sees We then dénefive eves Table 98.9: .......WOMEN.....ccco. | eovvrrrr... BN || oo BOH SEXES.......
and ug esimates for ten proba- Number of ADMISSIONS | Numbe of ADMISSIONS || Numbe of ADMISSIONS
bilities —the erical line mears SCHOOL Applicants Number % Applicants Number % Applicants Number %
‘giventhatin the éght condtion- Law 120 96 80 240 BO 75 360 26 766
al probabilties andh derotesan Busness PO 24 20 120 18 15 240 42 175
intersecton of events Both schaols| 240 20 50 360 B8 55 600 38 53
e N rar Event A Appicantis admited (¥ =yes the @mplementA is ¥ =ng

mot;rdh(iasogfl]rc?vg“i/r?r'll'g:jz Event E Agg!cantis femde (Xlzfeymae) rFr>rp(F) =04 Pr(AIF% =05 PR(A|FnL) =08
9810 4 the iight below; Event M: Apd!cantls malke (%, =mak) R(M)=06 PR(A[M)=055 Pr(A|FnB)=02

. o o Event L Applicantapplesto Law (X,=Law) Pr(AlL) =076 Pr(A|[MnL)=075
summing its robabilities Event B Applicantapplesto Busness (X, = Busnes3 R(AIB) =015 Pr(AMnB)=015
for onevariate we dtain the
three(margina) bivariatemodéds Table 9810: Trivariate model for ¥, X, and X, Table 9811
in Tades9.811© 9813 The snaler | ..... Foo... oML Bivariate model for ¥ and X,
bold amatationsin Tales9.810 b 2812 L B L B F M
shav how epht of the nhe percentages Al /016 ,004| ,03 ,003| 053 Al /02 /03|03
in Tade 98.9 aise for exanple, he A 08004 02016 | @01 015017 | 047 A|050.2 0350.7 | 047
80% of women a@mited b Law s %5. 0.2 0.2 04 ‘0.2 04 ‘06

We e that Tadle 981 i page9.3 invdvesparts of the Table 9812 Table 98.13

two multivariate distibutons in Tades9.810 and 9811; it is Bivariate model for ¥ and X, ~ Bivariate model for X, and X,
therefore unsurprising if comparisans anong theseparts, aken L B L B
in isolation, yield seeming ‘paracbxes 1t can e onfusingthat Al 046 007 | 0.3 F{ 02 02|04
Tale 981 and those Ike it do rot how explcitly percentges A |°7°014 015 0.3 | 047 M| 04 02] 06
involving conplemets|like gpicantsnotadmitted (event A). 06 04 06 04

7. APlan for an I nvestigation to Answer the Quedion o Sex Discrimination
Compaing proportions of women and mendanited anong gplicantsto graduae tudies &s n the onextof Tade 981 m
page 959) is notan alequae Hanto arswerthe Queston of psdble £x dsaiminaion, for wo reasns:
e ther is he sdility of Smpsan's Paracbx and ro dear way © defire the bve of subdivisionat whichto make cmpaisons
e applcantsqudificaionsare not taken into @oourt.

Both mattes ae aldresedby a Ranwhich invdves tking pars of agplicants, me £mde and me nale, with the samequdi-
ficationsfor adnisson and hen ompaing the poportons of women and men whore almitted a&ross a nmbe of such
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Figure 98. OBSERWAT IONAL PLANS: Simpsons Paradox (cortinued 2)

pars tha is adegude, in the nvestigaton mniext, to manaye d relevantcaegoriesof error.
* Forconpaism eror, pairing manaesthe group s$zes(@ndhence the weights in the dtributecalcdation$ in a way tha pre-
cludes $mpsm’s Paracbx; matcing manaesequdity of qudificationsfor the groups of women and mending conrpared
However, as vith any obsevational Plan (that gahers catafrom a ppuation in ts natual stae), thee is dill the limitation on
Answels imposel by mnmpaism error due b ather (Inrecgynized lurking \ariates.
* When nvesigatirg the nuch-disausse issie of mmparable worth (whether women Data or indviduals
are paid the same @nen br the same wak), relevantexgandory varates to nman-
ageindude qudifications experienceand hairs worked per nonth or per yea.
Attribute br smdl slbgroups

The shema a the iight is a pctorial reminderof the Lirking variate of group (popuation

i

or sanple) szes when desloping an dsevationalPlan to aswera Quesibn with a cau L
saive agpect, which (uwudly) invdves omparing dtributevalues(catuated or dtained wehtied | Attribute br meiumstbgroups

conbinaton

from a <dterdiagam in the Analysis stage of he FDEAC cyde) for broad sibpopua-

tions(like women and mén By contrast, when asweing a Questbn with a desaiptive

{

apect €g., a Questdn amutbath seey, differing atributevaluesat dfferent bvés of Attribute brlarge stgroups
stbdvision are more olbsious and g lurking variatg9 are wsudly lesstroubkesome
Thesemadters ae ilustraeq, usinginformation frpm Tade 985 Attribute bY population
(near the tg of page9.5), in Tade 9814 at the iight below
) ) o '[Slbl? 9%1%:85 -, Women Men Both sexes
NOTES: 1 Smpsojs Paradox is so sirprising, paricularly Group Group | Group || Group
when first enourtered tha it is eay to lose Y 1 1 .

sight of key statstical issus.

. Smdler  Law: Maders 0 & 60 9D 20 88

® The proportions are corredy calcuated — stbgroups Docoral| 60 55| 300 60| 360 59
Sinpors Paracbx is not the resut of mis- Bus: Magers @0 45 20 50 & 46
takesin arithmdic. Docord 60 15 100 20| 160 18

1 ; : i Larger Law 20 D 360 65 480 66

® Sinpors Paradox is not confined to dtri stbgroups Busness 20 30| 120 = 240 27

butes tha are proportions @s dsaussd in
Sedion 3 on pge9.5o).
® Simpsors Paradox ocaurs when sibdividing (Or combining) data for ate@ries and oly in sone circungances
Lesonsfor daa-basedinvesigatirg are;
* recgnize ad manae he gurprising) property of proportions dsausse in Sedion 4 on jages 959 and 960;
* mange elevaninon-focal explandory vaiiates — tis ircludes the psdility of somdimes keingalde to identfy
an gpropriatelevel of subdivisionat whichto make cmmparisms és h Talde 92.6 an page915 d Figure 92).

There is hen o ‘paradoX for aclear Queston invesigaied with a adequae Han, suggestig tha the name &p-
san's Paradoxcan le misleading;

Pagpuation 240 50 4

[e]

0 55| 720 3

. . S WOMEN.......cco. | ovrerirris EN...........
2. Fourmoreillustraionsof Smpsals Paracbx are:  Table 9815 - G o ADMISSIONS | Nimba of - ADMISSIONS
Table 9815 The onixtis the same s1 PROGRAM Applicants  Number % Applicants  Number %
that of Tale 981 an page9.5B hut there 'I;roclg‘gez'ow ng ?79 2; ggg 3; gg
are now six prograns (A, .., F) ingead Chemty 593 a9 37 305 4 35
of two scheols (Law, Busness. Drama ¥ B 35| 47 18 33
Like Tade 981, hee is alower percen English 393 06 27 19 48 25
tage of women amited aerd but ahigh- French i z 8 373 22 6
er percentge br ead of the & prograrrs. Al 1,825 B9 32| 264 1187 44
Table 9816: Basédl batting averages— Table 9816: ...... BATTER #1..... | ..... B\TTER #2......
the matterwith the lower avaage br the whde Time Reriod | Hits Atbats Average | Hits Atbats Average
seasn has ahigheravaage in oth half seasns. Firgt half 5 0O 24 | 25 BO 1@
Realling Sedion 7and Notel above, it is o Seondhaf | 15 S0 300 | 80 280 .286
interest to deelop a Ranto arswerthe Queston Whole asn| D 120 250 | 105 40  .256
of whichbaterto take if only one @n ke dosen. Table 9817 ......SMOKERS.... NON-SMOKERS
Table 9817 Death rates (per 1,000 |\/€S) in two LOCATION | Deaths Polices Rate | Deatts Policies Rate
: : Nadwille 6 900 6.67| 7 1100 6.36
{%:]]lors d;f the US Icr;r sdnd<ersi;an d ron-smders. Los Angebs 5 100 455| 3 700 4.29
esedda vere gitfered ly a ffe insuanceconpany Either 1 2000 550| 10 1800 556

which was ssung whde life policiescauntywide a1 a ron-
medicalissuebasis; in 1986, 3800 pdcieswer issied b males ged40-45 The ompanys fileswere kept in two locations
— Nadwille for policiesissuel eag of the Mssisgppi and Los Angeks br policiesissuel west & the Mssisipp. Nasville
issuel 2,000 pdiciesand pocessedl3 ceahs, Los Angeks ssied 1800 pdiciesand pocessedB deahs]

REFERENCE: Dalins, JG.: Actuaies ..becaeful The Actuary, March,1989 pagell.

(continued weled )
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NOTES: 2. Table 9818: Effed of jury challerges Table 9818: ..NO CHALLENGE... | ....... CHALLENGE......
(cant) on @nviction m@&tes in tials in the UK. DEFENDENT | Numbe CONVICTIONS | Numbe  CONVICTIONS
. . STATUS of Trials  Number % | of Trials  Number %
[In early 1987 an aticle by Berrard Levin in The ,
. ; ) - Guilty 20 (3] 80| 70 L 60
Times raised the questdn of whether jury challerges nn
. . -~ L ocent D 0 0 0 0 0
assst thosewho are guilty in avoiding @rnviction. -
Either D 16 53 70 2 60

Mr. Levin conduded ths wasnotthe case on the
basisof datashaving a orviction rateof 53% in trials with no dallerges lower than the orviction rateof 60% in trials with
challeges. However, this ansver doesnot necssarily follow from theseconviction rates; inthe hypathdical daa in Tade 9818
(atthe right above), the orviction ratefor guity deendentss subgantially higherin trials with no challerges. Unfortunagly,
this courterargument s pecuative kecaug the number d defendentsacually guilty and innoent, and the ates of challerge
and @ corviction in toth these graps, ae rot readly accesile. Nevethdess, an #icle in a major newspapr which uses
flavedreasming from datato arswera Questbn on a sbgantive issueis a griousméter

REFERENCE: Hill, I.D.: Rebuting the melia. The Royd Statistical Sodety NEWS & NOTES 16(#1), September; 1989 page4.

There is dsaus$on and firtherillustréionsof Smpsan's Faracox in Wagrer, C.H.: Smpsan's Paradox in Real Life.
Amei can Stdistidan 36 (4, Felruary): 46-48 (1982).

Refkriing to the déa in Tadle 9817ovaleaf 4 the bwerright of page9.61 suggest dausble explanaion for the lower dedh
rates for both smdkers and ron-smdkers whose fleswere kept in Los Angeks, onparedwith thosekept in Nawille.

Rekriing to the nattes raisedby the nunbers in Tade 9818 at the iight above, autine how you would try to redwce the
unertanties whichare preent and s dbtain an Answverwith fewer imitationsaboutthe dfed(s) d jury challergeson on-
viction rates for the guilty in the UK.

o What dfed(s) d jury challemeson the @nviction of innoent ddendentss indicaed ty the numbers in Tade 9818?
Explain briefly.

8. Appendix; Simpsors Paradox and Interaction

Forexiendng the dsaisson of Smpsan's Paracbx o the first & sides(pages9.57 to 962) of this Fgure 98, for cnvenence
in this Appendk (induding lakelling the three dagrans to he light of Tadles 9.819 b 98.21 below and m the fadng page
9.63 we e he rotaion cefined rea the midde o page9.3B:
X, is an gppicank s=x (fermale, make), X, is the £hool goplied to (Law, Budnesy, X is the bvé of study [Magers, Doctoral,
¥ is the epanseto an gplicant(@dnitted not admited or time for degee ©mpleion (minimum longe),
¥ [the average of ()] is the percentaye of agplicants @mited or wio completetheir degee n the mhimumtime.

The dagrans ilustrding Smpsan's Paracbx to the ight of Talles9.81 to 98.6 on page 958 and 959 are remniscent o
a dagramshaving interation (eg, in Note 28 a page9.21in Figure 92); however thee ae differences:
o the Smpsan's Raracbx dagrans havean aldtional(dashel) line for the overdl %,-¥ relationship _
o the instaincesof Impsats Paracbx in Tades 9.81to 98.6 have only paallel (sdid) lines br the X,-¥ reationshis for
different valiesof X, — tha is, hee is nointerection of X, andX, in thar effeds m ¥
This restiction is remowved in @nothe) rewaking of Tade 981 and its dagam n Tade 9819 bdow, whee thee is inter
adion of X, andX, in ther effeds m ¥ becausethe two lid lines n the dagiam to the ight of the Blde ae not pardlel.

Table 9819  ......WOMEN.......c.c.. | coverrrnnan. BN...ooooovenn || BOH SEXES...... %Y
Number of ADMISSIONS Nunmbe of ADMISSIONS Nunmbe of ADMISSIONS 100
SCHOOL Applicants Number % Applicants Number % Applicants Number % .
o

Law 120 96 80 480 360 75 600 & ® | L

Busness 20 36 30 120 2 10 240 48 20 s

Both <chaols | 240 B2 55 600 372 62 m\
. . . . 5 . . . 120 Busness

Thus, nteraton may be nvdved n Smpsan's Paracbx kut is ot requiredfor it to ocaur. 0 — X%,

Eatlier disaus$on at the (pper kft of page9.5 and an page9.60 in Sedion 6 and in this Appendk, reminds us ha Smp-
sa's Paracbx and interation both involve estmated valuesof condtional probabiities br, BUT:
o Sinpsors Paradox invdves ompaing theseprobabiities ondtioned on tvo ©r threg of the Xs with probabiities ondi
tioned on cefewer (ore or o) Xs; WHEREAS:
o interection is alsent o preent deending an the valiesof probabilities with the sameconditioning on he Xs — hese
valuesdeternine whetter the crregponding ines ae a are rot parallel.

NOTES: 3. lllustrdion of Smpsan's Paracbx from comparing acoss Talles9.81 to 98.6 @an avershalon comparisonsdown
sut tabes For exanple, h Tabe 981 feworked as Blde 98.9 a page9.60), the $x bold pecentgesfor X,
80 and 0, B and B, B.6and T.5 addressa Questbn differert from posdble £x dsaimination:
(continued)
2006-06-20
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Figure 98. OBSERWAT IONAL PLANS: Simpsons Paradox (cortinued 3

NOTES: 3.
cant)

4,

2006-06-20

® Howdo the admis#on sandards of he Law and Busness shmls conpare?
The (hypotheica) deata in Tade 98.9 a page9.60 @nd Bdes9.819 b 98.21 on the fadng page9.62 and ke-
low on this pag¢ indicae an gppredally higheradmisson standad for Busness han br Law unlessthe ailities
of the two pplicantpods ae renarkally different

A seondreworking d Tabde 981 and its dagam & gven belowin Tabde 98.20; as in Tade 9819 thee is inter
adion of X, andX, in ther effeds o but, for both schools corrbined, thee is no se differencein proportions,
due b cancdiation of dfeds in oppaite diredionsfor the shoolsindividually.

Table 98.20: ........WOMEN........c.. | verrrrnne. BN .o || e, BOH SEXES......

Number of ADMISSIONS Numbe of ADMISSIONS Numbe of ADMISSIONS

SCHOOL Applicants Number % Applicants Nurber % Applicants Number %

Law 120 96 80 180 153 85 300 249 83

Busness 20 24 20 180 27 15 300 3 17
Both schools 240 20 50 360 BO 50 %1

Women Men

Talde 98 21 belowand its dagiam $ow, like Tade 98.20, no se& differencefor bath sthools corrbined but this is
nov a oneqiene of theindvidual sthools also slowing tis same kehaiour — heke is no interaction.

Table 98.2: ......WOMEN...ccccce. | roverocrrr. BN || e BOH SEXES...... %}
Nunmbe of ADMISSIONS Numbe of ADMISSIONS Numbe of ADMISSIONS 10
SCHOOL Applicants Number % Applicants Number % Applicants Number % 06— e80Law
Law 120 96 80 80 64 80 200 B0 80 I 0 Both £haols
Busness 20 24 20 80 i3] 20 200 40 20
Both schaols 240 20 50 160 80 50 = 80Budness

X1

Women Men

. Across BHes9.81 10 98.6 o pages 958 and 959 and Takes9.819 b 98.21l an

the fadng page9.62 and dove, different weights in the poportion calcdations(like those n Tale 98.8 an page

9,60 yield a rotewothy variety in the percentagesfor women onmpaedto those br men This is simmarized

in Tabe 98.22 at he iight below; three ategries ae dstinguished.

o In fourtables, hekeis an X,-¥ rdationship thee is no nteration of X, andX, in ther effeds a ¥ and in two
of the Bles,the X,-¥ rdationshipis unexceptional in light of the dfed of subdivision by X,; by contrast, in
Table 983 and Talde 98.6 bawean the first and smond levels of subdivision by X,, the exceptional behaiour

s thexl_¥ réiationshipdisappeaing when e Table 98.22: x,-¥ RELATI ONSHIPS IN NINE TABLES

daa ae sibdivided ly X,. (SP h the burth clumnderptesSimpsans Paracbx) Exceptional
- Notation ike (1,3 [or (1,2] on Tade 98.5 or Tade Table  Relaionshp Interaction  behaviour
9.8.6) in Tade 98.22 refers to he first andhird g.g. 43 \&es l\,!g LeOS
. 5 8. oe
(orfirst and ecnn.d levels of subtjwspn by X,. 98503 Yes No No
o In fourtables, hee is no X;-¥ rdationshipbut threeof 98612 Yes No Yes
theseare false negatvé Ansvers — when he d#a ae 98.2 No No Yes
stbdvidedby X,, thee is an X,-¥ rdationshipand 9863  No No Jes
DY Rz MEE IS an A,-Y rGalionshipand & 98.20 No Essaal Yes
they ae cesgnaed exceptionalin the burth column 98.2 No No No
- In Talde 9820, interation is the reasonfor the &- 981 Yes N Yes P
ceptional behaiiour but interation is atsent in the o825y ves No N
otherthreetables 986 (1,3 Yes No Yes P

o In five Bes,ther is (again) an X,-¥ rdationship inter 9819 ¥s  hadenal  Yes P

adion is asent ar inddentl, and eachs a @ase 6the eceptional behaiour knowvn s Smpsan's Paradbx.
Apart from understandig the poperiesof proportons and weighted aerggesand ugg an alequae Han (disaus-
sedin Sedions4, 5 ad 7 and Mtel on pages 959 to 96, the simnaryin Talde 98.22 aove eminds us hat:
® Sinpors Paradx is merely the mast exceptional case ¢harge d direcion of an X;-¥ rdationship in a on-
text (involving discretevariates) tha can dve rise b lessexceptional o evenunexceptional behaiour,
@ interection is rarely the easn or the exceptional behaiour (Erly in Tade 98.20 ébove).

. In meding the dligatbn b deal with relationshipsin an introdudory stetistics Canfourding
course the brgthy disaus$on (eg, in Fgure 92, Sedionsl to 15 and Appendik /x—-—z\
1on pages 95 © 929 and Fgures9.8 to 913 on prges 957 to 980 shavs /
the Unexpected conplexites, for only three variates, aising from isswes @ \ /
caus#on, confourding, interection and $mpsavs Paradox. The <hena a S
the right reminds us hee ae canmon themesand differencesanorg these Intera/;non ¥ Sk
four mattes — ®e &0 Appendk 2 on mges 967 and 968 n the bllowing Pr;:rpad)x
Figure 99.

(continued weled)
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NOTES: 7. As simnarized o the Eft of the €£hema a the ight, a e- STATISTICS | PROBABILITY
lationshipin statstics is often consderedin terns of me a h g

more of esadation, confourding, caus#on, interation and \Relat?nsmp

SIMpSDrs ParacoX. Asaation Depejdence

In probability (on the right of the £hemg, ardationshipis i P

consderedin terms d depadene, whichcomesn gred Confourding M Events

variety and is dten dificult to mattemdize; & a onse- <Hph Independenc< Random vaiades
guence introdudory courses emphasze independence Caustion E PIOCESSES

as t gpplies to eents,random vaiales and pocesses. _ ‘

Even the first two bthesethreeinvolve an @predabe Interecion ¢ conditional

s¢ of ideasand nay te dl a course hasitneto disass Simoor . independence

Conredion between ddisticaland pobabilistic consder- pggobx

ations of a elatonshiparises in the pobability madds

stdistics L6 in 'the Anaysis s{agg of he MDEAC cyde. Relatbnshi p<Two variates: X, ¥

o Emplass onindgrendencen introdudory courses cn Three \ariatese” Xv X2 ¥
obsarre he fd tha indgendenceis a matremaical XYY,
idealzation. In the real wdd, dependencés the rorm
— it may e tha the kehaiour o ewery particle in the
universe ékpends on (.e, is dfeded ly) eweryothe pa- Lurking variates— Confourding— Campaism
tice, no matterhow minute the cegee ¢ dependence eror
- This may ke why lurking variates ae wsudly so nume-

Scdterdiagiam——Data \isudization oftware

Fom: eg, linear

rouswhen asweing Questnswith a @uséve aped. . Magniude (Strergtr)
T . . Asaation Diredion
The <hana ;m page9.5in Figure 92, which provides a Proporioraity
framework for aur dsauss$on of databasedinvesigatirg o Carrelaton
stdisticalrdationshifs, s 1onn gainat the ight; unsupri-
singl, it is a more detaled \ersion of the Eft-hand Etatistics)) . Edablish .
sice of the £hema ®ove t. Causa°”< Acoapted—"_ ,\Dﬂgsﬁée
Prioritize
8. The équivalen} diagams & the ight show the dfeds d _ _
two (binary) focal variates X, and X, on (the averge of b b
¥; one bcal vaiateis on he hgizontal axs of a dagram, X Hi %, Hi
the aher dstinguishes the twoihes by s keve.
e Thenorpadlel lines sow thee is an X,-X, interaction. X2Lo
® The left-hand dagam $ows ha X; and¥ arecond- Lo
tionaly indepedentwhen X, is Lo (the relevantine has i =%, %,

Lo Hi Lo Hi

zao slopd but notwhen X, is Hi.

® The right-hand dagiam $iowns thee is no conditional indpendenceof X, and¥ — néther line has 2z dope
[see dsodiaglam €) on the bwerhaf of page975 and its dsausson bdow this dagramin Figure 913.
Thus, guivalencedhewean datisticaland pobabilistic viewsof relatonshifs ae ot alvays traight forward.

9. Tale 987 m page9. M illustraes, br averagesof acontinuaus Sahry
reponsevariate a phenomenn anabgots to Smpsa's Para- Agess-]
dax. A similar ‘paradoX ocaurs for an organizetion of €g)

10 employees who each wik for the aganizaion fr Ga)
30 yeas a untl age %, which@er comedirst. In congant Average(
dollars (e, with the dfed of inflation emaed, each employee
is hired at a slary deernmined by ther experience taken &
proportional to hdr age whichis at kast25 ead recaves Age25-|
the samesabryincreaseeach yea. At dart-up, he aganizaion Zi
hires eale with a variety of levéds of experienceagebut a seady/ 6 1 2 3 40 50 60
stde is then naintanedby hring a rew enployee ged25 1 redace
a pers leaving the aganization at age 5. This stuaion is portrayed grgphically at the light above for the first
60 yeas d the aganzdions existence— eacth depped Ine repeents me enployeéds salary ove time. Degite
evay employeés increaing salary the aganzaions employee e@perienceéagestrudure @ ‘lurking varate) and,
hence the average sahry for the aganizaion, reman nealy condantove time.

Althouch the aganizaion descibed is an dealzation, it is reagnalle model for a ©llege @ university with a
constant faallty complement The paradoxX could resut in a spedous daim, & the tme of salary negofations
that faaulty salariesare beingunfairly congrained becau® the average sahryis not increaimg overtime.
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