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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS

1. Inv est igating Statist ical Relationships –Changing and Compari ng
Rela t ion s hips occur in mos t (perhaps all) area sof hum an endeavou r and

co m ein many for ms. In statis ti cs, we cast rela t ion s hips in ter ms of variates– in
the sim p lest case, bet ween one explan atory variat e(X−, say, whi c h we call the
fo cal variat e) and onere sponsevariat eY−, ove r the ele ments of a popula t ion. How-
ev er, as por traye dpi cto ria l ly at the rig ht, in statis ti cs we can sel d o mig nore oth er
(non-focal) ex pla n ato ry variat es (denot e d Z−1, Z− 2, ....., Z−k) when answe ring a
Questio n abou t anX−-Y− rela t ion s hip, becau se the Answe ris pre dicated on Z−1, Z− 2,
....., Z−k rema ining fixed whenX− change sto make app are n t it s rela t ion s hiptoY−.
This idea arises mat hem ati c a l ly when, to analyze dat afo r the k+2 variat es of each
un it in a sample of n units, we use
the respons emodel (9. 2.1) in whi c h
Y− ha sa first-powe r (o r‘s traig ht-lin e’) rela t ion s hipto each exp lanato ry variat e; the int e rpret ation ofβ1 (the coefficie n tof thefo cal
variat ein the model) is the change in the ave r age ofY− fo r un it change inX− whileZ−1, Z− 2, .....,Z−k all rem ain fixed in value.
[The int e rpret ation ofany of thek+2 coef fi cents in the structur al component of (9. 2.1) requ ire sa sim ilar cav eat, of cou rse.]

Yj = β 0 +β1xj +β 2z1j +.... +β k+1zkj +Rj, j =1, 2, ....,n, Rj ∼ N(0, σ),
in d ep., EPS -----(9. 2.1)

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)
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Te rminology for des cribing dat a-base dinve s tig a t i ng of statis ti c a lrela t ion s hips is giv en in the schema at the rig ht bel ow.

NO TES: 1. The method of inv estig a t i ng an X−-Y− rela t ion s hipin statis ti cs is by changi ng andco mparing – we compare value s
of Y− as the value ofX− change s ,des cribed above as X− changi ng to make app are n tit s rela t ion s hipto Y−. This is why
ex per iment aland obs ervation a lPlans are des cribed as comparative.

• Change sin the focal variat eX− may be those that occur natur ally in the popula t ion or they may be change s
im pos ed by the inv estig a tor(s) unde ran exper iment alPlan (se ealso Not e36 near the middle of pag e9. 28).

• After twovariat es, the nex t leve l of complication is rela t ion s hips among th reevariat es: twoex pla n ato ry variat es X−1

andX−2 and a respons evariat eY− (‘co mmon respons e’) [o r two respons es to on eex pla n ato ry variat e(‘co mmon cau se’)].

2. The not ation in this Fig ure 9.2 is X− fo r the fo cal variat eandZ− fo r ot he rnon-focal exp lanato ry variat es, not vi ce ver sa.

* A relationship in statis ti cs arises from the fol low ing seque n ce of hap pening s.
−− We obs erve that the value of aresp onsevariat eY− change s(i.e., shows

variation) ove r the ele ments (or units) of a group, such as a targe t
popula t ion, a  study popula t ion, a respondent popula t ion or a sample.

It is implicit that the re are one or more ca usesof (or ‘re asons’ for)
thes echange s(i.e., of this variation) inY−.

−− We wis h to accou nt for thes echange s(i.e., for this variation) – we
in trodu c ethe idea of an explanator y variat eX− (the fo cal variat e).

−− We look for association between the value sof Y− andX− (e.g., usi nga
scatt e rdiag ram – see bel ow) – a rela t ion s hipis theconnec tion (if any)
between change sin X− andchange sin Y− (o r in theaverageof Y−).

If (suit able dat ash ow that) Y− rema insunchange dwhileX− change s(o r
vi ce ver sa), the re is noX−-Y− rela t ion s hip, an idea of unconnectedness
capture dby one sens eof the word independent.
++ We shoul d re cognize the distin ction bet ween the ‘behaviou ral uncon -

ne ctedness’ of in dep enden ceand the ‘sp atial sep arateness’ capture dby disjoi nt, as in ‘disj oin t ev ents.’

Rela t ion s hip

Scatt e rdiag ram

Lurking variat es

As sociation

Causation

Tw o variat es: X−, Y−

Three variat es X−1, X−2, Y−
X−, Y−1, Y−2

Data vis u ali zation software

Confou nding

Fo rm: e.g., linear
Magnitude(‘S tre ngt h’)
Direction
Propor tio nality
Correla t ion

Establis h

Accepted
Direction
Magnitude
Prio rit i ze

Comp arison
er ror

* A scatt er diagram is a Car tesio n plo t with a respons e
variat e(o r estim ated residu al) on the ver tical axi s,
an exp lanato ry variat eon the horizont alaxis.
−− A scatt e r diag ram – a graphi c a latt rib u t e– is

a useful way to lo ok at dat afo r an X−-Y− rela -
tion s hip. Each ele ment (or unit) ap pears as a
dot (or other appro priat e sy mbol) located at
the coordin ates deter min ted by its X− andY−
value s; thre eex amples are show nat the rig ht.
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The task of looking at multivariat edata (i.e., dat afo r thre eor more variat es) to det e ctpa tterns which answe rQues -
tion sabou t rela t ion s hips can be aid ed by statis ti c a lsoftware that shows ,on a computer scre en, a poin t cl oud in three
dimensi ons ,with addition a lpossib i lit ies like:
++ using col our to dis tinguis hsubs ets of the poi nts; ++ rotating the poi nt cloud in real tim e.

Prog ram 10 of Ag a inst All Odds: Inside Sta tis tics, entit led Mu lti dimensional Data Analysi s, shows such software in use.
Interpreting scatt e rdiag rams and two cla s sic exa mples of them are dis cus s ed in Appendic es1and 2 on pag es 9.28 to 9.33.
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2. Compari so nEr r or – Lurkin g Var iat es and Confounding
As backg rou nd to an X−-Y− rela t ion s hip, Z−1,Z− 2, ...,Z− i, ...,Z−k in the schema at the upper rig ht ove r leaf on pag e9. 5are called lu r k -

ing var iat es, a phrase that means lur king explanator y variat es in that eachZ− accou nts, at lea stin par t,fo r change sfr om ele ment
to ele ment in the value of the respons evariat e. The impor tanc eof lur king variat es is that if the dist rib u tio ns of their value sdi ffer
between groups of ele ments[li ke (sub)popula t ion sor samples] wit h different value sof the focal variat e, an Answe rabou t theX−-Y−
rela t ion s hipmay differ from the true state of affairs unles sthe differenc esin the value sof the relev a n tZ−s are taken into accou nt.
A practical diffic ulty for dat a-base dinve s tig a t i ng of an X−-Y− rela t ion s hipis that lur king variat es are oftennumer ousand so:

• it is easy to ove r look impor tant Z−s or their differ ing dis tributio ns for different value sof the focal variat e, AND:

• subs tantia l re sour ces may be needed to mea s ure value son the sampled units for thos eZ−s deeme dto be impor tant.
Variat es other thanX− andY− thataremea s ure don the sampled units can be assesse dby:
++ look ing at a scatt e rdiag ram of y aga inst zi to try to che ck if Z− i is an exp lanato ry variat e, AND:
++ co mparing box plo t sof zi value sfo r the different value sof x to try to identify differenc esin Z− i fo r differentX− value s.

Thesa m est atis ti c a lis s uerais ed by lur king variat es is inv olved, wit h different ter minol ogy, in co n founding; the differenc e
is that the beh aviou rof lur king variat es (the entity responsib le) is wh yconfou nding (the statis ti c a lis s ue) occurs.
An exp lanato ry variat ere sponsib le for confou nding is called aco n founder or co n founding var iat e; thes etwo ter ms are synonyms
fo r a lur king variat ewhos edist rib u tio n of value s[o ver groups of ele ments (or units)] differs for different value sof the focal variat e.
The fol low ing defi nit ion ssummarize the foregoi ng dis cus sio n :

* Lu r k ing var iat e: a non -focal exp lanato ry variat ewhos ediffer ing dis tributio ns of value sov er groups of ele ments (or units) wit h
different value sof the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe rabou tanX−-Y− rela t ion s hip.

* Co n founding: differ ing dis tributio ns of value sof one or morenon-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments (or units) [li ke (sub)popula t ion sor samples] wit h different value sof the focal variat e.
−− Co n founder (co n founding var iat e): a non -focal exp lanato ry variat einvolved in confou nding .

‘Confou nding’ and ‘confou nde r’ hav ethe conve n ienc eof bei ngon e-word terminology rat her than the mul t i-word phrases inv ol-
ving ‘lu rking variat es’ whi c hconv ey the same idea s.

* Compari so ner ror: fo r an Answe rabou tanX−-Y− rela t ion s hipthat is base don comparing att rib u t es of groups of ele ments wit h
different value sof the focal variat e, comparison error is the differenc efr om the in ten ded(o r true) state of affairs arisi ngfr om:
−− differ ing dis tributio ns of lur king variat evalue sbetween (or among) the groups of ele ments OR −− confou nding .
The alt e rnate wording of the last phrase accom modat es the equ ivalent ter minol ogie sof lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat eto that con tex t:

• ‘l urking variat es’ can more rea dily accom modat ephenomena like Sim pson’s Paradox – see Fig ure 9.8 on pag es 9.57 to 9.64;

• ‘c onfou nding’ i s more com mon in the con tex t of comparative Pla ns, as in Section 15 whi c h st arts on pag e9. 26, but the
variety of usage of‘c onfou nding’can be a sou rce of diffic ulty – see Fig ure 9.9 on pag es 9.61 to 9.64).

Se ction s3 to 12 (page s9.6 to 9.21) which fol low provide necessar ybackg rou nd before we con tin uediscus sio n of comparison error.

The schema whi c hsummarizes the data -base d
inve s tig a t ive process, usi ng ter minol ogy of the
FDEAC cycle, is giv en at the rig ht; it shows all
si x er ror cat egor ies, althou gh comparison error is
the one of primary int e rest in the pre sent con tex t.

In the schema, the fou rar row sarising from
co mparison error poi nt to boxes repre senting
gr oups of ele ments or units (a popula t ion or sample)
rather than, as for the other five error cat egor ies, to
li nes joi ni ng boxes; the comparison error arrow at the
right is to be taken as poi nting to both sample ellipses.
−− Mu ltipleco mparison error arrow sare a con seque n ce of its

different manife s tation sin different Que s tion con tex ts, as sum marized in Table 9.1 2.2 on pag e9.76 in Fig ure 9.1 2.
Plan components to manage comparison error are sum marized in Table 9.2.4 near the middle of pag e9.14 .

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

3. Association – Statist ical I ssue s
The des criptio n of a rela t ion s hipin statis ti cs ove r leaf on pag e9. 5 refe rs to the asso cia tion of Y− andX−; this Section 3 de-

fin es association in statis ti cs and we then take up the issue of association bet ween (or among) ex pla n ato ry variat es, and of asso-
ci a t io nbetween them and the respons evariat e, in Section 5 on pag es 9.1 0and 9.11.

* Asso ciation: if a scatt e rdiag ram shows a clu s ter ing of its poi nts about, say, a  lin e with posit ive slo pe (i.e., we see that, as
X− in cre ases, Y− also tends to inc rea s e), we say X− andY− sh ow a (posit ive) asso cia tion; the re is modera te posit ive association
of X− andY− in the left-hand scatt e r diag ram at the lowe r right ove r leaf on pag e9. 5. The rig ht-hand diag ram shows we ak
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 1)

nega tive association and the middle diagr amsh ows no association. Que s tion sof statis ti c a l in terest about an association are:
−− what is its fo rm? – for exa mple, can the tre n dbe model led by astraigh t li ne (i.e., is it li near)?
−− what is its magnit ude? – for lin ear association, what is the mag n itude of thesl ope(o r thecorrel ation – see bel ow)?
−− what is its dire c tion? – for lin ear association, is the slo pe (or cor rela t ion) posi tiveor nega tive?

++ Proportionality refe rs to a straig ht-lin eX−-Y− association th rou gh the origi n.
++ The sig n of the direction (posit ive or negative) of a lin ear association isalsothe sig n of cor rela t ion, but the conne ction be-

tween themagn itudesof slo pe and cor rela t ion is more complicated – see Section 8 on pag es 9.34 and 9.35 in Fig ure 9.3.

−− Corr elation: a num erical measure of tigh tness of clu stering of the poi nts on a scatt e rdiag ram about a straig ht lin e– his -
to rically, cor rela t ion is denot e dr (c wou ld hav ebeen a better choic e) and its value sli e in the int e rval [−1, 1]; the respec-
tive cor rela t ion sare about +0.7, 0 and −0. 25 for the three scatt e rdiag rams at the lowe rright of pag e9. 5.
++ If the poi nts of a scatt e rdiag ram lie ona straig ht lin ewith posit ive slo pe, r =+1;
++ if the poi nts of a scatt e rdiag ram lie ona straig ht lin ewith negative slo pe, r =−1;
++ if the poi nts of a scatt e rdiag ram are haphazardly sprea dov er its rectang ular are a, r is zero or clo se to it.
Correla t ion is dis cus s ed in det ail in Fig ure 9.3 of the Cou rse Mat e ria ls.

The dis cus sio n at the beginning of Section 2 at the top of pag e9.6 refers to a group of ele ments wit h a lur king variat e(Z−)
whos edist rib u tio n of value sdiffers, ove r the ele ments of the group, for different value sof the focal variat eX−. A cons equ enc e
of this beh aviou rof Z− is that the value sof X− andZ− areasso cia ted, as illust r ated in the fol low ing scatt e rdiag rams, for respondent
popula t ion swith 4 or 9 ele ments andZ− value s(s how n besi de the poi nts) like 0,1, 2  and 3. [Dist inct Z− value sfo r all popula t ion
elem e n t s ,as in diagr ams (1) at the rig ht bel owand (5) ove r leaf on pag e9.8, is rare in real popula t ion s.]

In diagr am(1) at the rig ht, the ele ment wit h Z− = 2  whenX− = 0  hasZ− =1 whenX− =1; thu s ,the
change in the ave r age ofY− (in d i c ated by a sho rt hor izont al li ne) from 2.6 to 3.6, as X− change s
fr om 0 to 1, no longe rrefle cts on ly the effect of changi ng X−; a li mit ation is the refore impos ed
on the Answe rabou t the X−-Y− rela t ion s hipby comparison error due to the beh aviou r of Z− not
being taken into accou nt (or due to confou nding by Z−).
++ Be cau se Z− change swith X−, the re is a (we a k) X−-Z− association, quantifie d by a cor rela t ion of

abou t−0.11 ove r the eig ht (X−, Z−) value s; by con trast, whenZ− doesnot change wit h X− [a sin
diag rams (6), (7) and (8) ove r leaf on pag e9.8], theX−-Z− co rrela t ion iszero.

An ext ensio n of the illust r ation in diagr am(1) is to the case of repeated value sinvolv ingmore than twoX− value s.
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In diagr am(2), if Z− ha sthesa m evalue (say1) fo r
all nine ele ments whoseX− andY− value syi eld this
scatt e rdiag ram ,there is no X−-Y− rela t ion s hipin
the sense that theX−-Y− co rrela t ion is zero.
++ This la ck of X−-Y− rela t ion s hipis als o refle cted

by the slo pe of zero fo r the straig ht lin e
(s how n da she d) which sum marizes the tre n d
in the poi nts of the scatt e rdiag ram .
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++ When int e rpreting a scatt e rdiag ram like (2), it is easy to conf useexplicit knowledge that the re is the sameZ− value among
the ele ments, wit h assumi ng this to be the case by ig nor ing the ele ments’ Z− value(s) – see als oNo te 39 in Appendix 1 on
page s9. 28 and 9.29.

++ In diagr ams (6) to (8) ove r leaf on pag e9.8, rem iniscent of an experimenta l Plan wit h two value sof the focal variat e, we
can accom modat edi ffere nt value sof the pot entia l confou nde rZ− among the ele ments; by con trast, in diagr am(2) above,
reminiscent of an ob ser vational Plan, the ele ments must have thesa m eZ− value to meet the requi rement for Z− to rem ain fixe d
to avo id the lim itation impos ed on an Answe rabou tanX−-Y− rela t ion s hipby comparison error due to this lur king variat e.
[Experiment aland obs ervation a lPlans are dis cus s ed in Section s9 and 10 on pag es 9.1 4to 9.1 7.]

Diag ram (3) is vis u ally thesa m eas diagr am(2) but the Z− value schangewith X− – the association ofX− andZ− can be quanti-
fie das a cor rela t ion of abou t+0.7 ; as indicated by the dash ed lin es, the re is now a (st rong) posi tive X−-Y− association among
poin t sfo r which Z− value sare hel dfixed (i.e., for poi nts wit h thesa m eZ− value).

In diagr am(4), aga in visually the same as diagr ams (2) and (3), a di ffere nt dist rib u tio n of the sa m eset of Z− value sas in
diag ram (3) yields a (st rong) nega tiveX−-Y− association – theX−-Z− co rrela t ion is aga inabou t+0.7.
++ In diagr ams (3) and (4), the X−-Y− rela t ion s hipis the sa m efo r the three value sof Z−; the matt e rof di ffere nt X−-Y− rela t ion -

ships for differentZ− value sis pursued in Appendix 1 on pag es 9.28 and 9.29.
++ Li ke diagr am(1), diagr ams (3) and (4) illust r ate, in a broader con tex t, the lim itation impos ed on an Answe rabou tanX−-Y−

rela t ion s hipby comparison error, when the ele ments’ Z− value sdo not rem ain fixe d(are not the same) as X− change s ,and
this beh aviou r is not take n in t oaccou nt (e.g., when int e rpreting an X−-Y− scatt e rdiag ram).
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A speci al case is whenZ− change swith X− but in such a way that their value shave zero co rre -
la t ion; an illust r ation is shown at the rig ht in diagr am(5), whi c h is adapted from diagr am(6) be-
low. In such a situation, desp i te the confou nding , it is possib le (un d er an assumption of additive
ef fects) to estim ate the effect of X− on the ave r age ofY−.

• This idea is exp l oit e d in Desig n of Experiments(DOE) when inv estig a t i ng a rela t ion s hipwith
two or more focal variat es – see Section 12 and Not es25 to 28 on pag es 9.20 and 9.21.
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NO TE: 3. The foregoi ng dis cus sio n sh ows that, when looking at a scatt e r diag ram of biv ariat e
data to assess an X−-Y− rela t ion s hip, exper ienc eou tsi de statis ti cs wit h diag rams inv olv ing
Cartesia n axes provides poor prep aration for statis ti cs – in calculu s and algebra cou rses, for exa mple, the issue of
anot he rvariat eaffe cting the int e rpret ation of what we see in the diag ram sel d o m(o r neve r) arises.

4. Causation – Statist ical I ssue s
To defi ne fo rmally in statis ti cs what it means to say (a change in) X− ca uses(a change in) Y− in a ta rget popula t ion, we state

thre ecr iter ia (us eful in practic ewhen establi shing cau s ation or quantifyi ng the effect of X− onY−):
(1) LURKIN G VAR I ATES: Ensureall oth er ex pla n ato ry variat es Z−1, Z− 2, .....,Z− k hold their (same) value sfo r ever ypopula t ion

elem e n twhenX− = 0  andX− =1 (so m etim e sphrase das: Ho ld all theZ− i fixedfo r.....).
(2) FOCAL VAR I ATE: Obse rve the popula t ionY−-v a lue s ,and calcula te an

ap pro priat e att rib u t evalue, unde rtwocondition s:
. with ever yelem e n thavingX− = 0;
. with ever yelem e n thavingX− =1.

(3) ATTR IBUTE: At tribute(Y−, perhaps some of Z−1, Z− 2, .....,Z− k|X− = 0) ≠ At tribute(Y−, perhaps some of Z−1, Z− 2, .....,Z− k|X− =1);
thos eof Z−1, Z−2, .....,Z−k in cludedin the att rib u t ewill have thesa m evalue swhenX− = 0  andX− =1 unde r(1).

The not ation X− = 0  andX− =1 for value sof the focal variat eis symboli c – 0 and 1re prese nt two actual value sof X− in a par ticular
cont ext ; actual value sof the focal variat eare set in theprotocol for setting leve ls, dis cus s ed in Section 12 on pag es 9.1 9to 9.21.

Three illust r ation s, inv olv ing only on e lu rking variat eZ−, of this for mal defin ition are giv en at the rig ht bel ow fo r a targe t
popula t ion of 4 ele ments wit h re spectiv e Z− value s(s how nbesi de the poi nts) of 0, 1, 2 and 3.

In diagr am(6), Y− value s in cre ase by 1 as X− change s
fr om 0 to 1 and, cor responding ly, the average of
Y− (in d i c ated by a sho rt hor izont al li ne) inc rea s es
by 1 from 2.6 to 3.6.
In diagr am(7), theY− value sag ain increa s easX−
change sfr om 0 to 1  but by di fferingamou nts.
In diagr am(8), threeY− value sincrea s ebut one
decrea s esasX− change s ,althou gh theaverageof
Y− ag ain increa s esby 1fr om 2.6 to 3.6.

In con trast to the fou r diag rams ove r leaf on pag e9.7 and diag ram (5) above, whe re the re is confou nding , diag rams (6) to (8)
il lust r ating our defi nit ion of cau s ation hav e(o f course) no confou nding – the value sof Z− do not change as X− change s ,so the re is
noX−-Z− association (zero X−-Z− co rrela t ion). Als o, theY−−s hav ea sub scr ipt T denoting ‘target popula t ion.’

(6)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•
•

•
•

•
•

3
2

1

0

3
2

1

0

(7)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•
•

•

•

•
•

3
2

1

0

3

2

1

0

(8)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•
•

•

•••

3
2

1

0

3

2
1
0

NO TES: 4. The first two of the three criter ia giv en above, whi c hwe take as a for mal defin ition of cau s ation in atarget pop-
ulation, are idea lizations– no Pla ncan ful ly satisfy thes etwo criter ia in practic e. For exa mple:

• Fo r the Que s tion: Do es smoking cau se lung can cer?, we can think of a (long) causal cha i n of exp lanato ry va-
riat es lea ding to the respons eof interest (he re, lu ng can cer sta tus). The Que s tion identifie s (arbit r arily) on e
variat e in this chain (he re, smoking sta tus), but we recog n ize that this variat e is pre ceded by ‘focal’ variat es
(fact ors that cau sed the individu al to decid e to smoke) and it is fo llo wed by othe rs [fact ors that des cribe the
damag e(a t a cel lular lev el, say) that is ultimately manife s ted as canc e r]. When ‘lu rking variat es’ criter ion (1)
refe rs to en s uring all oth er expla nator y variates hol d th eir (sa m e) values for every tar get popu lation ele men t, it
doesnot in clu de variat es in the causal chain inv olv ing the ‘ma in’ focal variat e.
−− The Que s tion identifie son e(focal) explanator y variat ein the causal chain as bei ngof interest; it als o(arbi-

trarily) defi nes the en dof the chain in ter ms of a par ticular resp onse variat e. Howeve r, this respons ecan
beco m epart of an explanator y variat echain if a different Que s tion identifes adi ffere nt (la ter) respons evari-
at e– for exa mple,aliveor dea din stead of lu ng can cer or no lung can cer in our exa mple.

• In ‘focal variat e’ criter ion (2), the ideal of obs erving all elem e n t sof the targe tpopula t ion unde reach of two val-
ue sof the focal variat eis attaine dmo recl osely in practic e in an experimenta l Plan – the two samples to whi c h
the inv estig a tor(s) assig n equiprobably the two value sof the focal variat est andin for the respondent popula t ion
(a n d, henc e, at two stag es rem ove d, for the targe tpopula t ion) unde rthe two value s.
−− In an ob ser vational Plan, the two value sof the focal variat edefin e subpopula t ion sof the respondent (and

the study) popula t ion and the two samples wit h the two value sof the focal variat est andin only for thes e
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 2)

NO TES: 4. •(c ont.)
subpopula t ion s; this matt e ris pursued in Section 14 and Not e34 on pag es 9.25 and 9.26.

−− In some inv estig a t ion s, the re may, of cou rse, bemore thantwo focal variat evalue sof interest.
−− Coming clo ser to meeting criter ion (2) is one rea son why an experimenta l Plan is prefe rre d, whe re fea sib le.

• ‘A t tr ibute’ criter ion (3) defi nes causation in ter ms of an attr ibute, not individu als – this is con sis tent wit h the
predominant con cer nof statis ti cs wit h popu lations, not ele ments. A cons equ enc eof criter ion (3) is that X− ne e d
not bring about a change inY− fo r ever yelem e n tof the popula t ion for us to sayX− ca usesY−.
−− A ration a liz ation of this dep arture from the intuitive idea that cau s ation always produces an effect is [li ke

cr iter ion (1)] in ter ms of non -focal exp lanato ry variat es Z− i – the re may be ele ments wit h (s ome) such vari-
at e(s) whose value(s) hav e the con seque n ce that a  change inX− doesnot bring about a change in Y−; we
woul d normally think of thes eelem e n t sas bei ngasm all propor tio n of the popula t ion.
++ Fo r in stanc e, the re may be individu als for whom smoking wou ld never caus elu ng canc e r; at our pre sent

leve l of (ge netic) knowledge, we cannot identify such individu als (if they exi st) but it is stil l good pub lic
health poli cy to dis cou rag esm oking base don obs erved lung canc e rra tesamong non -sm oke rs and smoke rs.

There is fur the rdiscus sio n of sta tis tical is s ues inv olv ing cau s ation in Fig ure 9.11 of thes eCourse Mat e ria ls.

5. The three criter ia (on the facing pag e9.8) defin ing cau s ation are frame din ter ms of the(target) popu lation and an
ap pro priat eattr ibute, not elem e n t sand their variat es. Criter ion (1) speci fi es all non-focal exp lanato ry variat es
(o ur Z−s) rem ain fixe d; three approaches try to meet this criter ion to manage comparison error in practic e:

• holdso meZ−s fixe dph ysi cally by block ing ,matching or subdividing (se eSe ction 7on pag es 9.1 2to 9.1 4);

• un d er probability assig n ing of ele ments’ focal variat evalue s ,us est atis ti c a l theory to manage under rep etition
differenc esamong unblock ed, unm e asure dand unknown Z−s (se eSe ction 13 on pag es 9.21 to 9.25);

• us ea resp onse model in the Analys is stage of the FDEAC cycle to hol d so m eZ−s fixe d math ematically, but
ev en a quite ela borate model , li ke equ ation (9. 2.1) on pag e9. 5 in Section 1, cannot inv olve all possib le Z−s in its
st ructural component, and only those kvariat es inclu ded are refle cted in the int e rpret ation ofβ1, the model co-
ef fi cie n tof thefo cal variat e. [Thestochast i cco mponent of a respons emodel like (9. 2.1) tr ies to manage mat he-
mati c a l ly the effects on Y− of Z−s not in clu ded in the structur al component.]

The challenge in inve s tig a t i ng statis ti c a lrela t ion s hips is to come clo se enoug hto the ideal repre sent e dby the three
cr iter ia to obtain an Answe r with lim itation swhos eleve l of sev erity is acceptable in the Que s tion con tex t. It is
inplicit in the three criter ia that obs erved beh aviou r is re producib leamong different inv estig a t ion s.

6. For ‘focal variat e’ criter ion (2), the re are focal variat es (li ke age and sex) whose value scannot beassign e dto ele -
ments by the inv estig a tor(s) in an exper iment alPlan. For such variat es, we avo id the strong er langu age of sayi ng
in cre asi ng agecauseslos sof vis ual acuity in fav o ur of in cre asi ng age is associated with los sof vis ual acuity.

• Su ch association sare impor tant in con tex ts like dis crimination by sex or race whe re, for exa mple, we com -
pare the relev a n tpopula t ion pro por tio n with the pro por tio n of women or a racia l gr oup in an emplo ym e n tor
ot he rcatego ry. Causation (in the sense of our three criter ia) by sex or race is not the issue wit h su ch asso-
ci a t io ns, becau se the re is no int entio n to change the value of the focal variat e.
−− We may als o speak of the re aso n(r ather than the ca use of ) why a popula t ion subgr oup is unde r- or ove r-

repre sent e d– for exa mple, in an emplo ym e n tcont ext we may con sid er relev a n tqu ali fica tions.

• Some focal variat es (li ke cig arette smoking) cannotet hically be assig ned to hum an ele ments, whi c him pos es lim i-
tation sthat arise from usi nganima lelem e n t sin an exper iment alPlan or hum an ele ments in an obs ervation a lPlan.

Thes ematt e rs are pursued in a dis cus sio n of Sim pson’s Paradox in Fig ure 9.8 on pag es 9.57 to 9.64.

• The ideal of criter ion (2) ignores any ti m edifferenc ebetween the realiz ation of the two con d ition sX− = 0  and
X− =1. In actual inv estig a t ion s, the two groups (us u ally samples) wit h elem e n t s(o r un its) hav ing X− = 0  and X− =1
are obs erved con c urrently but, in a cross -ov er Pla n(li ke the oat bran inv estig a t ion des cribed in Not e35 on pag es
9. 27 and 9.28), the re is a tim edifferenc ebetween X− = 0  andX− =1 for bot hhalf samples; any change sin ele ments’
oth er ex pla n ato ry variat es value sov er tim emay then be a sou rce of comparison error.

7. ‘At tribute’ criter ion (3) inv olves different att rib u t evalue sfo r different value sof the focal variat e(but with relev a n t
Z− is rem ain ing thesa m e); our defi nit ion the refore implie sthat if X− ca usesY−, the re is asso cia tion of ele ments’ X− and
Y− value sov er the targe t popula t ion unde r the two value sof X−; we hope this association car rie s ov er into the
study popula t ion, the respondent popula t ion and the sample.

• If a cau se hasmore than oneef fect (e.g., smoking is a cau se of sev eral different cancers) ,‘a t tribute’ criter ion (3)
mu s tbe broa den ed to inclu de inequ ali ty of the att rib u t es of all the relev a n tre spons evariat es. Extending the
preceding argum e n tfo r on ere spons e, the value sof thes e(s eve r al) re spons evariat es wil l each be associat e d
with the value sof X− ov er the ele ments of the targe tpopula t ion unde rthe two value sof X−; the value sof thes e
Y−s wit h the com mon cau seX− will alsobe associat e d.

This cau s ation -association conne ction unde rou rdefin ition of cau s ation in statis ti cs is use din Section 5 ove r leaf.
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(c ont.)

An exa mple of the cave at in ‘att rib u t e’ criter ion (3) is: when using lea st
squ are sestim ates [equation (9. 2.2) at the rig ht] to co mpare si mple lin ear
regres sio n sl opes, the zvalue smu s tbe thesa m ewhenX− = 0  andX− =1.

β1̂ =
Σ
j =1

n
yj(zj −z)

Σ
j =1

n
(zj −z)2

-----(9. 2.2)

9. Idea s abou t in -
ve s tig a t i ng X−-Y−
rela t ion s hips are
summarized at the
right in Table 9.2.1.

• Thedi ffere nce in attribute value sin criter ion (3) must be such as to bepr act i cally impor tant in the Que s tion con tex t.

• A dange rof appropriating ‘confou nding’as statis ti c a lter minol ogy is that a word for failure to meet criter ion (1)
may shift the focus away from this ove rriding ideal.

Ta ble 9.2.1: Summary of Ide as Abo ut I nv est igating X−-Y− Re l ationships
Crit e rio n (1): the ideal Ens ureall theZ− i hold their (same) value sfo r ev ery popula t ion ele ment whenX− = 0  andX− =1
Crit e rio n (3) Fo rcausation, a relev a n tattr ibutemu s tdiffer in value whenX− = 0  andX− =1
Confou nding Confou nding arises when one or more of theZ− i change in value whenX− = 0  andX− =1
Comp arison error A differenc e, due to confou nding ,fr om there al or in ten dedvalue of an attr ibuteof a rela t ion s hip.

5. Association Among Var iat es and Causation
Se ction 3 on pag es 9.6 and 9.8 deals wit h asso cia tion of two explanator y variat es, like the fo cal variat eX− and a lur king

variat e(o r confou nde r) Z−; we now dis tinguis h fo ur rea son s(‘ca s es’) for such association s, whi c hare als osh own symboli c a l ly at
the rig ht, whe re an arrow denot escausation.

* X− caus esZ−;

* Z− caus esX−;

* Z− j caus esX− andZ− i – we sayZ− j is thecom mon causeof X− andZ− i;

* coin cid e n ce [which often means bot hX− andZ− are associat e dwith ti m e– i.e., coi nci-
denc eis often case(3) whereZ− j is time (what eve r‘c ausation’by tim emeans – recall Not e6 ove r leaf on pag e9.9)].

(1)

(2)

X− Z−

Z− X−
(X− caus esZ−)

(Z− caus esX−)

(3)

(4)

Z− j
Z− i

X−

X− Z−
(Z− j caus esX− andZ− i )

(c oin cid e n ce)

If extra-statis ti c a lknowledge can rule out coi nci denc e, two exp lanato ry variat es are associat e dfo r only two re asons:
direct cau s ation [ca s es(1) and(2)], OR : co mmon respons e[c ase(3)].

The fou rcausal structure sabov ecan be ext ende dto inclu de the respons evariat eY−; the re are now twel veca s es,in whi c h:

* X− andY− are associat e din all twel ve;

* Z− (o r Z− i) andY− are associat e din the
la st ni ne.

* Z− (o r Z− i) andX− are associat e din the
la st ni ne [e xcept perhaps in case(8)].

In the discus sio n below, the twelve cases
are reduced to eig ht by assuming ext r a-
st atis ti c a lknowledge is suf fi cie n tto:

rule out ‘coin cid e n ce’ in case(3), in
ca s e(5) [w hich then becomes case(1)] and case(7);
enable the adj ectiv es explanator y andresp onse to becorrec tly ap plie d to the variat esX− andY− and so rule out case(2).

(1)

(2)

(3)

X− Y−

Y− X−

X− Y−

(X− caus esY− )

(Y− caus esX− )

(c oin cid e n ce)

(4)

(5)

(6)

(7)

Z− X− Y−

Z− X− Y−

X− Z− Y−

X− Z− Y−

(Z− caus esX− caus esY− )

(c oin cid e n ce andX− caus esY−)

(X− caus esZ− caus esY− )

(c oin cid e n ce andZ− caus esY−)

(8)

(9)

(10)

X−
Y−

Z−

X−
Z−

Y−

Z−
X−

Y−

(X− andZ− caus eY−)

(Z− caus esX− andY−)

(X− caus esZ− andY−)

(11)

(12)

X−
Y−Z− j

Z− i

X−
Z− j

Z− i Y−

(Z− j caus esZ− i andX−
which caus eY− )

(Z− j caus esX− andZ− i
which caus esY− )

The diagr ams for the rem ain ing eig ht cases illust r ate two pos sib i lit ies:
++ X− andY− areasso cia tedan d X− ca usesY−: cases(1), (4), (6), (8), (10) and(11);
++ X− andY− areasso cia tedbut X− doesnotcaus eY−: cases (9) and(12).

Thus, key statis ti c a lis s ues in association and causation are:

* if X− caus esY− [c ases (1), (4), (5), (6), (8), (10)and(11)], X− andY− will beasso cia ted;

* if X− andY− are associat e d[c ases (1) to (12)] and coi nci denc ecan be ruled out, the re is causation involv ingY− [a l l ca s esexcept
(3)] bu t not necessar ily byX− [c ases(7), (9) and(12)].

The twelve cau s a lst ructure sabov e il lust r ate pos sib le association -causation conne ction sbut a number of them are not re -
levant in practic e to Pla ns for comparative dat a-base dinve s tig a t i ng of an obs ervedX−-Y− association.

• As sociation due to coi nci denc eis sel d o mof statis ti c a l in terest, eli min ating cases (3), (5) and(7).
−− Ca s e(7) is als oca s e(8) when theX−-Y− rela t ion s hipis coi nci denc e.

• Correct identific ation of the respons eand exp lanato ry variat es eli min ates case(2).

• All association scan be thoug ht of in ter ms of cau s a lchains – recall the first bul let (•) in Not e 4 on pag e9.8 – but in-
ve s tig a t i ng other steps in theX−-Y− chain is sel d o mof statis ti c a l in terest, eli min ating cases (4) and(6).

• Ca s e(8) is case(1) with lur king variat eZ− sh own exp licit ly and so is cov ere dun d er case(1) [a n dun d er case(11)].

• Be cau se Z− is an explanator y variat e, case(10) is really the causal structure at the rig ht, whi c h is
inve s tig a ted as case(1) or case(11) [s ee als oNo te 21 on pag e9.19 and the discus sio n on pag e9. 22
in Section 13 to the left of Table 9.2.1 0].

(10) X−
Z−

Y−
(X− caus esY− andZ−

which caus esY− )
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 3)

• Ca s e(12) is bot h: −− ca s e(9) with an int e rme diar yvariat esh own in theZ− j-Y− branch ,
−− ca s e(11) fo r the Que s tion Is X− a cau se of Y−? when the Answe ris No.

This leave sca s es(1), (9) and(11); we dis cus s ca s es(1) and(9) in Section 6 ove r leaf on pag e9.12 and we pursue them and cases
(8) and(11) in Section 11 on pag es 9.1 8and 9.1 9– see als oFigure 9.1 2on pag es 9.65 to 9.72.

The foregoi ng dis cus sio n sh ows why, in statis ti cs, we dis tinguis hasso cia tion fr om ca usa tion: to rem ind us that, just becau se
we obs erve (fo r in stanc e, in a scatt e rdiag ram) that X− andY− areasso cia ted, we cannot say, wit hou t fur the r inve s tig a t i ng, that a
change inX− will br ing about (o r ca use) a change inY−.

• The fol low ing Fig ure 9.3 dis cus s escorrel ation as a mea s ure of the tig htnes sof clu s ter ing of the poi nts of a scatt e rdiag ram
abou t a straig ht lin e; cor rela t ion is the refore one way of quantifyi ng mag n itude (‘s tre ngt h’) of association bet ween X− and
Y− as seen in a scatt e r diag ram . Fo r this rea son, the distin ction bet ween association and causation may als o be refer red to
el sew here as the distin ction bet ween cor rela t ion and causation, alt hou gh this wording is better avo ide d.

• When refer ring to an X−-Y− rela t ion s hip, phrases use din statis ti cs like asso cia tion is not (necessar ily) cau sation andcorre-
la tion is not (necessar ily) cau sation encompassth reepossib i lit ies:
−− theX−-Y− rela t ion s hipis acoi nci den ce– this may pique our cur iosity but is sel d o mof practical impor tanc e;
−− X− andY− areasso cia tedbutX− does not ca useY−;
−− X− is a (or pos sib ly th e) cau se of Y−.
Un due empha sis on the secon dpossib i lity (e.g., in int roducto ry statis ti cs teaching) can obs cure three matt e rs:
++ associationdo es im p ly cau s ation if coi nci denc ecan be ruled out; BUT:
++ the cau s ation may be, but is not necessar ily, bet weenY− andX−, the variat es ob ser vedto be associat e d.
++ Lack of association of X− andY− doesnot rule out cau s ation ofY− by X− – asX− change s ,a confou nde r Z− may change in

su ch a way that Y− rema insunchange d– see diagr ams (5) to (8) on the upper half of pag e9.75 in Fig ure 9.1 2.

NO TES: 10 . When (a change in) an exp lanato ry variat e−U (a focal variat eX− or a confou nde rZ−) ca uses(a change
in) a variat e−V (a respons evariat eY− or a focal variat eX−), sev eral matt e rs det e rmine thestre ngt hof
the association (as quantifie d by the cor rela t ion, say, of −U and−V, if they arequ ant ita tivevariat es) .

• If −U is theon ly caus eof −V and act son a time scale that is short rela t ive to the per iod of obs ervation, the re is
ahighco rrela t ion of−U and−V; in the abs enc eof
mea s urement error, the mag n itude of r wou ld be 1.
−− An illust r ation is forceX− causing accelerationY−.

• We aker association of−U and−V can occur for sev eral rea son s, as illust r ated
by the data for the occur renc eof lung canc e rY− in rela t ion to smoking
st atus X− in three non -sm oke rs and three smoke rs in Table 9.2.2 at the
right. The strong (‘ per fect’) association in case(A) can weaken becau se:
−− on enon-smoke r in case(B) acqu ire dlu ng canc e rfr om an o t hercause(e.g., asbestos inhalation);
−− the smoke rwithou t lu ng canc e rin case(C) may: yet dev elo p lu ng canc e r, OR: die before doi ng so, OR:

be in a popula t ion subgr oup for which X− doesnotcaus eY−;
the first two pos sib i lit ies have a tim e scale for cau s ation that is long rela t ive to the per iod of obs ervation and
the thi rd inv olves our de fi nit ion of causation (a t the start of Section 4 on pag e9.8) in ter ms of an attr ibute.

In thes eways ,we accou nt for differ ing strengt hs of asso cia tion obs erved in ca usa l X−-Y− rela t ion s hips or, expre s-
se danot he rway, we accou nt for why (a change in) X− ca uses(a change in) Y− but, for so mepopula t ion ele ments:

• Y− change swhenX− doesnotchange (e.g., somenon-smoke rs get lung canc e r), OR:

• Y− doesnotchange whenX− change s[e.g., some smoke rs do notge tlu ng canc e r(befo re they die from another
caus e)] .

Ta ble 9.2.2: Sm o king Lu ng cancer
st atus (A) (B) (C)

1 Non -sm oke r No No No
2 Non -sm oke r No No No
3 Non -sm oke r No Yes No
4 Smoke r Ye s Ye s No
5 Smoke r Ye s Ye s Ye s
6 Smoke r Ye s Ye s Ye s

Element

−U −V

Y−X−
Z− X−

11 . As sociation is a straig ht-for ward idea (we canse eit), cau s ation much les sso; the two causal struc-
ture sat the rig ht [ca s es(8) and(9) fr om pag e9.10] give insig ht into their differenc e. As dis cus -
se din Not e7 on pag e9.9, unde rou rdefin ition of cau s ation on the upper half of pag e9.8:

• in the causal structure of case(8) [c ommon resp onse], the re is asso cia tion of X− andY− and
of Z− andY− butnone c essar yassociation of the (un conne cted) caus esX− andZ−; BUT:

• in the causal structure of case(9) [c ommon ca use], the re is asso cia tion of Z− andY− and of
Z− andX− so the re is necessar ily association ofY− andX−.

Thedi ffere ncebetween the two structure sli es in thedirec tion of the arrow sdenoting cau s ation – if their direction
is re ver sed in eit her diagr am ,they are thesa m ecausal structure, apart from the variat enames. Our defin ition of
causation thu ssuggests that cau s ation is direc ted associa tion, alt hou gh it is que s tion able whether this (model)
conc ept prov ides much insig ht into there al world differenc ebetween association and causation.
Ca s es(8) and(9) and three other sim ilar cau s a lst ructure sare compare don pag es 9.63 and 9.64 in Fig ure 9.9.

(8)

(9)

X−
Y−

Z−
X−

Z−
Y−
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6. Inv est igating Statist ical Relationships – Three Types of Causal Que stions
Rela t ion s hips inv estig a ted in statis ti cs, whi c hwe des cribe in ter ms of variat es, are often encou ntered as asso cia tions; inv esti-

gating association sin clu des identifyi ng their charact e ris ti cs and/or the rea son s(c ausal or other wise) for them (se ealso Fig ure 9.1 2
on pag es 5.73 to 5.7 6). This Section 6 is con cer ned with comparative Pla ns for inv estig a t i ng rela t ion s hips whe re cau s ation is to
be est ablis hed oris involved; the focus on theX−-Y− rela t ion s hipbeing ca usa lmeans
that achangecan(potentia l ly) be induced in Y− by changi ng X−. Thes ematt e rs
are sum marized in the schema at the rig ht, whi c hreminds us that:

* association is usually charact e rized by itsfo rm, magn itudeor direc tion;
−− co rrela t ion (se eFigure 9.3) is one mea s ure of mag n itude (‘s tre ngt h’)

fo r a straig ht-lin eassociation; for mcan also benon-lin ear;

* it is useful to dis tinguis h thre etypes of Que s tion swith a cau s ative aspect:

Rela t ion s hip

association

causation

fo rm
magnitude
direction

qu antify
est ablis h
prio rit i ze

direction

magnitude

(§3, 5)

(§4, 5)

−− Establishing whet herX− is a cau se of Y−, usually wit h a vie w to manipula t i ngX− to produ c e
a (desired) change inY− – the quint essentia l ex ample is whether cig arette smoking is a cau se of lung
canc e r(a n dot he rli fe-thre atening dis eases) ,the topic of tens of thousands of dat a-base dinve s tig a t ion s
ov er sev eral decades star ting in the 1940s. Est ablis hing that an obs erved association of X− andY− is
causation ofY− byX− is answe ring the Que s tion whether the relev a n tcausal structure (sh own aga inat
the rig ht from pag e9.10) is case(1) or case(9) [= case(12)].

−− Quantifying the rela t ion s hipbetween X− (o r, more com monly, X−1, X−2, ....., X− q) and Y−; this arises in
the statis ti c a larea of Design of Exper iments (DOE) – for exa mple, the effect of tem perature, hum i-
dity, lig ht, fer tilizer and ins ecticid e leve ls on the growth of seedli ngs in a gre enhou se. Quantifyi ng a
causal rela t ion s hipis , in essenc e, inv estig a t i ng the case (1) causal structure – the sub scr ipts on the
ca s enumber now rem ind us that the Pla nne e ds to reflect the number of focal variat es inv olved .

−− Priori tizing caus esby the size of their effect is the domain of (data -base d) proces sim prove ment –
tr ying to identify the most impor tant caus e(u sually of exc essiv e variation in the process output,Y−)
fr om among many cau sesX−1, X−2, .....,X− q.

(1)

(9)

(1)1

(1)2

(1)q

X− Y−
X−

Z−
Y−

X− Y−
X−1 Y−
X−2

X−1

Y−
X− q

.....

Questio ns whi c hinvolvees t ablish i ng andqu ant ifying causal rela t ion s hips are typically par tof thesa m e
inve s tig a t ion. For exa mple, in the Phy sicia ns’ Health Study (des cribed in Fig ure 9.1 8of the Cou rse Mat e ria ls) of the effect
of aspir in on heart dis ease, twoQuestio ns, in the con tex tof an appro priat etarget popula t ion, are:

• does aspir in reduce heart-att ack risk?

• is the reduction in heart-att ack risk due to aspir in large enoug hto be practically impor tant?
The Phy sicia ns’ Health Study had to answe r both Questio ns; in info rma l discus sio n, it is easy to con sid er only on eof the
Questio ns and ove r look the othe r.
Si milarly, whenpr ior itizingcaus esin process improve ment inv estig a t ion s, inv estig a tors shoul d :

• ve rify that the suspect e d(m o st impor tant) caus eis a cau se of the (variation in the) respons evariat e(s);

• valid ate that the pro pos ed Answe rdo es addres sthe Que s tion – that the pro pos ed ‘solu tio n’ do es solve the ‘proble m.’

NO TE: 12. In STAT 220,es t ablish i ng causation was dis cus s ed in Par t 9, starting in Fig ure 9.9, alt hou gh the empha sis was on
qu ant ifying the rela t ion s hipbetween on e focal variat eand a respons evariat e; ext ensio n to more than one focal
variat ewa stake nup in STAT 322. Pr ior itizingcaus esis pursued in STAT 435.

7. Terminology for Comparative Plans – The Pro tocal for Choosing Gro ups
The three criter ia defi ning what wemean by causation, in Section 4 on the upper half of pag e9.8, inv olve obs erving apopu la-

tion un d er two value sof the focal variat e: wit h all the ele ments havingX− = 0  and wit h all the ele ments havingX− =1. We try to
ap proach this ideal in a sa m p ling cont ext by hav ing two samples, one wit h it s un its having X− = 0  and the othe rwith its units
having X− =1; each sample ‘repre sents’ the popula t ion unde ron eof the two con d ition s, in the usual statis ti c a lsens eof sample
att rib u t es bei nges tim atesof respondent popula t ion attributes. When the two samples are co mpare d to quantify the change in
(the ave r age of) Y− co rre sponding to a change inX−, eachnon-focal exp lanato ry variat emu s thave thesa m evalue in bot h sam -
ples; other wise, the re is (li kely to be) comparison error. For comparative Pla ns for quantifyi ng rela t ion s hips, we dis tinguis h:

* an experi mental Plan – a comparative Pla n in whi c h the invest iga tor (s) (actively) assig n the value of the focal variat eto
each unit in the sample (or in each block);

* an observat ional Plan – a comparative Pla n in whi c h, for each unit selected for the sample, the focal exp lanato ry variat e
(pa ssi vel y) takes on its ‘natural’ valueunin fluencedby the inv estig a tor(s).

This dis tin ction reflects two types of popula t ion sencou ntered in dat a-base dinve s tig a t i ng of rela t ion s hips.

• A popula t ion in whi c hall (or mos t) elem e n t shaveon evalue of a focal variat eof interest, whose value it is fe asible to change.
−− An exa mple is a new drug to tre at a ser iou sdisease – no one wou ld alrea dy be tak ing the drug but it cou ld be giv en to some

particip ants(X− =1) and wit hheld from others (X− = 0) in a cli nical trial (anexperimenta l Plan – see Not e18 on pag e9.15).

• A popula t ion in whi c h each ele ment has one of two (or more) value s(X− = 0, 1, .....) of a focal variat eof interest, whose
value it is not fe asible to change for any ele ment – recall Not e6 on pag e9.9.
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 4)

−− Inst anc esof such focal variat es are age, sex ,marital status and income – their inv estig a t ion necessarily inv olves anob-
servational Plan; change sin people’s die tar yor exe rci se habits can be impos ed but complia n ce is diffic ult to achieve.

It is inv estig a tors’ inability to assig n un its’ focal variat evalue sthat rest ricts choic eof Pla ntype and so weakens ability to manage
co mparison error; this matt e ris pursued in Section s13 to 15 on pag es 9.21 to 9.28.

Fo r co mparative Pla ns to answe r a Que s tion wit h a cau s ative aspect, theprotocol for choosing gro ups specifie s whet her
the units of the sample wil l be selected so they for mgr oups that can be use dto reduce the lim itation impos ed on an Answe r(s)
by comparison error – relev a n tPlan components are show n in the schema bel owat the rig ht:

* Bl ocking in an experimenta l Plan: for ming groups of units (the blocks) wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es; unit s within a block are then assig neddi ffere nt value sof thefo cal variat e. THUS:

Bl ock ing meets ‘lu rking variat es’ criter ion (1) for thos enon-focal exp lanato ry variat e(s) Z− i [the blocking fac tor(s)] ma de the
same wit hin each block. SO THAT:

Whet her the Que s tion involves estab -
li shing cau s ation or quantifyi ng a tre at-
ment effect, block ingpre ven t sconfou n ding of
the focal variat ewith theZ− i ma de the same wit hin each
bl ock, reducing the lim itation impos ed on Answe r(s) by co mpariso ner ror.

Questio n aspect

des criptiv e

causative

ex per iment alPlan

obs ervation a lPlan

bl ock ed

unbl ock ed

matche d
unmatche d

equiprobable assig n ing

adequate repli c ating

• By hol d ing one or more Z−s fixe dwithin block sin an exper iment alPlan, block ing reduces variation in Y− and so has the
addition a lbenefit of decre asi ngco mparing im pre cisio n.
−− This addit ion a lbenefit of block ing is analog o us to that of stra tifying in reducing sa m p ling im pre cisio n, as indicated in

la st lin es of the two branches of the schema at the lowe rright of pag e9. 24 in Not e33. [This analog y is sometimes
in terpret e das showing that stratifyi ng in sur vey sampling is merely an ins tanc eof block ing , but this interpret ation
(u nhelp f ully) dow nplays the different con tex ts and int entsof block ing and stratifyi ng.]

* Equiprob able assig ning (EPA) [r andom assig ning or randomization]: using a probabilis ti c me chanism (des cribed in the
protocol for choosing groups) in an experimenta l Plan to assig n the value sof the focal variat ewith eq ual probability:
++ across the ele ments (or units) of each block in a block ed Pla n; ++ to each unit in the sample in an unbl ock ed Pla n.
Equiprobable assig n ing provides a basis for theory whi c h rela tes comparing impre cisio n to lev el of repli c ating; thu s ,EPA,
in conju nct i on wit h EPS and adeq uate rep licating, provides for quantifyi ng comparing impre cisio n arising from unblock ed,
unknown and unm e asure dnon-focal exp lanato ry variat es and so allow sa par ticular inv estig a t ion to set group sizes whi c h
are likely to yield an Answe r(s) wit h li mit ation impos ed by comparison error that is acceptable in the Que s tion con tex t.

* Matching in an ob ser vational Plan: for ming groups of ele ments (or units) wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es but di ffere nt value sof thefo cal variat e. THUS:
Ma tching meets ‘lu rking variat es’ criter ion (1) [on the upper half of pag e9.8] fo r thos enon-focal exp lanato ry variat e(s) Z− i

ma de the same wit hin each group. SO THAT:

Whet her the Que s tion involves establi shing cau s ation or quantifyi ng a tre atment effect, mat ching pre ven t sconfou n ding of
the focal variat ewith the Z− i ma de the same wit hin each group, thu sde cre asi ngco mparing impre cisio n and so reducing the
li mit ation impos ed on Answe r(s) by co mpariso ner ror.

−− Su bdividing: a for mof matching us ed in an ob ser vational Plan in whi c hthe each value of the focal variat efo r the units
of the sample is subdivided on the basis of the value sof one or more non-focal exp lanato ry variat es that may be con-
fo undedwith the focal variat eun d er the Pla n– see the dis cus sio n on pag e9.16 of Table 9.2.6.
We can think of subdividing asmatching at an ag grega te (r ather than anin dividua l) leve l; subdividing the refore has the
sa m est atis ti c a lbenefit as mat ching for the non -focal exp lanato ry variat e(s) that are the basis for the subdividing .

If subdividing is goi ng to manage on ly one non-focal exp lanato ry variat e that is a(potentia l) sour ce of comparison
er ror, it may not be cos tef fective to dev ote the resou rces needed to obtain the relev a n taddition a ldata .

NO TES: 13. Whe re the defin ition sgive n abov e fo r bl ock ing and mat ching refer to value sof non -focal exp lanato ry variat es
being thesa m e, in practic e the value smay only besi mil ar.

14 .The groups of ele ments (or units) are calledblocks in an exper iment al
Plan but there is no such gen eral ter min an obs ervation a lPlan; how-
ev er, when the groups con tain twoelem e n t s(o r un its), they may be
refe rre dto as matched pai rs – see Table 9.2.3 at the rig ht – but a
block of two ele ments (or units) may als o be refer red to as a‘p air’.

• A comparative Pla n involv ing pair ing is usually our first encou nter with the con cepts of block ing or mat ching,
to illust r ate thei r role in managi ng comparison error.

Ta ble 9.2.3
Te rminology for Comparative Plans

Plan Pro cess Gro up
Experiment al Bl ock ing Block
Obse rvation a l Ma tching (Ma tche dpair)

15. In DOE, non-focal exp lanato ry variat e(s) made the same wit hin block sare called blocking fac tor(s); in dat a-
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NO TES: 15.
(c ont.)

base dinve s tig a t i ng to improve indust ria l proces s es,typi c a lbl ock ing fact ors are days ,shif ts, bat ches of raw mat e ria l,
machin espin dles or filler hea ds, mou lding machin es, mou lds ,or cav ities wit hin mou lds.

• The value sof a block ing fact or among block ssh oul d be chosen to make its sample att rib u t e(e.g., its ave r age
or dis tributio n) sim ilar to its respondent (or study) popula t ion attribute.

• An entity that is the same bot hwithin andamong block s(li ke the measuring process) is not a block ing fact or
but is par t of what defines the study popu lation/pr ocess– for exa mple, dat afo r an inv estig a t ion col lect e don
on eday and on eproduction shift. If su ch facto rs as day or shift hav ean appre ciable effect on the respons e,
the lim itation impos ed on the Answe rby studyer ror is more sev ere (co mparison error is traded for study error).

16. Just as equ iprobable se lec ting, in conjun ction wit h adeq uate rep licating, provides a theoretical basis for quantifyi ng
the likely size of sample error when estim ating a (re spondent) popula t ion ave r age, so equ iprobable assign ing, in
conj u nctio n with both EPSandadequate repli c ating, provides thesa m ebenefit when estim ating an ave r age differ-
fe renc ein (two) popula t ion sin an exper iment alPlan. This and othe rparallel sbetween EPS and EPA are dis cus -
se din Not e33 on pag es 9.24 and 9.25.

17. Weus edi ffere nt ter ms for two processes whi c hare sim ilar but are use dto manage different catego rie sof error.

• Su b dividing (o f a sample) on an explanator y variat eto manage comparison error due to confou nding by this
variat e, usually in an obs ervation a lPlan used to answe ra Que s tion wit h a cau s ative aspect.

• Stra tifying (o f a popula t ion) on aresp onsevariat e(o r, in practic e, on an exp lanato ry variat ethatsta n ds in fo r it)
to make an Answe r(s) more useful and/or to manage sample error – recall Appendix 5 on pag e6.12 in Fig ure 6.1.

Elsewhere,both proces s esmay be called ‘st r atifyi ng.’ The re is fur the rdiscus sio n of subdividing in Section 10 near
the bottom of pag e9.15 and on pag e9.16 and of stratifyi ng near the bottom of pag e9.16 near the end of Not e19.

8. Plan Components to Man ageCompari so nEr r or
Comp arison error in comparative inv estig a t i ng, introduced on pag e9.6 in Section 2, arises from confou nding by non -focal ex-

planato ry variat e(s); backg rou nd infor mation and Pla nco mponents to manage comparison error are then discus s ed in Section s3
to 7on pag es 9.6 to 9.1 4. Thes ePlan components are sum marized in Table 9.2.4 below.

Ta ble 9.2.4Er r or
Plan Component category Er r or Man agement Str ategy

• Bl ocking: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es; the units wit hin a block are then assig neddi ffere nt value sof the
fo cal variat e.

• Equiprob able assig ning: a pr obabi lis tic me chanism use dto assig n the value of the
focal exp lanato ry variat eto the units: −− within each block in a block ed Pla n;

−− in the sample in an unbl ock ed Pla n.
Blinding participant s an d tr eatment administr ators: by wit hholding from par ti-
ci pants and tre atment adm inist r ato rs knowledge of whi c hgr oup a par ticip ant is in,
thes etwo bli nding str y (li ke eq uiprobable assig ning) to manage facto rs whi c h may
promot e differenc esin ave r age sof unknown and unm e asure d non-focal exp lana -
to ry variat es in the(treatment and con trol) gr oups whose (av erage) respons evariat e
is bei ngco mpare d. [Ma n agement of compari so ner ror.]

. Blinding tre atment assessors tr ies(li ke mak ing mea s urementsin dep enden t) to pre -
ve n tthe assessors’ other knowledge from impro perly influe n cing their assessment of
particip ants’ health status. [Ma n agement of me asurement er ror.]

• Matching: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es but di ffere nt value sof thefo cal variat e.

Su bdividing: a for m of mat ching in whi c h each value of the focal variat efo r the
un its of the sample is subdivided on the basis of the value sof one or more non-
focal exp lanato ry variat es that may be confou n ded with the focal variat eun d er the
Plan – see Table 9.2.6 at the bottom of the facing pag e9.15 dis cus s ed on pag e9.16.

Questio n with a
causative aspect

Experiment alPlan

Obse rvation a lPlan

Comp arison

9. Experi mental Plans – Sample sel ect ing and Blo cking
The statis ti c a l id e a lfo r sample selecting in any Plan is to hav ea knownin clu sio n probability for each ele ment of the re-

spon d e n tpopula t ion; an exa mple is eq uiprobable selecting. For a Questio n with adescript ive aspect, if this ideal is not met,
seve re lim itation is impos ed on an Answe rby sa m p leer ror. Howeve r, exper iment alPlans to answe rQuestio ns wit h a ca usa tive
aspect commonly do notus eprobability selecting becau se it is not fea sib le to implem e n tit.

* Fo r ex ample, in dat a-base dinve s tig a t i ng to improve a manufactur ing process (e.g., by identifyi ng and rem oving cau ses of
excessiv e variation in the process output), the items manufacture dby the process are often ship ped away from the manu -
factur ing pla n tas they are made and inv estig a tors are then forced (qu ickly) to use recent produ ction, or a sub set of it, as the
sample – asa m p leof con venien ce. Three facto rs allev iat ethis sta tis tically un satisfact ory state of affairs:
−− With sta b le proces s es[w here the dist rib u tio n(s) of the output respons evariat evalue srema in (es s entia l ly) the same from

on etime per iod to another], a‘s napsh o t’ of the process in tim e (li ke recent produ ction) may often have att rib u t evalue s
that arecl o se to those of the process in the long-ter m.
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 5)

−− Answe rs are der ive d fr om di ffere nces in sample att rib u t es; such Answe rs may hav ele ss sev ere lim itation impos ed by
sample error than Answe rs base don sample att rib u t evalue swhich donot involve tak ing a differenc e.
++ An illust r ation is the Phy sicia ns’ Health Study (of the effect of aspir in on heart dis ease), whi c h us ed about 22,000

ma le docto rs as the sample – half the doct ors took aspir in and half took a placebo. It is likely that the incid e n ce of
heart att ack samong docto rs differs appre ciably from that for the targe tpopula t ion of all males, but the di ffere nce in
in cid e n ce of heart att ack scaus ed by aspir in may be much more sim ilar among docto rs and all males. (Tw o news -
paper repor ts of this inve s tig a t ion are reprint e din Fig ure 9.1 8of thes eCourse Mat e ria ls.)

−− Inve s tig a tors may hav ea lev el of (ex tra -st atis ti c a l) proces sknowledge that enables them to assess how clo se relev a n tatt ri-
butes of recent produ ction are likely to be to the cor responding long-ter mproces satt rib u t es – infor med hum an judgement
se ems to be better at sample selecting in such situation sthan when answe ring a Que s tion wit h a descript iveaspect but is
stil l far from the statis ti c a l id e a l.

The use of judgement selecting in the sampling protocols of comparative Pla ns illust r ates the dive rge n ce bet ween the statis ti c a l
id e a land statis ti c a lpracti ce unde rre a l-world con strain t s. Li mit ation sim pos ed by the use of judgement selecting are:

* we can no longe rsay inc rea s ed repli c ating reduces sa m p ling im pre cisio n ; that is, we can no longe rsay inc rea s ed sample
si ze reduces the li kel ymagnitude of sample error – recall Sectio n 9 (Appendix 3) on pag es 6.7 to 6.11 in Fig ure 6.1;

* mo rege nerally, the theoretical basis is gon efo r in terpreting for mal methods of dat aanalys is like confid e n ce int e rvals and
tests of sig n ific a n ce. [Bo th lim itation sare com monly ove r looke din practic e.]

When answe ring a Que s tion wit h a ca usa tive aspect, statis ti c a lbest practic e to manage comparison error (to reduce the
li mit ation it impos es on the Answe r) is to:

• bl ock (to the ext ent that is fea sib le in the Que s tion con tex t) on known and measure dlu rking variat es,

• us eEPA to manage unbl ock ed, unm e asure dand unknown lur king variat es,
[s ummarized in the pre c ept: Us eblocking to manag ewhat is known ,pr obabi lity assig ning to manag ewhat is unknown].

Un for tun ately, the re may be practical or ethical con strain t son inve s tig a tors’ fre e dom to implem e n tbest practic e; for ins tanc e:

* A block whi c h is an individu al par ticip ant in an inv estig a t ion may not practically be able to be assig ned bot h value sof the
focal variat e. For exa mple, in the Phy sicia ns’ Health Study (se eFigure 9.1 8of the Cou rse Mat e ria ls) of the effect of aspir in
on heart dis ease in males, the inv estig a t ion wou ld hav ego ne on for too long if each par ticip ant had been requi red to take
aspi rin for sev eral years and not to take aspir in for another per iod of the same lengt h. For this (and othe r) rea son s, the ex-
periment alPlan for the Phy sicia ns’ Health Study wasunbl ock ed [re call also the last bul let (•) of Not e6 on pag e9.9].

* It wou ld be unethical to assig n hu man par ticip ants to the smoking group when inv estig a t i ng health effects of cig arette smoking ;
−− in addit ion to ethical con sid eration s, it is unli kely that many non -sm oke rs wou ld be able to take up smoking for the in-

ve s tig a t ion or that mos tsm oke rs wou ld be prep are dto quit if assig ned to the non -sm oking group.
Ethi c a l is s ues ca n be manage dbut con sid erable resou rces may be needed to achieve complia n ce among par ticip ants
when the focal variat ein medical inv estig a t ion swith an exper iment alPlan inv olves exe rci se lev els or die tar ypracti ces.

NO TE: 18 . A speci al cla s sof comparative exper iment alinve s tig a t ion is aclinical tri al, use din medical res earch to assess the
ef fi cacy of new for ms of tre atment (e.g., drugs, sur ger y); becau se the ele ments arehumans, a technique calledblind-
ing is use d(w here fea sib le) becau se of its statis ti c a lbenefit s.
[To beblin d means not to know, for any ele -
ment, whether it is in thetrea tment gr oup or
thecontrol gr oup (which usually receiv es a
dum my tre atment known as aplacebo)] . As
sh own in Table 9.2.5 at the rig ht, bli nding is use d
to manage comparison error and/or mea s uring inaccur acy, depending on the degree to whi c hit is (or can be) imple-
ment e d– for ins tanc e, bli nding of par ticip ants is oftennot fe asible when the focal variat einvolves exe rci se lev el or die t.

Ta ble 9.2.5
Blinding of.... Short name Statist ical benefit

Particip ants Single bli nd Reduced risk of co mpariso ner ror
Tr eat ment adm inist r ato rs Doub le bli nd Reduced risk of co mpariso ner ror
Tr eat ment assessors Triple bli nd Reducedmeasur ing inaccurac y

10. Obser vat ional Plans – Sample sel ect ing ,Matching and Subdividing
The com mentsin Section 9 (on the facing pag e9.14 and above) about the use of judg ement sel e cting in exper iment alPlans

are als o ge nerally appli c able to obs ervation a l Plans; sim ilarly, matching re duces the lim itation due to comparison error on
Answe r(s) from an obs ervaltion a lPlan but, like block ing ,matching may not be fea sib le in a par ticular Que s tion con tex t.

Su b dividing samples from the respondent subpopula -
tion swith different value sof the focal variat ein an obs er-
vation a lPlan, on the basis of a pos sib le confou nde rZ− i, is
il lust r ated in Table 9.2.6 at the rig ht for the case of two
subpopula t ion s. Thes ehy pot heti c a l data for two samples
(s ele cted from subpopula t ion sof non -sm oke rs and smoke rs) of 10,000 people inv olve a respons evariat eY− which is lung canc e r

Ta ble 9.2.6 No n-smokers (X− = 0) Sm o kers (X− =1)
Nu mber Cases % Nu mber Cases %

No family his t ory (Z− i = 0) 9,000 63 0.7 8,900 712 8
Fa m ily his t ory (Z− i =1) 1,000 7 0.7 1,100 88 8

Bo th 10,000 70 0.7 10,000 800 8
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st atus, a focal variat eX− which is smoking status, andZ− i is whether a unit has a family his t ory of lung canc e r, as a pos sib le indi-
cato r of geneti c predisposit ion to the disease; for sim p licity, X−,Y− andZ− i arebi nar y variat es in this illu s tration. Each of the six
sets of three table ent rie sis the sample size (‘N u mber’) and the lung canc e r‘C ases’ as a number and a percent age of the sample size.

The bottom lin e of Table 9.2.6 ove r leaf shows a sub stantia l ly hig her pro por tio n of lung canc e rca s esamong the smoke rs; be-
caus ethis patt e rn persis t sin the upper two lin es of the table when the data are subdivide dby Z− i value, the association bet ween
sm oking status and lung canc e r st atus appears not to be due to (co mmon cau se) confou nding by a gen eti c fact or whi c hdeter-
mines a unit’s smoking statusand it s lu ng canc e r st atus, at lea stin so far as family his t ory is a mea s ure of such a facto r.
Un for tun ately, such subdividing of sample dat ato manage the lim itation impos ed by comparison error on an Answe r abou t an
X−-Y− rela t ion s hipfr om an obs ervation a lPlan encou nters three pot entia l diffic ulties.

• Inve s tig a tors hav eno con trol ove r the sample sizes after subdividing ; if one or more of theX−-Z− i co mbin ation sis rare, the
re sul t i ng sma l l sample size(s) increa s eco mparing impre cisio n and so inc rea s e(s) the lim itation impos ed by comparison error
on an Answe rabou tanX−-Y− rela t ion s hip(in eve nthe ‘best case’ situation of probability selecting of the samples).

• Obtaining the Z− i value for each unit in the samples may be diffic ult (and, henc e, expensive) and such resou rce -in tensive
data manage only on epossib le confou nde r.
−− If dat afo r two (or more) Z− i are col lect e d, the ensuing subdividing into more num erous sub samples is likely to inc rea s e

the lim itation impos ed [un d er probability selecting] by sma l l sample size(s) .

• Subdividing dat ain the manne rof Table 9.2.6 raises the pos sib i lity (not re a lized here) of the phenomenon known as Sim p-
son’s Paradox (and its accompanyi ng lim itation impos ed on an Answe r) – see Fig ure 9.8 on pag es 9.53 to 9.60.

NO TE: 19. In an (obs ervation a l) Case -Co ntro l Plan (us ed in medical res earch , fo r ex ample) ,un its wit h a respons eof interest
(s ay, lung canc e r) [the ‘Ca s es’] are mat che don relev a n tex pla n ato ry variat es (li ke, sex ,ag e, regio n of resid e n ce) wit h
un its wit hou t the respons eof interest(the ‘Cont rol s’) . The two groups are then compare don the basis of the value
of a focal variat eof interest (cigarette smoking ,say) ; ap pre ciably hig her lev els of smoking among theca seswoul d
sh ow asso cia tion of smoking and lung canc e r, indicating smoking may be aca useof the disease.

• A Case -Cont rol Pla n is use dco mmonly:
−− when an exper iment alPlan woul d requ ire resour ces bey ond those availa ble, OR:
−− as a cheaper forer unner to a pos sib le exper iment alPlan to assess a promisi ngbut unconfi rme dtreatment effect.

• A Case -Cont rol Pla nma kes the respons eand focal variat es appear to be int e rchange d.
−− An illust r ation is in the 1993 newsp aper article EM9359 Fa ts rai se risk of lung can cer in non-smoker s,

which descr ibes an inv estig a t ion that compare dthe die ts of 429 non-sm oking women who had lung canc e r
with the die ts of 1,021 non -sm oking women who did nothave lung canc e r. The women all liv ed in Mis sou ri,
we re of about the same age and repre sent e d"a typical Ame rican fem ale popula t ion." The women filled out
fo rms that aske dabou t thei r diet ary habits and they were div ide din t o fiv e gr oups base don the amou nt of fat
and othe r nu t rie n t sthey said they con sum ed. The inv estig a t ion fou nd that those wit h diet swith the lowe s t
amou nt of satur ated fat and the hig hest amou nt of fruit s , ve g etables, beans and pea swe re the lea stli kely to
deve lop lung canc e r. At the othe rend of the scale, 20 per cent of the women wit h the hig hest con sumption
of fat and diet slowe s tin fruit s ,ve g etables, beans and pea sha dabou tsi x times more lung canc e r.
The actual re spons evariat e(lu ng canc e r) and focal variat e(leve l of die tar y fa t) appear to be int e rchange d
sole ly as an artifact of the Case -Cont rol Pla n.

• Probability selecting is com monly not us ed for the cases and/or the con trols , which has con seque n ces for the
li mit ation impos ed by comparison error on Answe r(s).
−− Ca s esare often asample of conve nience– units wit h a respons eof interest conve n iently av ail able to the

inve s tig a tor(s), like people wit h a par ticular dis ease in a hospi tal or cli nic nearby to the inv estig a tor(s).
++ Cons equ enc esof non -probability selecting to answe rQuestio n(s) wit h a des criptiv e or a cau s ative aspect are

discus s ed in Fig ure 9.1 3on pag es 9.73 to 9.7 6– recall also the discus sio n ov erleaf near the top of pag e9.15.
−− Cont rol s are often selectednon-probabilis ti c a l ly to meet the mat ching criter ia; this increa s esthe lim itation

im pos ed by comparison error due to the selecting met hod, to be set aga inst thedecrea s ed lim itation impos ed
by comparison error due to the confou nding whi c his manage dby the mat ching.
++ A way of selecting con trols probabilis ti c a l ly is to for mstra ta (o r gr oups) of con trols whe re the units in one

st r atum mat ch one case; con trols for the inv estig a t ion are then selected probabilis ti c a l ly from thes est r ata .
. While decre asi ng the lim itation impos ed by co mpariso ner ror, such stratifyi ng increa s esthe lim itation

im pos ed by study er ror, becau se the mat ching criter ia whi c h defin e the stratarestrict the ele ments (or
un its) whi c hcan make up the study (and respondent) popula t ion of con trols.
A Pla n sh oul d carefuly con sid er whether erro r fr om one sou rce shoul d be manage din a way that in-
crea s eser ror from another sou rce – that is, whether there is a net gain in reducing the lim itation on an
Answe rby managi ng one cat egor y of error in a way that increa s esli mit ation due to anoth er catego ry –
re call the discus sio n of comparison error and study error in Not e15 near the top of pag e9.14 .

++ When con trols are selectednon-probabilis ti c a l ly, the re is no theoretical basis for an inv erse rela t ion s hip
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NO TE: 19. • −− ++
(c ont.)

between sampling impre cisio n and(the squ are root of) of the sample size – see Appendix 3 on pag es 9.35
to 9.37 – so the re is no sta tis tical re ason why a large r sample size for con trols wil l de cre ase comparing
im pre cisio n.

++ The block s in a block ed exper iment alPlan are als o often selectednon-probabilis ti c a l ly but, as dis cus s ed
in Fig ure 9.1 3 on pag es 9.73 to 9.7 6, judgement selecting may stil l allow an exper iment alPlan to have
acce pta b le li mit ation impos ed by comparison error on an Answe r to a Que s tion wit h a cau s ative aspect.

EM0424: The Globe and Mail, August 6, 2004, page A11

Deat h rate higher near busy roads
BY STEPHEN STRAUSS

Cana dian scie n tis t shave fou nd a startli ng ris e
in death rates associat e dwith not hing more
perilous than liv ing wit hin 50 met res of a
majo r highway and 100 met res of a city roa d
that car rie sa sle w of pol luting cars and truck s.

While the re hav ebeen a number of studies
tying sur ges in deaths to city air pol lutio n in
ge neral, what the res earche rs at McM ast e r
Un ive rsity uncov ere d wa sa rou ghly 18-per-
cent spi ke in mor tali ty in the Hamilt on area
among people who liv ed adj acent to stre ets
carrying 35,000 to 75,000 veh icle sdaily.

The ris ein the pol lutio n death rate did not
co m efr om ast hma, emphy sem aor lung can -
cer but from heart att ack s and othe r heart
condition s. "B asi c a l ly air pol lutio n does not
affe ct you r lu ngs but you r heart," is how
Murray Finkels tei n of McM ast e r’s progr am
in occup ation a l health and envir onm e n tal
me dicin e, and a co-au t hor of the new study,
des cribes what his group has fou nd.

The rea son for the large heart-dis ease hit
is stil l un cer tain, but Dr. Finkels tei n poin t s
to res earch in anima ls that sug ge s t sair pol-
lu tio n particle scan irritate arter ies and lea d
to their gen eral hardening and thi cke n ing.

Althou gh the study, whi c h wa spublis hed
in the July issue of theAm erica nJo urnal of
Epidemiology, focus ed on the roa dsand hig h-
ways of Hamilt on, the res earche rs see no
re ason why the finding s sh oul dn’t apply to
city dwel lers perche dabov e traffic sur ging
along St. Lawrenc eSt reet in Mon tre a l, Yonge

St reet in Toron t o, or Hastings Street in Van -
couver. Not to mentio n anyone whose dwel-
li ng is on the skirt of the traffic beh emo th
known as the Trans -Cana daHighway, whi c h,
as it mov es 400,000 people a  day in some
location s, is Nor th Amer ica’s secon d-busie s t
highway.

What the res earche rs als o did is transla te
the inc rea sing death rates, whi c hhave a rela -

tive ly sm all imp act on you ng er people, into
so m ething clo ser to an ins uranc eco mpany’s
li fe-ex pectanc y table. They fou nd the re is a
2. 5-year inc rea s ein age -rela ted death lev els
fo r people whose dwel lings are locat e d
che ek-to-jowl wit h heavy traffic.

"B asi c a l ly, that means you r mo rtali ty pat-
ter n if you are 50 years old is the same as
so m eon e52. 5ye ars old who doesn’t liv e on

a busy roa d," said Dr. Finkels tei n. What is
ev en more sober ing is the fact that the dead-
li nes sof liv ing near maj or tho rou ghfares is
not far off the life-sh ortening effe cts of such
known killers as diabet es or chron i c lu ng
disease.

The McM ast e rscie n tis t ssay their res earch
le ads to a ver y si mple bit of advic e fo r a
health -cons cious individu al. "If you hav ea
heart con d ition, I wou ld advise not buying a
place ver y cl ose to maj or roa dways or hig h-
ways ," said Michael Jerrett, a McM ast e rUn i-
ve rsity geogr aphy profe sso r who is another
co -au t hor on the study.

He als o suggests that sus c eptib le people
who liv e cl ose to the busy tho rou ghfares con -
si der air pur ific ation sys tems in their homes
as a preve n tative act.

There some some cave ats to the new
study, whi c h repli c ates Dutch res earch pub -
li she d two years ago. The re was no direct
mea s ure of how much hig her the moto r-ve-
hi cle rela ted pol lutio n wa snear maj or roa ds.
This omissio n sh oul d be rem edied nex tmont h
when the McM ast e rgr oup track sroad -pollu-
tion lev el themselves.

Bu t there is als o a cla s s-rela ted confou nd-
ing facto r to the data . Be cau se of exi sting
conc e rns ove r nois e and pol lutio n, Dr. Fin -
kels tei n says more poor people may be
mo re li kely to liv e near busy streets than
rich people, and poor people hav e ot he r
behaviou rs – smoking in par ticular – that
might kil l them in large rnumbers.

REFERENCE: Finkel stein, M.M., Jer rett, M. and M.R. Sears: Traffic Air Pol lutio n and Mor tali ty Rat e Ad v a n cem e n t
Pe riods. Am erica nJo urnal of Epi demiolgy 160(#2): 173 -177, July 15 (200 4). [UW Library E-jou rnal]

The abs tract giv en in the origi nal article is:
Chronic expos ureto air pol lutio n is associat e dwith inc rea s ed mor tali ty rat es. The imp act of air pol lutio n rela t ive to other
caus esof death in a popula t ion is of pub lic health impor tanc eand has not been wel l est ablis hed . In this study, the rat e
advanc ement per iods associat e dwith traffic pol lutio n ex pos ures were estim ated . Study sub jects unde rwe n tpulm onary
function testing at a cli nic in Hamilt on, Ont ario, Cana da, bet ween 1985 and 1999. Cox reg res sio n wa sus ed to model
mo rtali ty from all natural cau ses dur ing 1992-2001 in rela t ion to lung fun ction, body mass index, a diag nosis of chron i c
pulm onary dis ease, chron i cis chemic heart dis ease or diabet es mel litus, hous ehold income, and resid e n ce wit hin 50 m of
a maj or urban roa dor within 100 m of a hig hway. Sub jects liv ing clo se to a maj or roa dha dan inc rea s ed risk of mor-
tali ty (rela t ive risk =1.1 8, 95% confid e n ce int e rval: 1.02, 1.38). The mor tali ty rat eadvanc ement per iod associat e dwith
re sid e n ce near a maj or roa dwa s2. 5 ye ars (95% confid e n ce int e rval: 0.2, 4.8). By comparison, the rat eadvanc ement
periods att rib u t able to chron i cpulm onary dis ease, chron i cis chemic heart dis ease, and diabet es were 3.4 years, 3.1 years,
and 4.4 years, respectiv ely.

But ther e is also a class-
related confounding fac tor
to the dat a. ..... mor e poor
people may be mor e likely

to live near busy str eet s
than rich people , an d

poor people hav eother
behaviours – smoking in

part icul ar – that might k ill
them in larger numbers.
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11 . Comparative Plans and Causal Str uc ture s
With the addit ion a lbackg rou nd giv en in Section s6 to 10 on

page s9.12 to 9.1 7, the causal structure at the rig ht provides a
conv enient con tex t fo r discus sing cases (1), (8), (9) and (11) fr om
Se ction 5 on pag es 9.1 0and 9.11; this con tex tco m e sfr om an inv es-
tigation whose newsp aper repor t is reprint e dov erleaf on pag e9.17. This inve s tig a t ion fou nd that death rates were hig her for
people who liv ed near a maj or roa d– in our ter minol ogy, liv ing near a maj or roa d(focal variat eX− with two value s: living near
su ch a roa dand not doing so) is associat e dwith a hig her death rate [an att rib u t eof respons evariat eY− with two
value s(a liv e or dea d), quantifie d in this inve s tig a t ion as a‘m ortality rat eadvanc ement per iod’ (MRAP)].

Case(11): The cau s a lst ructure at the rig ht above is an ins tanc eof case(11) [s how nag ain at the rig ht],

Low income

Live near maj or roa d

Prem ature death
Cig arette smoking

(11)
X−

Y−Z− j
Z− ialthou gh the inv estig a t ion (des cribed ove r leaf on pag e9.17) of the effect of liv ing near a maj or roa dwa s

not exp licit ly con cer ned with Z− j (low income). Howeve r, this cau s a lst ructure does not raise Que s tion sthat are not also raise d
by the three other cases (1), (8) and(9) discus s ed bel ow, becau se it is a composit eof them (and othe r) cases as fol low s :

• the left-hand sid eha sthe so-called ‘co mmon cau se’ str ucture of case(9),

• the rig ht-hand sid eha sthe so-called ‘co mmon respons e’ str ucture of case(8),

• the top and bottom are the causal chains of cases (4) and(6) [w hich is whi c hdepends on variat eassig nment];
there are als o fo ur ins tanc esof case(1): Z− j X−, Z− j Z− i, X− Y−, Z− i Y−.

Case s(1), (8) an d (9): Thes e ca s esinvolve five Que s tion sthat cou ld be inv estig a ted; they are numbere d1 to 5 for conve n ient
refe renc eand giv en wit h ot he rinfor mation in Table 9.2.7 bel ow– ‘E’ or ‘O’ in the Pla n colu mn denot es‘e xperiment al’or ‘ob -
se rvation a l.’ Ta ble 9.2.7

No. Case Que stion Plan

1 (1) Is low income associat e dwith premature death? O
2 (8) = (1) Is liv ing near a maj or roa dassociat e dwith premature death? O
3 (8) = (1) Is cig arette smoking a cau se of premature death? O

4 (9) Are liv ing near a maj or roa dand cig arette smoking associat e dwith low income? O

5 (8) To what ext ent are liv ing near a maj or roa dand cig arette smoking associat e dwith premature death? O

X− Y−
X− Y−
X− Y−
X−

Z−
Y−

X−
Y−

Z−

Question 1: It has long been known that the answe rto this Que s tion isYe s– for exa mple, nin eteent h centur y vital statis ti cs in
the U.K. showe dan association bet ween ‘soci al cla s s’ and death rates. The inability of the inv estig a tor(s) to assig n the value of
the focal variat eX− (a person’s income) is why the Pla n can only be obs ervation a l and the Que s tion is phrase din ter ms of
association (rather than causation).

Question 2: This Que s tion is answe red by the inv estig a t ion whose newsp aper repor t is giv en ove r leaf on pag e9.17. As the re-
port poi nts out, pos sib le confou nding by a lur king variat eZ− (c igarette smoking) means that comparison error impos es a sev ere
li mit ation on the Answe r.

Question 3: The health con seque n ces of cig arette smoking are now well docum e n ted as a res ult of tens of thousands of inv es-
tigation s, mos tof them from aroun d1950 and lat e r. The Pla ns of inv estig a t ion sinvolv ing huma nshave been obs ervation a lbe -
caus einve s tig a tors cannot ethically (or practically) assig n elem e n t s’ smoking habits; experimenta l Plans hav ebeen lim ited to
inve s tig a t ion sinvolv ing anima ls, but they are rela t ive ly fe w in number, in par t becaus eof the diffic ulty (and, henc e, the cos t) of
ge tting anima ls to smoke. [Anot he rfact or is the lim ited lifespans of cheaper laborato ry anima ls (li ke mic e and rat s) in rela t ion
to the tim efo r so m ehealth effects of smoking to become app are n t.]
The Que s tion wording inv olvesca usa tion becaus eof the requi rement that manipula t ion of the focal variat e(r edu cing the preva -
le n ce of cig arette smoking) will produ c ea desired change in the respons evariat e(a reduction in smoking -in duced dis ease,
re sul t i ng in better public health and reduced healthcare costs). The deca desof res earch and the number of inv estig a t ion sof the
health con seque n ces of smoking is a rem inde rof the diffic ulties of est ablis hing cau s ation usi ngan obs ervation a lPlan.

Question 4: This Que s tion involvesZ− (low income) as aco mmon cau se of X− (living near a maj or roa d) andY− (c igarette smok-
ing), alt hou gh the Que s tion wording inv olves(the weaker) association rat her than causation – more appro priat enotation wou ld
beX− in stead of Z− andY−1 andY−2 in stead of X− andY−.

Question 5: This Que s tion involves the effects of two focal variat es on are spons evariat e, whi c h is case(8) but with X−1 and
X−2 in place of X− andZ− – see als o the dis cus sio n on the upper half of pag e9.12 of qu ant ifying the rela t ion s hipof two (or more)
focal variat es and a respons evariat e.

In summar y, fou r causal structure sare int roduced in the discus sio n of statis ti c a lassociation of exp lanato ry variat es at the
up per rig ht of pag e9.10 in Section 5; thes ebeco m etwelve str ucture sat the middle rig ht of pag e9.10 wit h the inclu sio n of the
re spons evariat e. The discus sio n on pag e9.10 bel owthes est ructure sand in this Section 11 shows that only fo ur of thes etwelve
are relev a n tto comparative Pla ns, for which the pr imary conc e rn is the structure of case(1); the ove r lap ping str ucture sof
ca s es(8), (9) and(11) se rve mainly to infor mca s e(1) inve s tig a t i ng.

• The dis cus sio n in this Section 11 rem inds us that, to dev elo p a comparative Pla n to answe ra Que s tion wit h a cau s ative
aspect, suf fi cie n textra-statis ti c a lknowledge is needed to:
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−− fr ame a (cle ar) Que s tion abou t the association bei nginve s tig a ted;
−− give a plau s able cau s a lst ructure that is appro priat efo r this Que s tion;
−− choos e(a n dthen deve lop) a fea sib le Pla ntype.

NO TES: 20. The ob ser vational nature of the Pla ns in Table 9.2.7 on the facing pag e9.18 reflects their context; in con tex ts
where the value of the focal variat e(s) coul d be assig ned by the inv estig a tor(s), the Pla ns cou ld be exper iment al.

• It is als ocont ext-dependent whether the Que s tion sinvolvees t ablish i ng causation, qu ant i-
fying (c ausal) rela t ion s hips or pr ior itizingcaus es– recall Sectio n 6 on pag e9.12.

21. Case(10) [s how nag ain at the rig ht] in its lowe rre al fo rm (becaus eZ− is an exp lanato ry
variat e) is nota viable basis for a comparative Pla n, whi c hrequ ire seit her:

• direc tcausation ofY− by X− [c ase(1)], OR:

• anexplicit in ter mediat evariat ein ea ch causal chain from X− toY−, as in case(11) and illust r ated at the star t of
Se ction 11 in the causal structure at the top rig ht of the facing pag e9.18 .
−− There may be more than two causal chains fromX− toY−, as

il lust r ated by a case of th reepossib le int e rme diarie sat the rig ht.
The may als o be in ter act i on (s ee pag e9. 20) among such ex-
planato ry variat es; for exa mple, the inc rea s ed risk of lung can -
cer among uranium min ers (pres umably due to radio activ e du s tinhalation) mig ht be mainly among smoke rs
butboth non-sm oke rs and smoke rs may be at an inc rea s ed risk of lung canc e rfr om asbestos inhalation.
++ Caus esof ‘lu ng canc e r’are actually more complicated than implie d by this exa mple, becaus ethere are a

number of such canc e rs inv olv ing different cel l types (e.g., mesot heli oma from asbestos inhalation).

(10)
Z−

X−
Y−

X−
Z−

Y−

Cig arette smoking

Ur anium min ing Lung canc e r

Asbestos inhalation

22. The newsp aper article (reprint e don pag e9.17) discus s ed in Section 11 on the facing pag e9.18 is con cer ned with
higher death rates among people who liv e near a maj or roa d(the focal variat ein an inv estig a t ion wit h anob ser -
va tional Plan). The abs tract (on pag e9.17 bel ow the newsp aper article) of the jour nal ar ticle mentio ns that six
possib le confou nde rs – lung fun ction, body mass index, hous ehold income, a diagnosis of chron i c pulm onary
disease, chron i c is chemic heart dis ease and diabet es – were con sid ere d in the inv estig a t ion as other pos sib le
fact ors in premature death , and large rmo rtali ty rat eadvanc ement per iods(MRAPs) than for the focal variat e
we re fou nd for the last three of thes evariat es usi nga model called Cox reg res sio n [a n a log o us to the respons e
model (9. 2.1) on pag e9. 5 but differ ing in mat hem ati c a l fo rm] . Su ch model ling manage sco mparison error by
tr ying to achieve the statis ti c a lbenefit of blocking in an exper iment alPlan bymath ematically (r ather than phy si-
cally) hol d ing some(he re, six) lur king variat es ‘fixed’asX− change s. Su ch model ling encou nters two diffic ulties.

• Li ke block ing ,it manage sco mparison error on ly fo r confou nde r(s) whi c hare identifie d explicit ly:
−− fo r us eas block ing fact or(s) or inclu sio n in the model AND: −− whos evalue sit is fea sib le to mea s ure.
[This is true als o fo r the confou nde r(s) use dfo r matching and subdividing in an obs ervation a lPlan.]

• It must be assume dthat the model has the correc t (o r an adeq uate) fo rm fo r each pos sib le confou nde r in its
st ructural component – for exa mple, a first powe r, a secon dpowe r, a squ are root, a log arithm; anyZ− fo r which
this is not so wil l notbe hel d‘fi xed’ by the model calcula t ion sand so can become a sou rce of model error.
−− Holding thesa m e(o r si mil ar) value sph ysi cally (in an exper iment alPlan) for other exp lanato ry variat es as

the focal variat echange sma n age sco mparison error more effective ly than holding them fixe dby means of
the model (a n dusing dat afr om an obs ervation a lPlan). Likew ise, Answe rs whi c h cl aim cau s ation base d
onph ysi cal ev idenc ehave les sseve re lim itation than those base don amodel.

The sim ilarity of int entbetween block ing in an exper iment alPlan and inclu ding pos sib le confou nde rs in the struc-
tural component of a respons emodel for an obs ervation a lPlan con tin ue son by managi ng, under rep etition, com -
parison error due to unblock ed, unm e asure dand unknown confou nde rs:

• phys ically, by probability assig n ing (e.g., EPA) in an exper iment alPlan – the greater the deg ree of re pli cating,
the gre ater the reduction in comparing impre cisio n due to such confou nde rs;

• mathem ati c a l ly, by the residu als [and their (sub)model] in the respons emodel for an obs ervation a lPlan(but at
the cos tof model error becoming one of the components of ove r all error).

It is immater ial in the model fo r the inv estig a t ion des cribed on pag e9.17 whether we regard the sev en exp lana -
to ry variat es as sev en focal variat es or as one focal variat eand six pos sib le confou nde rs.

12. Comparative Plans – The Pro toco l fo r Sett ing Leve ls and Int eract ion
The protocol for setting lev els specifie s the va lues to be taken by relev a n tex pla n ato ry variat e(s); the sim p lest case is two

value sof on efocal variat ebut there is ter minol ogy to deal wit h the complication sof more than two value sof more than one
focal variat e. This ter minol ogy is use dma inly in the con tex tof experimenta l Plans.
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* A fa ctor is an exp lanato ry variat e; we dis tinguis han exp lanato ry variat ethat is:
−− a fo cal variat e; −− anon-focal variat eus ed as ablocking fac tor;
−− anon-focal variat ewhos evalue is manage dfo r ot he rre asons – see Not e28 on the facing pag e9. 21.
Our con cer nin this Section 12 is wit h fact or(s) that are fo cal variat e(s).

* Fact or leve ls are the set of value(s) assig ned to a facto r – that is, (us u ally) the set of value sassig ned to the (or a) focal variat e.
Choosi ngtheva lues fo r leve ls in the con tex tof a par ticular inv estig a t ion may requi reex tra -st atis ti c a lknowledge.

* A tr eatment is aco mbi nation of the lev els of the facto r(s) appli ed to a unit (or ele ment) [in the sample (or the block s)] .

* A run is par tof the Exe cutio n st age of an exper iment alPlan in whi c hall the data are collected for on etreatment.

* A fa ctori al treatment structure inv olvesall co mbin ation sof the lev els of the(two or more) facto rs.

* The(tr eatment) effe c tof X− onY− (u sually) refers to the change in theaverageof Y− fo r unit change inX− and:
−− im p lie stheX−-Y− rela t ion s hipis (beli eve dto be)ca usa l– a change inX− ca uses(brings about) a change inY−;
−− in clu des bot h themagn itudeanddirec tion of the rela t ion s hip– for exa mple, thesl opeand its sign fo r a li near rela t ion s hip;
−− requ ire sthat all non -focal exp lanato ry variat es Z− i hold their (same) value swhenX− change s;
−− is defi ned(the ‘tr ue’ effect) ov er the ele ments of theresp onden tpopu lation.

* Interact ion of two facto rs X−1 andX−2 is said to occur when the effect of one facto r on a respons evariat eY− depends on the
leve l of the othe rfact or. Int e r actio n means the combin ed effect of two facto rs is not the sum of their individu al effects.
−− Interactio n is a key con cept in the discus sio ns of the Appendix (Se ction 8) on pag es 9.62 to 9.64 in Fig ure 9.8 and in

Figure s9.12 on pag es 9.73 to 9.7 6and 9.1 3on pag es 9.77 to 9.80.
Il lu s tration sof this ter minol ogy are:

Leve ls of sex as a facto r arefe maleandmale;
the range sus ed as lev els of (hu man) age need caref ul con sid eration – range sthat are too narrow may con sum eunne c es-
sary resou rces in att ain ing adequ ate repli c ating, while range sthat are toobr oadmay obs cure the effect(s) of age.
In a taste test of different brands of beer, the facto r woul d bebr and of beer and its lev els wou ld be the individu al br ands.
When the re is only on efocal variat e, the tre atments are its lev els;
when the re are two focal variat es, X−1 (s ay) wit h two leve ls (denot e d1 and2) and X−2 with th ree leve ls (denot e dA, B, C),
there are 2× 3 = 6 tre atments(1A, 1B, 1C, 2A, 2B, 2C) in a facto ria l treatment structure;
with fou r fact ors each at three lev els , that are 4× 4× 4 = 43 = 64 pos sib le tre atments.

NO TES: 23. Not all exper iment alPlans lea dto an Exe cutio n st age (of the FDEAC cycle) in run s.

• Proces sim prove ment inv estig a t ion soften do– the Exe cutio n st age is then a set of run s, one for each tre atment.

• A cli nical trial of a drug usually doesnot involve run s– each par ticip ant takes the drug (or a placebo) [i.e.,
the (two) tre atments are appli ed to ele ments (or units)] for thewh ole period of the Exe cutio n st age.

When the Exe cutio n st agedo es involve run s, equ iprobable assig n ing con sis t sof equiprobable or der ingof theruns, be-
caus eun block ed, unknown and unm e asure dnon-focal exp lanato ry variat es are consid ere das bei ngti m e-dep enden t.

24. Equ iprobable assig n ing of tre atments to ele ments (or units) may not be fea sib le in an exper iment alPlan when one
fact or has hard-to -alter lev els. For exa mple, if pou ring tem perature (at two lev els , say, of 1,450oF and 1,600oF) is
a facto r in an inv estig a t ion to improve a process for mak ing iron castings, the tem perature of the fur nace con tain-
ing the mol ten iron cannot easily be alt e red; it may the refore be necessar y to doconsec utively all the run sat
each tem perature, ins tea dof hav ing the pou ring tem perature low or hig h un d er equ iprobable assig n ing for each
run. This la ck of probability assig n ing increa s esthe lim itation impos ed on an Answe rby comparison error.

• What is desir able statis ti c a l ly in dat a-base dinve s tig a t i ng may als obe compromise din process improve ment in-
ve s tig a t ion sby having to car r you t the Exe cutio n st age unde rtime pre ssure while the process con tin ue snormal
operation; inaddition to pos sib le lack of equ iprobable assig n ing ,there may be lim itation son Answe rs becau se:
−− there is not enou gh tim eto obtain adequ ate re pli cating;
−− the dat arefle ct process operation only ove ra li mit ed time per iod.

Fo r a process wit h an unacceptably-hig h long-ter mscrap rat eun d ergoi ng an inv estig a t ion to try to reduce the
rate, the re hav ebeen ins tanc esof negative reactio n fr om management to an inv estig a t ion wit h an exper iment al
Plan whe re some tre atment(s) inv olve facto r leve ls that wou ld (temporarily) increa s ethe scr ap rat e.

25. In ordin ary Eng lis h, int e r actio n customarily inv olvestwo entit ies; in statis ti cs, th ree(o r mo re) variat es are inv ol-
ve d– two (or more) focal variat es and one respons evariat e.

• Confou n ding also inv olves two exp lanato ry variat es and one respons evariat e; it is compare dand con trast e d
with int e r actio n (a n dwith other cau s a lst ructure sinvolv ing three variat es) on pag es 9.67 and 9.68 in Fig ure 9.9.

Interactio n is not lim ited to two fact ors – k focal variat es hav e (k
i ) possib le i-facto r in teractio ns; for exa mple,

fo ur focal variat es hav e(4
2) = 6 two -fact or int e r actio ns, (4

3) = 4 three -fact or int e r actio ns, and(4
4) = 1 fou r-facto r in -

teractio n. When i=1, the k‘1 -fact or int e r actio ns’ are the kmain effe c ts, the effects of the k facto rs in dividua lly.

• Ma in effects and int e r actio n ef fects are ins tanc esof tr eatment effects, and are repre sent e dby (re spons e) model
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 8)

NO TES: 25.
(c ont.)

para m eters. Any li near combi nation of such parameters whe re the coefficie n t ssum to zero is called aco ntr ast.

• Fo r fo ur focal variat es, the re are 4+ 6+4+ 1= 15 tre atment effects pot entia l ly of int e rest; thes eef fects canall
be estim ated with a 16-run exper iment alPlan inv olv ing a fact orial tre atment structure.

• A two-facto r in teractio n is the effect of one facto r on the effect of another facto r on a respons evariat e; a
th ree-facto r in teractio n is the effect of one facto r on the effect of another facto r on the effect of a thi rd facto r
on a respons evariat e, and so on.

26. When the re are two or more focal variat es, ‘lu rking variat es’ criter ion (1) on the upper half of pag e9.8 ent ails all
non-focal variat es be kept the same but, to allow int e r actio n ef fect(s) to be estim ated, the fo cal variat es must be
change d toge ther according to the balanc e dscheme of a facto ria l treatment structure. Howeve r, confou nding
may then arise as outli ned in Not e27 below.

• A misun d erstanding of criter ion (1) is to ext end theen s uring everything sta ys the sameprecept to thefo cal vari-
at es and to only change them on eat a time. Fo rex ample, for two fact ors each wit h two leve ls (denot e dLo and
Hi), hav eon erun wit h both X−1 andX−2 set ‘Lo,’ another run wit h X−2 set ‘Hi’ and
anot he rwith X−2 back at ‘Lo’ and X−1 set ‘Hi’; the res ulting dat a, shown as three
re spons evariat eav erage sin Table 9.2.8 at the rig ht, donotallow theX−1-X−2 in ter-
action effect to be estim ated, becau se the re is no run wit h both facto rs set ‘Hi.’
Su ch a Pla n, if it requi red fou r repli c ates for each tre atment, wou ld inv olve 12 run s. With a fa ctor ial treat-
ment structure, only 4 runs provide thesa m eleve l of repli c ating andan estim ate of the int e r actio n ef fect.

Ta ble 9.2.8 X−2 Lo X−2 Hi

X−1 Lo Y−−Lo,Lo Y−−Lo,Hi

X−1 Hi Y−−Hi,Lo No dat a

27. The idea in Not e25 of estim ating 15 tre atment effects from a16 -run exper iment alPlan can be adapted to fe wer
estim ates (7, say) from fe wer (s ay 8 of the 16) runs – this is called afr act ional fac tor ial treatment structure
(he re, aha lf fr actio n). Unde rsu ch a Pla n, it is only pos sib le to estim ate co mbi nationsof tre atment effects, like
the main effect of one facto r and on ethre e-facto r in teractio n. Becau se we cannot sep arate such combin ation s
in t o thei r in d ividu al effects wit hou tdata for all16 runs ,there is confou n ding within the combin ation s.

• Inability to sep aratetrea tment ef fects unde ra Pla n involv ing afractional fact orial tre atment structure wou ld be
bett e rcalledperfec tconfou nding , to distinguis h it from partia l confou nding (in trodu c e don pag e9.6 in Section
2), whe re the association ofX− andZ− typi c a l ly has a cor rela t ion wit h magnitude lessthan 1. As dis cus s ed in Fig -
ure 9.9 on pag es 9.61 to 9.64, bot hca s esare usually (unwisely) sim p ly called ‘confou nding’wit hou tdistin ction.

28. An idea, associat e dwith the name of Tag uchi, for exploiting in teractio n is illu s trated
by improve ment of a process for manufactur ing ceramic tiles; the diag ram at the
right for an X−-Y− rela t ion s hipdisplays an int e r actio n ef fect, becaus ethe sl ope of the
(li near) rela t ion s hipbetween X− and theaverageof Y− is di ffere nt (he re, sma l ler nega -
tive mag n itude) when (non-focal) ex pla n ato ry variat e Z− =1(‘Hi’) than when Z− = 0
(‘L o’). In the tile-ma n ufactur ing process, if:

Lo Hi

Y−−

X−

• •Z− =1

Z− = 0

Y− is tile sizeafter fir ing in an ove n,
X− is ove ntemperature, whose variation from ‘Lo’ to ‘Hi’ ove rposit ion wit hin the ove ncaus estiles of thesa m e
in itia l si ze, but fire din different ove nposit ion s, to hav edifferentfinal si zes,
Z− is amoun tof clay in the ing redie n tmix use dfo r the tiles,

by managi ng the amou nt of clay in the ing redie n tmix (i.e., setting Z− =1), the manufactur ing process is improve d
by mak ing variation in tile final size lesssensit ive to variation in firing tem perature due to tile posit ion wit hin the
ov en. This in direc t ap proach exp l oit i ng in teractio n av oid s the (mo reex pensive) direc t ap proach of mak ing the
temperature more unifo rm wit hin the ove n; of cou rse, the pro per tie sof the tiles must rem ain acceptable when
Z− =1 and clay must not be too expensive an ing redie n t.

13. Experi mental Plans – Quantifying a Tre atment Effect Under EPA
To illust r ate pro per tie sof experimenta l

Plans (and then con trast them wit h thos eof
obs ervation a lPlans) ,hy pot heti c a ldata for a
re spons evariat eY− are giv en in Table 9.2.9
at the rig ht for a respondent popula t ion of
si x elem e n t sun d er two value s[a s sig ned by the inv estig a tor(s)] of a focal variat eX− – the tre atment
ef fect (the change in the ave r age ofY− fo r un it change in X− when all the Z−s rem ain fixe d) is 0.3
un its, the ave r age of (widely-var ying) ef fects of changi ng X− fo r the individu al ele ments. The data
in Table 9.2.9 are als osh own in diagr am(1) at the rig ht; the value of a lur king variat eZ− give nbe -
si de each dot rem inds us that, for our initia l discus sio n, changi ng X− doesnot affe ct the value ofZ− [but see the com mentin the
se con dbullet (.) in the secon dparagr aph ove r leaf on pag e9. 22]. The popula t ion ave r age swhenX− = 0  and X− =1 are show n as

Ta ble 9.2.9: Re spondent Popul ation Responses(−N =  6)
Element no. 1 2  3 4 5 6 Av .

X− = 0  0.9 1.5 1.8 3.6 3.9 4.5 2.7
X− =1 1.2 1.5 2.4 3.3 4.2 5.4 3.0

Tr eatment effect 0. 3 0 0.6 −0. 3 0. 3 0.9 0.3

(1)
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1
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sh ort hor izont al li nes; the differ ing not ation use dfo r thes eav erage sbetween diagr ams (1) [ov erleaf] and (2) [at the middle rig ht
of pag e9. 25] is to empha size the distin ction bet ween exper iment alPlans [where the invest iga tor (s) assig n each ele ment’s X− value
(u nde rEPA)] and obs ervation a lPlans [where each ele ment has its ‘natural’ X− valueuninflue n ced by the inv estig a tor(s)] .

Ta ble 9.2.1 0at the rig ht bel ow (w hich is unbl ock ed – see Not e29 below) shows the twenty pos sib le assig nments of the six
popula t ion ele ments whose dat aare giv en in Table 9.2.9 ove r leaf on pag e9. 21, tog ether with thei r re spons evariat eav erage s ,treat-
ment effect and comparison error; for exa mple, the first lin eof Table 9.2.1 0sh ows:

• elem e n t s1, 2 and 3 assig nedX− = 0  (often called the ‘cont rol group’) wit h av erage respons e1.4,

• elem e n t s4, 5 and 6 assig nedX− =1 (the ‘treatment group’) wit h av erage respons e4. 3,

• fo r this assig nment, an estim ated treatment effect y−1− y−0 is of 4. 3−1.4 = 2.9,

• fo r this assig nment, comparison error of 2.6– the differenc ebetween the estim ated and true tre atment effects,2.9and0. 3;
the five ave r age sat the bottom of Table 9.2.1 0have meaning only if all 20 assig nments areeq uiprobable (as they are unde rEPA).
[The last colum nof ten value sin it ali cs at the rig ht of Table 9.2.1 0
is dis cus s ed in the secon dbullet (.) bel ow.]

The ave r age sat the bottom of Table 9.2.1 0il lust r ate sev eral mat-
ters of statis ti c a l in terest about EPA and (in cid e n tally) about EPS.
. un d er EPA, the ave r age tre atment effect ove r the 20 pos sib le as-

signments is thetruevalue, 0. 3, SO THAT:
. un d er EPA, the ave r age comparison error ove r the 20 pos sib le

assig nments is zero – that is, the re is unbia s ed estim ating of the
treatment effect; HO WEVER:
−− if lur king variat e Z− and the re-

spon se variat eY− are a com mon
re spons eto X− [r ecall case(10) of
the cau s a lst ructure son pag e9.10 and Not e21 on pag e9.19],
this unbia s edn ess is los t, as the fol low ing illust r ation shows.

Sup pos ethe change inZ− (r esulting from the change inX−)
caus eselem e n t4 (with Z− = 3) to have a respons eof 3.9 and
an app are n tef fect of 0. 3 in stead of its ‘tr ue’ value of−0. 3–
fo r si mplicity, we assume the othe r fiv e elem e n t s(w ith Z−
value soth er than3) stil l have the effects giv en for X− =1 in
Ta ble 9.2.9. The 10 assig nments inv olv ing elem e n t4 wit h
X− =1 then have their ave r age s in cre ase dby 0. 2, as do the cor-
re sponding comparison error value s(give n in it ali cs in the last colum n of Table 9.2.1 0); the average of the twen ty
co mparison error value sis then0.1 in stead of zero, indicating bia s ed estim ating of the tre atment effect.
If ele ments othe r than 4 were to also have their respons es whenX− =1 change dby the change in Z−, some of thes e
change smight be in opp osi te direction s, res ulting in someca ncell ation and asm aller (c onc eiv ably zero) mag n itude for
the comparison error of the particular assig nment; howeve r, the estim ating bia s (the average co mparison error ove r
the set of all possib le assig nments) is unlikely to be meaning ful ly change dby such (fo rtuit ou s) canc ellation.

(10)
Z−

X−
Y− X−

Z−
Y−

• The ave r age of the set of 20 samples of three ele ments wit h a giv en X− value is the relev a n tpopu lation av erage – see the
right-hand colum nof Table 9.2.9 at the star tof Section 13 ove r leaf on pag e9. 21– this is unbia s ed estim ating of a respondent
popula t ion ave r age unde rEPS (se ealso Appendix 3 on pag es 9.35 and 9.36 and more det ail on pag es 6.7 and 6.8 in Appen -
dix 3 in Fig ure 6.1 of thes eCourse Mat e ria ls).

Thus, exper iment alPlans provide unbia s ed estim ating of the tre atment effect unles son eor more of the lur king variat es Z−1, .....,
Z−k and the respons evariat eY− are a com mon respons eto the focal variat eX−; if this state of affairs is unco mmon in practic e,
an exper iment alPlan usually avo ids such bia s ed estim ating. [Bl ock ing fact ors are cle arly notsu ch a com mon respons ebecaus e
they are hel dfixedwhenX− is change d.]

Ta ble 9.2.10 : Data for the Set of All 20 Equ iprob able
Assignments of the 6 Elements in Tab l e9.2.9

Av erage s Tr eatment Compari so n
X− = 0 X− =1 X− = 0 X− =1 effe c t er ror

(1, 2, 3) (4, 5, 6) 1.4 4.3 2.9 2.6 2.8
(1, 2, 4) (3, 5, 6) 2.0 4.0 2.0 1.7
(1, 2, 5) (3, 4, 6) 2.1 3.7 1.6 1.3 1.5
(1, 2, 6) (3, 4, 5) 2. 3 3. 3 1.0 0.7 0.9

(1, 3, 4) (2, 5, 6) 2.1 3.7 1.6 1.3
(1, 3, 5) (2, 4, 6) 2. 2 3.4 1.2 0.9 1. 1
(1, 3, 6) (2, 4, 5) 2.4 3.0 0.6 0.3 0.4

(1, 4, 5) (2, 3, 6) 2.8 3.1 0.3 0
(1, 4, 6) (2, 3, 5) 3.0 2.7 −0. 3 −0.6
(1, 5, 6) (2, 3, 4) 3.1 2.4 −0.7 −1.0 −0.8

(2, 3, 4) (1, 5, 6) 2. 3 3.6 1.3 1.0
(2, 3, 5) (1, 4, 6) 2.4 3.3 0.9 0.6 0.8
(2, 3, 6) (1, 4, 5) 2.6 2.9 0. 3 0 0.2

(2, 4, 5) (1, 3, 6) 3.0 3.0 0 −0. 3
(2, 4, 6) (1, 3, 5) 3. 2 2.6 −0.6 −0.9
(2, 5, 6) (1, 3, 4) 3. 3 2. 3 −1.0 −1. 3 −1. 1

(3, 4, 5) (1, 2, 6) 3.1 2.7 −0.4 −0.7
(3, 4, 6) (1, 2, 5) 3. 3 2. 3 −1.0 −1. 3
(3, 5, 6) (1, 2, 4) 3.4 2.0 −1.4 −1.7 −1.5
(4, 5, 6) (1, 2, 3) 4.0 1.7 −2. 3 −2.6

(o npage 9.21)

Element nubers

Av . 2.7 3.0 0.3 0 0.1

NO TES: 29. If the respons es in Table 9.2.9 at the star tof Section 13 ove r leaf on pag e9. 21we re re al data, the Answe rabou t the
value of the tre atment effect cou ld be made more useful by managi ng the sub stantia l variation among the ele ments’
ef fects –e.g., by block ing to decre ase comparing impre cisio n [r ecall the com ment(−−) near the middle of pag e9.13].

30. To avo id confou nding ,‘l urking variat es’ criter ion (1) on the upper half of pag e9.8 requi re sthe ideal of all non-
focal exp lanato ry variat es Z− i holding their value sfo r ever ypopula t ion ele ment whenX− = 0  andX− =1.

• Bl ock ing meets this criter ion but on ly fo r theZ− i that are block ing fact or(s) .

• Prov ide dthere is no com mon respons eof Z−1, ....., Z−k andY− to X−, EPA addre sses criter ion (1) for the oth er
un block ed, unm e asure dand unknown lur king Z−s but it does so only under rep etition – mak ing their dist rib u-
tion s(not their value sin dividua lly) the sameon averageacross ele ments whenX− = 0  andX− =1.
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Figure 9.2. INVESTIGATING STATISTI CAL RELATIO NSHIPS (co ntinued 9)

NO TES: 30.• −−
(c ont.)

Thepr obabi lis tic nature of equ iprobable assig n ing means that, eve nin conjun ction wit h adequate repli c ating,
it cannotgu ara ntee (r oug hly) the same dist rib u tio n among groups for ever yun block ed, unm e asure dand un-
known non -focal exp lanato ry variat e– unde ra particular assig nment, some such dis tributio n(s) may differ
subs tantia l ly among the groups bei ngco mpare d; howeve r, the degree of the res ulting lim itation impos ed on
Answe r(s) by comparison error becomes:
++ more acceptable as the lev el of repli c ating (i.e., the group sizes) inc rea s es;
. lessacceptable as the number of lur king variat es (whos eef fects are to be ‘bala n ced’) inc rea s es.

−− There may sometimes be dat aav a ila ble on one or more Z− i that allow some assessment of the balanc ein
the assig nment obtaine dun d er EPA in aparticular inve s tig a t ion. Two illust r ation sfr om cli nical trials are:
++ in the usual situation whe re par ticip ants’sex is recorded, it is pos sib le to che ck how clo se the fem ale -ma le

ratios are in the con trol and tre atment groups (and how clo se bot hare to the ratio in the study popula t ion);
when par ticip ants’ age is recorded, theaverageag ein the con trol and tre atment groups can be compare d.

Depending on how early in an inv estig a t ion any (meaning ful) imbala n ce is identifie d, inv estig a tor(s) may :
++ re -do the equ iprobable assig n ing , OR:
++ re dre ss the effect(s) of the imbalanc e.
Comp aring averageag e(s ay) is a che ck for sim ilar agedis tributionsamong the groups but a lim itation on
Answe r(s) due to comparison error rem ain s becaus edist rib u tio ns wit h di ffere nt sh apes or widt hs may hav e
thesa m e(o r si milar) ave r age s.

−− Othe r (undesir able) langu age sometimes used to des cribe how EPA addre sses criter ion (1) on pag e9.8 is:
EPA in conjun ction wit h adequate repli c ating, tries tore mov easso cia tion (o r pr oduce ‘in dep enden ce’) be-
tween the focal variat eand unblock ed, unm e asure dand unknown non -focal exp lanato ry variat es.

EPA epi tomizes theactivenature of exper iment alPlans and, in addre ssi ngcr iter ion (1) for unblock ed, unm e a-
sure dand unknown non -focal exp lanato ry variat es, confers (un d er repetit ion) auniqueadvant age on exper imen -
tal Pla ns ove robs ervation a lPlans; probability assig n ing is what mos tcle arly dis tinguis hes the two Pla ntypes.

31. Statis ti cia ns hav eargued about whet her EPA is ‘ne c essar y and/or suf fi cie n t’ i n an exper iment alPlan to establi sh
aca usa l rela t ion s hipbetween X− andY−. The disagreements are resolved when it is recog n ized that:

• EPA operates pr obabi lis tically and in conj unction with adequate repli c ating – as dis cus s ed in Not e30 on the
faci ng pag e9. 22 and above, non -focal exp lanato ry variat es may differ in their value s ,among the groups be-
ing compare d, to adegree that can meaning ful ly change the Answe run d er the assig nment obtaine din a par-
ticular inve s tig a t ion – for ins tanc e, in Table 9.2.1 0on the facing pag e9. 22, the first and last assig nments have
co mparison error of sub stantia l magnitude in the con tex tof the hypot heti c a ldata in Table 9.2.9 on pag e9. 21;

• the math ematical la ng uag eof necessity and suffici ency is inap pro priat ein the con tex t of inve s tig a t ive un cer -
tain ty and so a statement like eq uiprobable (or ‘ra n dom’) assig ning is nei ther neces sar y nor sufficient to esta b-
li s hca usa tion may be true but is unhel pful becau se it can obs cure the fol low ing two matt e rs:
−− proper use of statis ti c a lmethods does not gu ara ntee a ‘co rre ct’Answe r– it merely makes an Answe rli kel y

to be clo se enoug hto the actual state of affairs to be useful (i.e., pro per use of statis ti c a lmethods yields an
Answe rwith acce pta b le li mit ation s);

−− improper use of statis ti c a lmethods does not gu ara nteea ‘wrong’ answe r– it may (occasio nally) yield a‘c or-
re ct’Answe r; for ins tanc e, a respons evariat emea s ure d inaccur ately or inco rre ctly on a sample of on eun it
may hap pen to be clo se (conc eiv ably eq ual) to the value of the respondent popula t ion ave r age.

It is diffic ult to dev elo p a min d-set in whi c hthes ematt e rs are rou tin ely recog n ized; the diffic ulty is compoun d ed
by that of framing in Eng lis hcle ar and cor rect statements that deal wit h un cer tain ty in statis ti cs.

• It is als ochallengi ng rou tin ely to recog n ize and expre ss the fact that, in statis ti cs, we quantify unc e rtain ty on ly
in ter ms of beh aviou r un d er re pet it i on– Answe r(s) obtaine din a particular inve s tig a t ion re mai n un cer tain, as
refle cted by their lim itation s. Li mit ation son Answe rs are unav oidable when using inco mplet e infor mation,
which arises mos tobviou sly in statis ti cs from the processes of sampling and measuring .
−− The idea of lim itation salso reminds us to avo id phrases like th e va lidity of a cau sal infer ence in stead of

(d isciplin ed) us eof the ter minol ogy of comparison error to reflect one sou rce of inv estig a t ive unc e rtain ty.

REFERENCE: Sprott, D.A., R.M. Roy all in Re ce nt Con cep ts in Sta tis tical Infer ence. Proceedings of a Symposium in
Ho nou rof Profe sso rV.P. Godambe, Unive rsity of Wat e r loo, Aug u s t14 -16, 1991, Randomization Dis cus sio n.

32. Two illust r ation sof the matt e rs in Not e31 above in the con tex tof non-probability assig n ing are:
Prog ram 12 of Ag a inst All Odds: Inside Sta tis tics des cribes (abou t
14 min utes into the video) a cli nical trial of ribav i rin as tre atment
fo r a pre -AIDS con d ition, swollen lymph nodes; the data for the
thre egr oups are show n in Table 9.2.11 at the rig ht. Thedecrea sing
number of cases that progres s ed on to AIDS wit h in cre asi ngdaily

Ta ble 9.2.11: Rib avir in Tri al Dat a
RIBAVIR IN (mg/day)

0 600 800

Group size 52 55 56
Prog res sto AIDS 10 6  0
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ribavir in dos ein d i c ated it was an effective tre atment. Lat e r, it transpi red that ribav i rin is not ef fective – the
data were an artifact of the sicke s tpatients bei ngassig ned to the con trol group and the healthie s tto the group
re c eiv ing the hig her dos eof ribav i rin.

. Scurvy is a dis ease cau sed by a defi cie n cy of vit amin C in the diet ; it is charact e rized by deb i lity, blood change s ,
spongy gums and hemo rrhag es in bodily tis s ues. Up to the nineteent hcentur y, it was com mon among sailo rs
on long voy age s ,soldiers on campaig n, inhabitants of beleagure d cities and in other such situation swhere
fre shfr uit and/or vege table sin the diet were abs ent or ins ufficie n t. As illust r ation s:
−− du ring Anson’s circumnav igation voy age in1742-1744 (a per iod pr ior to Lin d’s 174 7inve s tig a t ion des cribed

below) , at lea st380 of a crew of 510 on one of his six ships die dof scurvy; BY CONTRAST:

−− on his secon dvo yag ein 1772-1775, cov ering 70,000 miles ove rmo rethan 1,000 days ,Cook (who knew of
Li nd’s inv estig a t ion and act e don it) lo st only 3 men to accid e n t sand 1 to ‘cons umption’ f rom a crew of 118 .

. Li nd had direct exper ienc eof scurvy becau se he first went to sea wit h the Britis h Navy in the lat e1730s; he
spent many years inv estig a t i ng its caus e. Our in terest in Lin d’s wor k is becau se, in 174 7, he use dan experi -
menta l Plan to inv estig a te pos sib le tre atments; dur ing a voyage whi c h in clu ded a ten-we ek abs enc e fr om
sh ore and in whi c h80 of a crew of 350 saili ors were str uck dow nby scurvy, Lin d us ed a sample of 12 sailo rs
with scur vy, whi c hhe divide din t ogr oups of two for administ e ring the fol low ing six daily tre atments:
−− two quarts of cid er; −− half a pin t of sea wat e r; −− two orang es and one lem on;
−− 25 dro ps of eli xir of vit riol; −− si x spoonf ulls of vin egar; −− a garli c, must ard seed, balsam and myr rh

gum ele ctuar y.Parts of Lin d’s des criptio n of his inve s tig a t ion, from the referenc ebelow, are:
On the 20th of May, 174 7, I took twelve patients in the scurvy, on board the Sa lisbury at sea . Thei r ca s eswe re as
si milar as I cou ld hav ethem . They all in gen eral had putrid gums, the spots and lassitude, wit h we a ken ed kne es.
They lay tog ether in one place, ..... and had one die t co mmon to all, ..... . Tw o of the worst patients, wit h tendons
in the ham rig id, (a symptom non eof the rest had), were put unde ra cou rse of sea -wa ter. .....
The con seque n ce was, that the mos tsu dden and visible good effects were perceiv ed for the use of the orang es and
le mon s; on eof those who had taken them, bei ng at the end of six days fit for duty. ..... The other was the best
re cove red of any in his con d ition; ..... .
Next to the orang es, I thoug ht the cyder had the best effects. ..... those who had taken it, were in a fairer way of
re cove ry than the othe rs at the end of a for tnight, whi c h wa sthe lengt h of time all thes edifferent cou rses were
contin ued, exc ept the orang es. .....
As to the eli xir of vit riol, I obs erved that the mou t hs of those who had use dit by way of gargling, were in a much
cle a ner and better con d ition than many of the rest, especia l ly those who used the vin egar; but perceiv ed other wise
no good effects from its int e rnal use upon other symptoms. .....
There was no rem arkable alt e r ation upon those who took the ele ctuar y, the sea -wa ter, or vin egar, upon comparing
thei r condition, at the end of the for tnight, wit h ot he rs who had taken not hing but a lit tle lenative ele ctuar y and
cream of tar tar, ..... .
It may be now pro per to confi rm the effic acy of thes efr uits (orang es and lem ons) by the exper ienc eof others.

. In the con tex t of the Con clu sio n st age of the FDEAC cycle, becau se Lin d obtain ed what is now known to be
acorrec tAnswe r, it is easy to ove r look the sev ere li mit ationson his Answe r im pos ed by:
−− the sma l l sample size of 12 sailo rs;
−− the non -probability selecting: likely conven ien cesele cting of sailo rs who were on the ship and had scurvy;
−− the non -probability assig n ing – not surprisingly, the re is no mentio n by Lin d of the ‘mode rn’ idea of proba -

bility assig n ing (e.g., EPA) but some implication of judg ement assig n ing in the descr iptio n quot e dabov e.

REFERENCE: Tr öhler, U. (2003). James Lin d and scurvy: 174 7to 1795. The James Lin d Li brary (www.jamesli ndlibrary.org).
Re pub lis hed in theJ. Roy. Soc. Medicin e98: 51-522(2005). [DC Library call number: PER R35.R7]

33. Equ iprobable se lec ting and equ iprobable assign ingare
co mponents of the processes of sampling and (ex per i-
ment al) co mparing ,whos esi mil aritiesare illust r ated
in the discus sio n on pag e9. 22 of Table 9.2.1 0
and are por traye dby the two tre ediag rams
in the schema at the rig ht.

• Inve s tig a t ion sinvolv ingco mparing (to
answe ra Que s tion wit h a ca usa tive
aspect) us u ally inv olve sa m p ling;
inve s tig a t ion s involv ing sa m p ling to
answe ra Que s tion wit h a descript ive
aspect neednot involveco mparing.

• Prob abili ty sel ect ing means hav ing
knownelem e n t(o r un it) in clu sio n pro-
babilit ies in the selecting process;

SAMPLING COMP AR ING
(Protocol for selecting units) (Protocol for choosing groups;

protocol for setting lev els)

Sele cting Estimating As sig n ing Estimating

Probability Othe r Probability Othe r

Equal
(EPS)

Unequal Equal
(EPA)

Unequal

St atis ti c a ltheory for:
• un biase destim ating

• im pre cisio n repli c ating<= =>

• confid e n ce int e rval expre ssi ons

Stra tifying can decrea s e
sampling impre cisio n

Bl ock ingcan decrea s e
co mparing impre cisio n
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NO TES: 33.•(c ont.)
in trodu cto ry statis ti cs cou rses empha size eq uiprobable selecting as the basis of statis ti c a ltheory for the beh a-
viou rof sa m p leer ror unde rrepetit ion (se ealso Appendix 3 on pag es 9.35 to 9.37).
−− He re, we coi n the ter m prob abili ty assig ning fo r having known assign ing probabilit ies; we encou nter

ma inly the speci al case of eq uiprobable assig n ing – (roug hly) eq ual numbers of ele ments in the groups (e.g.,
cont rol and tre atment) being compare d.
++ Analog o us to EPS, EPA is the basis of statis ti c a l theory for the beh aviou r of co mpariso ner ror unde r

repetit ion – recall the discus sio n on pag e9. 22 of Table 9.2.1 0.
++ Su rprisingly, ‘probability assig n ing’ i s not currently use del sew here, perhaps reflecting sep arate dev elo p-

ment of the two large statis ti c a larea sof sur vey sampling and desig n of exper iments.
Oureq uiprobable sel e cting is usually si m p le ra n dom sel e ctingor ra n dom sel e ctingel sew here;
ou req uiprobable assig ning is random assig ning or randomization el sew here.
−− St atis ti c a l theory is used in the estim ating branches of the two tre ediag rams in the schema at the lowe r

right of the facing pag e9. 24; thes ebranches are par tof the Analys is stage of the FDEAC cycle.
++ Sele cting/assig n ing probabilit ies as the basis of the theor y us ed for estim ating is not ewo rthy.

−− The schema at the lowe rright on the facing pag e9. 24 rem inds us of the analog o us role sof stratifyi ng and
bl ock ing in sampling and comparing [but recall the com ment(−−) near the middle of pag e9.13].

• As shown picto ria l ly at the rig ht, a com mon theme
of EPS and EPA is div iding a group of units (or ele -
ments) into subgr oups that are likely to be si mil ar
enou gh under adequ ate rep licating fo r the respec-
tive lim itation s im pos ed on Answe r(s) by sample
er ror and comparison error to be acceptable in the
inve s tig a t ion con tex t.
−− Whense lec ting the sample, the group of ele ments (or

un its) is the respondent popula t ion, the subgr oups are the units (or ele ments) notsele cted and the sample.

Equiprob able sel ect ing Equiprob able assig ning

Re spondent
popula t ion

Un its not
sele cted

Sa mple

(Si milar)

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Si milar Si milar

14. Obser vat ional Plans – The Confounding Effect
In an ob ser vational Plan, for a focal variat ewith q value s ,we think of the respondent popu -

la t ion as bei ngma de up of q subpopula t ion s; each subpopula t ion is those ele ments whi c hhave a
particular value of the focal variat e. Diagr am(2) at the rig ht shows an ins tanc eof q=2 with the
two subpopula t ion sbeing of thesa m esi ze (4 ele ments); two sho rt hor izont al li nes show the two
subpopula t ion ave r age respons esY−−0 andY−−1 [a sthey als odo in diagr am(1) at the lowe rright of pag e
9. 21]. The differenc ebetween Y−−1 andY−−0 fo r the two subpopu lationsha stwo components:

* the trea tment effe ct arising from their differentX− value s;

* an effect due to differenc esbetween the two subpopula t ion sin the dist rib u tio ns of value s(e.g.,
in the ave r age s) of one or more lur king variat es –wecall this theco n founding effectand we write equ ation (9. 2.3) below;

Y−−1 − Y−−0 = effect of change inX− + effect of change inZ−1, .....,Z−k = tre atment effect + confou nding effe ct. -----(9. 2.3)

Explanato ry variat es are usually num erous and so, for each ele ment, as thes evariat es take their ‘natural’ value suninflue n ced by
the inv estig a tor(s), the re is ample oppor tun ity for different dist rib u tio ns of one or more Z− i among the q subpopula t ion sof the
re spondent popula t ion. It is usually fea sib le to manage at mos ta fe wZ−s by mat ching and/or subdividing .
As s essing Answe rs from obs ervation a lPlans must take accou nt of the confou nding effe ct becau se:

−− it is a sou rce of comparison error and the res ulting lim itation impos ed on the Answe r(s),
−− the tre atment effect and the confou nding effe ct cannot be quantifie d se p ara tel y– we can only know their sum;

thus, our effor ts to manage an in her ent li mit ation on Answe rs from obs ervation a lPlans
me et, at best, wit h only partia l su ccess. The re is fur the rdiscus sio n and illust r ation
of the confou nding effe ct in Section 15 ove r leaf –e.g., in Schema O on pag e9. 27.

(2)

5

4

3

2

1

0
0 1

Y−

X−

Y−−0

Y−−1

•
•

•
•

•

•

•
•

NO TE: 34. The schema at the rig ht shows two ways we think about a respondent
popula t ion in comparative inv estig a t i ng.

• On the left, we think of all ele ments (or units) hav ing the focal vari-
at evalueX− = 0  and, in an experimenta lPlan, a  sample selected by
EPS is div ide din half by EPA, wit h on ehalf ret ain ing the value
X− = 0  and the othe rbeing assig nedX− =1; the two(half) samples
are then compare dap pro priat ely to answe r the Que s tion(s).
−− An illust r ation is a cli nical trial of a drug – X− = 0  repre sents

takingnodr ug (us u ally tak ing a placebo in practic e) andX− =1

= +Re spondent
popula t ion

Re spondent
subpopula t ion

with X− = 0

Re spondent
subpopula t ion

with X− =1EPS

EPA
EPS EPS

X− = 0 X− =1

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Sa mple
with X− =0

Sa mple
with X− =1
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repre sents tak ing the drug.
[Whentwodr ugs are comp are d, noneof the popula t ion ele ments (or units) may initia l ly hav eX− = 0  or X− =1,
but this does not affe ct the poi nt of this dis cus sio n.]

• On the rig ht of the schema at the lowe rright ove r leaf on pag e9. 25, the ‘natural’ value sof X− defin e(two) subpopu -
la t ion sand, in an ob ser vational Plan, the samples to be compare dare obtaine dby EPS from thes esubpopula t ion s.

Dividing the sample in half by EPA is for sim p licity in this dis cus sio n ; in practic e, the con trol and tre atment
gr oups may be made of di ffere nt si zes to manage other sou rces of error; this can be accomplis hed by usi ng
unequal probabilit ies of assig n ing elem e n t s(o r un its) to the groups.

• It is als o assume dfo r si mplicity that the respondent popula t ion size is an exact mul t i p le of the number of
gr oups (e.g., that −N is evenwhen the re are twogr oups) .

15. Compari so nEr r or in Experi mental and Obser vat ional Plans
Despit e the pr obabi lis tic equivalenc eof EPS fol lowe dby EPA on the left and EPS of two samples on the rig ht in the

schema in Not e 34 ove r leaf at the lowe r right of pag e9. 25, comparison error is inv olved in di ffere nt ways in the two Pla n
types, as illust r ated in the two schema sE at the rig ht bel owand O and at the cent re rig ht of the facing pag e9. 27.

• In schema E repre senting an experimenta l Plan, the respondent
popula t ion has (unknown) ave r ageY−− and the sample selected
fr om it by EPS has (unobs erved) av erage y−.
−− The di ffere nce in the value sof Y−− and y− is sa m p leer ror;

it s value rem ain sunknown in a par ticular inv estig a t ion.
−− We als odenot ethe respondent popula t ion ave r age, when all

elem e n t shave X− = 0, by X− = 0Y
−− and, when all ele ments have

X− =1, by X− =1Y
−−; the differenc eof thes e(u nknown) ave r age s

is the (unknown) trea tment effe ct – the change in theaver-
ag eof Y− fo r unit change inX− when all theZ−s rem ain fixe d.
++ A tre atment effect is an att rib u t edes cribing a rela t ion s hip.

Sche m aE for an Experi mental Plan
Tr eat ment

ef fect
Estimated treatment

ef fect
Comp arison

er ror

Tr eat ment
ef fect

Sa mple error whenX− = 0

Sa mple error whenX− =1
Sa mple
er ror

Tr eat ment effect
in the sample

X− =1

X− = 0

E
P
A

Y−−

X− =1Y
−−

Y−
(y−)

(y−0
* ) y−1

y−0X− = 0Y
−−• The sample is div ide d(r oug hly) in half by EPA.

−− One half yields an ave r age y−0 fo r the respons evariat ewhen the focal variat etake sassig ned valueX− = 0;
−− The other half yields an ave r age y−1 fo r the respons evariat ewhen the focal variat etake sassig ned valueX− =1.
−− The (obs erved) di ffere ncey−1− y−0 is thees tim atedtreatment effect.

• The estim ated and truetreatment effects differ by comparison error arisi ngfr om two sou rces.
−− The two half samples obtaine dun d er EPA wou ld likely hav edi ffere nt av erage sy−0 and y−0

* whenX− = 0, due to differenc es
in their dist rib u tio ns for one or more lur king variat es Z− i.

−− The tre atment effect in the(half) sa m p lewith X− =1 is likely to differ from thetruetreatment effect;
Sole ly to illust r ate this dis cus sio n, the components of comparison error from the two sou rces are sep arated by the sho rt
ve rti c a l li ne on the lowe rsi de of the comparison error bar to the rig ht of its cent re.
++ The hypot heti c a l (unobs erved) av erage y−0

* of the half sample wit h X− =1, if it wer e to have been assig ned X− = 0, is
called aco unt erfac tual and arises aga inin Not e35 at the bottom of the facing pag e9. 27 and pag e9. 28.

−− Comp arison error (fr om bot h sour ces) is el imi nated in the (un attainable) ideal of our three criter ia (on the upper half of
page 9.8) defin ing cau s ation, whi c hrequ ire ace nsusof the respondent popula t ionboth whenX− = 0  and whenX− =1.

• By equ ating the relev a n tho rizon tal dist anc esin schema E, we see that :
sample error whenX− =0 + comparison error + treatment effect = tre atment effect + sample error whenX− =1;

... co mparison error = sample error whenX− =1− sample error whenX− =0. -----(9. 2.4)
Be cau se comparison error can be expre sse das the differenc eof two sa m p leer rors, an exper iment alPlan whi c hus esEPS
and EPA provides the basis for statis ti c a ltheory whi c hyi elds:
−− an(inve rse) rela t ion s hipbetween comparing impre cisio n and thegr oup sizes(o r degree of re pli cating);
−− an expre ssi on for aconfidence inter val (CI) fo r the tre atment effect (i.e., for a respondent popula t ion ave r age) – su ch an

in ter val, unde rsuit able model ling assumption s, qu ant ifiesco mparing and measuring impre cisio n (a sdemons tratedfo r
EPS in Appendix 3 on pag es 6.7 to 6.11 in Fig ure 6.1 –se ealso Fig ure 8.11 of thes eCourse Mat e ria ls);

−− unbi ase destim ating (i.e., zero co mparing inaccur acy) of a tre atment effect (a respondent popula t ion attribute com monly
of interest in a comparative Pla n) – recall the discus sio n of Table 9.2.1 0on pag e9. 22.

He n ce, EPS and EPA in combin ation provide for quantifyi ng comparing impre cisio n and so, in conju nct i on wit h adeq uate
re pli cating (o r adeq uate group sizes), allow an Answe r to be obtaine dwith acceptable lim itation impos ed by comparison
er ror in the con tex tof a par ticular inv estig a t ion wit h a comparative Pla n.
−− Experiment alPlans whi c hus eEPA but cannot fea sib ly implem e n tEPS (a com mon state of affairs in practic e) hav eno

basi sfo r invo king the three ben efit s of statis ti c a ltheory for EPA andEPS as thes ebenefit s are stated above. Howeve r,
they ca n be ret ain ed in a rest ricted way if we think of the sample as a‘r espon d e n tpopu lation’ whi c h is then (un d er
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EPA) divide din t o two ‘samples’ (the con trol and tre atment groups) .
++ The theoretical ben efit s are ret ain ed for the two (or more) groups (‘s a mples’) gen eratedpr obabi lis tically. BUT:
++ Sa mple error of the origi nal sample is now ‘study’ error with respect to the respondent popula t ion – its assessment woul d

be base donextra-statis ti c a lknowledge and sel d o mqu ant ita tive li ke the provisi ons of sampling theor y. HO WEVER:
++ The sev erity of the lim itation impos ed by this ‘study’ error may be allev iat e dbecaus eadi ffere nce is bei ngestim ated .

In schema O (at the rig ht bel ow) repre senting an ob ser vational Plan, the two respondent subpopula t ion swith focal variat e
value sX− = 0  andX− =1 hav ere spectiv e (u nknown) ave r age sY−−0 andY−−1.
−− The (unknown) respondent popula t ion ave r ageY−− is the weighted ave r age ofY−−0 andY−−1, the weights bei ngdeter min ed by

the sizes of the two subpopula t ion s– schema O is drawn with eq ual weights.
−− Y−−1 − Y−−0 is the trea tment effe ct [d u eto the different value sof X− in the two subpopula t ion s] plu s a confou n ding effec t [d u e

to differenc esin the (av erage) value sfo r on eor more lur king variat e(s) Z− i in thes esubpopula t ion s].
++ From Sectio n14 on pag e9. 25, the co n founding effect

in an ob ser vational Plan is the (unknown) differenc e
between Y−−1 − Y−−0 and the tre atment effect;
i.e.., Y−−1 − Y−−0 = treatment effect + confou nding effe ct. -----(9. 2.3)

++ The two components of Y−−1 − Y−−0 in the respondent popula -
tion cannot be sep arated in an obs ervation a lPlan but,
sole ly to illust r ate the pre sent discus sio n, one possib le
separation is indicated in schema O by the sho rt ver ti-
cal lin eon the lowe rsi de of the effect bar (at the upper
le ft of schema O) a lit tle to the rig ht of its cent re.
The posit ion of this sep arato r involves the hypot heti c a l
re spondent popula t ion ave rge sY−−0

* andY−−1
*, repre senting the hypot heti c a l situation whe re all ele ments of each subpop-

ulation hav etheoth er value of the focal variat e.

Sche m aO for an Obser vat ional Plan
Tr eat ment effect +
Confou nding effe ct

Estimated treatment effect

Sa mple error
whenX− = 0 Sa mple error

whenX− =1

Comp arison error
Tr eat ment

ef fect

Tr eat ment effect
in the sample

X− =1

X− = 0
Y−−

(Y−−0
*) Y−−1

Y−
(y−0

* ) y−1

y−0Y−−0
(Y−−1

*)

The samples obtaine dby EPS from the two respondent subpopula t ion swith X− = 0  andX− =1 yield ave r age sof y−0 and y−1.
−− As in an exper iment alPlan, the (obs erved) di ffere ncey−1− y−0 is thees tim atedtreatment effect.
−− The two (unknown and likely different) sample errors whenX− = 0  and X− =1, the differenc esbetween the relev a n tre -

spon d e n tpopula t ion and sample ave r age s ,are as shown in schema O.

The estim ated and truetreatment effects differ by comparison error arisi ngfr om the confou nding effe ct and two othe rsour ces.
−− Due to differenc esin their dist rib u tio ns for one or more non -focal exp lanato ry variat es Z− i, the two samples obtaine dby

EPS likely hav edi ffere nt av erage sin the hypot heti c a lsituation whe re the units in bot h ha dthesa m eX− value; for exa mple,
schema O show sa differenc ebetween y−0 and y−0

* (the ave r age for the sample wit h X− =1, if it wer ein ste ad to haveX− = 0).
++ The hypot heti c a l differenc ey−0

* − y−0 involvesboth the confou nding effe ct and the effect of sampling and so differs
fr om (in schema O, is large r than) Y−−0

*− Y−−0.
−− The tre atment effect in thesa m p lewith X− =1 is likely to differ from thetruetreatment effect;

Ag ain sole ly to illust r ate this dis cus sio n, the components of comparison error from the confou nding effe ct and the two
sour ces are sep arated by the sho rt ver tical lin es on the lowe rsi de of the comparison error bar.

By equ ating the relev a n tho rizon tal dist anc esin schema O, we see that :
sample error whenX− = 0  +  comparison error + treatment effect = tre atment effect + confou nding effe ct + sample error whenX− =1;

... co mparison error = confou nding effe ct + sample error whenX− =1− sample error whenX− = 0. -----(9. 2.5)

Comp aring equ ation s(9. 2.5) abov eand(9. 2.4) [o n the facing pag e9. 26], we see why an Answe r abou t a tre atment effect
fr om an ob ser vational Plan has more sev ere lim itation impos ed by comparison error than such an Answe r fr om an ex-
perimenta l Plan – equ ation (9. 2.5) ha sthe addit ion a lconfou nding effe ct ter marising from the respondent popula t ion.
−− This addit ion a lter mis unaffe cted by the lev el of repli c ating – it persi sts in ace nsusof bot h re spondent subpopula t ion s.
−− Li mit ation son Answe r(s) from obs ervation a lPlans are dis cus s ed aga inin Appendix 4 on pag es 9.37 and 9.38.

Fo r cl arity, schema sE and O are drawn with posi tive sample error, comparison error and tre atment effect; in practic e, the re
may be (so m e) ca ncell ation within or bet ween such entit ies when they hav eopp osi tesigns.

NO TES: 35. The(half) sample ave r age y−0
* in schema sE (on the facing pag e9. 26) and O (abov e) is com monly unobs erved but

an exc eptio n occurs in a block ed exper iment alPlan called across-ove r desig n, repre sent e dpi cto ria l ly bel ow; an

Ba s eli ne

Tr eat ment(Oat bran)

Placobo (Low-fibre wheat)

‘Baseli ne’
Tr eat ment(Oat bran)

Placobo (Low-fibre wheat)

1 week 6 weeks 2 weeks 6 weeks
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NO TES: 35.
(c ont.)

ex ample is a cli nical trial of die tar y oat bran as a way of reducing blood (se rum) chole s terol leve ls (and, henc e,
heart dis ease).

• Tw enty-fou rparticip ants were div ide dun d er EPA into two groups of 12; ser um chole s terol leve ls were mon i-
to red for all 24 par ticip ants for a baseli ne per iod of one week while they ate thei r normal diet s.

• Fo r the nex t si x we eks, chole s terol leve ls were mon ito red while one group of 12 par ticip ants was assig ned a
diet ary sup ple ment of low-fibre wheat (the placebo), the othe rgr oup was assig ned oat bran (the tre atment).

• This was fol lowe dfo r all par ticip ants by a two-week bre a kdu ring whi c hno die tar ysupple ment was con sum ed.

• In the final six weeks of the inv estig a t ion, the two groups of 12 were assig ned the oth er diet ary sup ple ment
fr om the one they had con sum ed in the previou ssi x-week per iod.
The final ave r age ser um chole s terol leve l of the group of 12 par ticip ants on placebo for the se con dsi x-week
period can be regarded as y−0

*, but this Pla nre a l ly just yields value sfo r y−0 and y−1 fo r all 24 par ticip ants.
The non -focal exp lanato ry variat es Z− i (the block ing fact ors) made the sa m ewhen X− = 0  and X− =1 are those
person a lcharact e ris ti cs (e.g., gen eti c fact ors, lev el of exe rci se) that affect an individu al’s ser um chole s terol leve l .
−− The decre ase dco mparing impre cisio n affo r ded by the block ing in this Pla n mu s tbe set aga inst the lim ita -

tion impos ed on the Answe rby the pos sib i lity that or der of bei ngon tre atment or placebo affects a par tici-
pant’s ser um chole s terol leve l; i.e., no time carry-ove ref fect is assumed fo r being on tre atment or placebo.

−− Four par ticip ants in the inv estig a t ion were los tdue to mis sing dat a– the final sample size was 20; this sma l l
sample size (i.e., this low lev el of repli c ating) means sample error impos es a sev ere lim itation on the Answe r.

As is com mon wit h co mparative Pla ns, the sample wasnot obtain ed by pr obabi lity sele cting – the par tici-
pants werevolu nteer sfr om among die ticia ns and othe rem p l oye es of a hospi tal in Bos t on.
−− The Pla n in clu deddoub le bli ndi ng – see Table 9.2.5 in Not e18 on the lowe rhalf of pag e9.15.

REFERENCE: Sw ain, J.F., Rou se, I.L. Rou se, Curley, C.B. and F.M. Sacks, Comparison of the Effects of Oat Bran and
Low-Fibre Wheat on Ser um Lipoprotein Lev els and Blood Pre ssure. Ne wEngl . J. Med.322(#3): 147-152
(1990). [DC Library call number: PER R11 .B7]

36. The dis cus sio n of this Section 15 starting on pag e9. 26 makes it cle ar why the Pla nfo r an inv estig a t ion to answe r
a Que s tion wit h a cau s ative aspect wil l, in gene r al, be exper iment alby choic e, obs ervation a lon ly by necessity;
si milarly, a comparative Pla n will be block ed/matche dby choic e, unbl ock ed/unmatche don ly by necessity. The
impor tan ceof obs ervation a lPlans [or exi sting (and, henc e, cheaper) dat afr om them] is that:

• they are the only choic ewhen it may be infea sib le or is unethical for inv estig a tor(s) to assignvalue sof the focal
variat e(s) – for ins tanc e, lev el of exe rci se, type of die t (w hen complia n ce is often equ ivocal) or cig arette smoking .

• they may sug ge s t(‘clue gene r ation’) how to improve a processpr ior to using an exper iment alPlan to confi rm
(‘ valid ate’ ) that the sou ght-after improve mentdo es occur when the relev a n tchange is made.

An experimenta l Planmu st, of cou rse, be use dwhen the relev a n tvalue of the focal variat ewoul d not occur na-
turally – for ins tanc e, an exper iment alPlan is needed to confi rm that a change (li ke ins tallating a ne wfilt r ation
syst em) do es achiev ethe anticip ated improve ment in a process(li ke pur ifying drinking wat e rmo reef fective ly).

16. Appendix 1: Lu r k ing Var iat es – Scatt er Diagrams
To answe ra Que s tion abou tanX−-Y− rela t ion s hipbetween qu ant ita tive variat es, it is useful to lo ok at relev a n tdata shown as

a scatt er diagram – Car tesia n axes wit h dots (or other symbols), the coordin ates of whose cent re are theX− andY− value sof
each biv ariat eobs ervation. Howeve r, when exa m ining such diagr ams, it is easy to ove r look the lim itation on an Answe r abou t
theX−-Y− rela t ion s hipim pos ed by different poi nts on the scatt e r diag ram having di ffering value sof a lur king variat e Z−. This
matt e ris illu s trated by the two versi ons of thesa m escatt e rdiag ram at the rig ht bel ow:

* in the left-hand versi on in whi c hZ− value sareig nored, we see an X−-Y− rela t ion s hipthat cou ld rea son ably be model led by a
st r aight lin ewith anega tivesl ope.

* in the rig ht-hand versi on, whe re different symbols for the poi nts denot efo ur different value sof some (non-focal) ex pla n-
at ory variat eZ−, the straig ht-lin eX−-Y− rela t ion s hipcan have a slo pe whi c h is (cl ose to) zero (whenZ− is 0), posit ive (whenZ−
is 1 or 2) or negative (whenZ− is 3).
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NO TES: 37. When looking at a scatt e r diag ram of bi-
variat edata to assess an X−-Y− rela t ion s hip,
we aga inre cognize that exper ienc eou tsi de
st atis ti cs wit h diag rams inv olv ing Car tesia n
axes provides poor prep aration for statis ti cs
– it is diffic ult for lat e rst atis ti c a l train ing
to ove rco m ea min dset (unconc e rne dwith
lu rking variat es) that arises from more for-
mative earli er exper ienc ewith such dia -
gr ams, star ting in ele ment ary school , with
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NO TES: 37.
(c ont.)

on -go ing expos urein the media, and con tin uing up to pos t-secon d ary lev el cou rses, inclu ding calculu sand algebra.

38. Looking at mul t ivariat edata to try to det e ctpa tterns which answe rQuestio ns about rela t ion s hips can be aid ed
by statis ti c a lsoftware that shows a poi nt cloud in three dim e nsi ons on a computer scre en wit h option sli ke:

• rotating the poi nt cloud in real tim e; • using col our to dis tinguis hsubs ets of the poi nts;

• li nking poi nts (e.g., by usi ngcolour) across scatt e rdiag rams whi c hsh ow poi nt clouds for different sub set sof
the variat es – see Progr am10 ,Mu lti dimensional Data Analysi sin Ag a inst All Odds: Inside Sta tis tics.

39. The foregoi ng dis cus sio n and scatt e rdiag rams in this Appendix 1 draw att entio n to the distin ction bet ween con-
ditioni ng onZ− andig nor ingZ− when inv estig a t i ng rela t ion s hips.

* Condition ing is subdividing, as dis cus s ed at the upper left of pag e9. 59 in Section 2 in Fig ure 9.8.

* A marginal (probability) dis tributio n, refer red to in Section 6 on pag e9.60 in Fig ure 9.8 and illust r ated in
Ta ble s9.8.10 to 9.8.1 3, is an exa mple of ‘ ig nor ing’ the variat ewhich is abs ent from the margi nal dist rib u tio n –
fo r in stanc e, in Table 9.8.11,X−2 is absent, in Table 9.8.1 2,X−1 is absent, and in Table 9.8.1 3, Y− is absent.

The scatt e rdiag ram at the bottom rig ht of the facing pag e9. 28 shows the margi nal dist rib u tio n of X− andY− if we
think of theZ− direction as coming ver tically up from the pag e. Wit h the Z− value sas giv en at the upper rig ht of
the rig ht-hand versi on of the diag ram and thinking of the pag eas the pla ne Z− = 0, the first five poi nts of the
cl oud wou ld lie on the pag e; the rem ain ing 14 poi nts woul d then lie progres siv ely fur the r abov e the pag ein
gr oups as one mov es to the rig ht across the diag ram . This dis cus sio n reminds us that a margi nal dist rib u tio n is a
pr oje ction – we se ethe margi nal dist rib u tio n of X− andY− if we look ver tically do wn on the diag ram (i.e., we look
along theZ− axis) to proje ct the three -dimensi onal poi nt cloud on to the two-dim e nsi onal pla ne of the pag e.

• It is int e resting to specula te on the ext ent to whi c h the idea sof con d ition ing and margi nalizing (or proje cting)
prov ide a basis for unde rst anding the ways in whi c hmathem ati c a lmodels appr oximate re a lity, bearing in min d
a maxim of the lat eDr. George E.P. Box , a respect e dU. S. statis ti cia n: All model are wrong, som eare use ful .

17. Appendix 2: Scatt er Diagrams – Pearson’s Par e nt-Child Dat a (r eco nstructed)

18. Appendix 3: Equiprob able Sel ect ing
St ats int roduction
No te 10, pag e5. 23
No te 14, pag e5. 24
No te 98, pag e5.86
Un bia s ed estim ating

18. Appendix 4: Li mitations on Answe rs from Obser vat ional Plans
Appendix 15 of Fig ure 5.7, pag es 5.82-5.84


