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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals

When ameasuremat is made, is accuracy (even ts mearing) depends on tie eistenceof a standwrd uni;; by‘standad;
we nean ha al pariesconcenedagee that this sandard represents hetrue value of a uit of the ype of meastement For
mass for exanple, t is agreed ly intendionaltredy tha the ntenaional Prototype Kilogram,a oylindrical datinrum-ridi-
um ingot hdd a the htenaionalBureau d Weights and Measvesnear Raris, hasa mass ha defines the it onekilogram.
Ultimaely, all othermeastements 6 mass @pend br their acaracy an a @npaism with this gandad in Paris; in pradice,
directconparism with the intenaionalstandad is extremdy rare. Insead thee is a tian of comparisms nvdving intermedi
ate'standads’ of progress/ely increaig authentiaty; the furthera comparisan is dong the cha, the kessfrequently it is mack.
People typically encourter tre gart of such a dan in the sipermarket, whee they geneadly acceptthat a o kilogrambag of
slgar (sa) confains his mass @r ‘weight’) of suga;, to within a @rtan tolerance (Seealso Appendk 5 on pges 631 and 632).

1. Anllludration of a Measuing Process — the Mass & NB10

Ead oourtry hasoneor more ams of government @ other oiganiationsconcenedwith dandards for the mary types @
guantities and mihods of meastement The atvities d theseorganizaionsindude the maintenancef honest meauesin the
marketplace and the pesenation and cabraion of rationalstandads; the htterare reeckd lecue it is rot feagle to onailt
the internaionalprototype sandads on a ouine basis. The following catasd comes fom calibraion work in the US. on the
reprodudbility of meastements 6 mass ‘(eight); the déa ae DO regdicae neastements, mce at wha was hen the US
National Bureau d Standads (NBS) in Washington, D.C, of the weight of the US nationalten-gram standal, NB1Q For
convenience the déa ae caledas he nunber d miaograms (ug) bdow10 gams; for exanple, he first eadng (Wt:) of
409 orrepponds to a neastedweight of 9.999 54 grams. [For easeof reference the eadngsare rumbered (#) 1to 100 in
the arder in whichthey weae oliained on a pughly weekly bass overthe period 962-63

Table # Wt # Wt # Wt # Wt # Wt # Wt # WL # Wt # Wt # Wt

63L 149 1308 2408 343 4405 5 404 @404 T 42 & 408 94 400 Forthesedaa
2 400 D 403 22 399 32 400 4209 52 406 62 405 72 406 86 92 407 sum = 40,459,
3406 B 407 23 399 33410 B 309 B 407 63 392 73 409 8IA 93 412 sun o _ 15 373 447
4399 W 402 24 402 34401 44 402 54 405 64407 7 400 84412 94 3B squaes T
5402 B 401 5 309 35407 & 407 55410 65 406 B 408 & 393 95409 so he aerge and
6 406 B 309 26 397 36 423 4@06 56410 @ 404 B 404 & 437 96 406 (dag standad
7 401 T 400 27 407 37406 4 43 5 40 67 403 7740 8 48 97 398 deviationare:
8403 B 401 B 401 B 406 48409 B 40 6 408 B 404 B 45 B 406 ¥ = 404.59 1,
9 401 D 405 29 399 39 402 4904 59 40 69 404 7O 408 89404 99 403 S =647,
10 03 20 402 3040l 40 405 50402 60402 D 407 80 406 9040l 100 404 (6466 846119)

DATA SOURCE: Freednan D., Asanj R. & Purwes, R Stdistic W W. Norton & Conpany, Inc, 1978, page9l
The cquatation from NBS in Notel belowis taken fom the sameaurce (page ).

A histggramof the daa is gven & 100 Measuemerts o the Mass ¢ NB10
the right; the kars ae 2 pg wide with \

their ecjesat half-integervalues— for P
exanple, he eft-mostbar ove's the n- 9
terval 3735 3755 g belowl0 gams. 0
The rumber at the tg of each bar s t
the rumbe of obsevationsfor the bar. rlc1)

Sugerimposel on he hstagramare wo .
nomal probabiity dersity fundions(p.d f.s); ol m s M=Em
the Wlder ﬁ'lOfter me has rean 4)459/19 375 380 38 390 395”9?)(()3?%]4-100;;1;)]3 415 420 425 430 435 440
and (probabilstig standard deviation 64749

and the narowertdler e has rean 94.48.g and (probabiistiq standard deviation 388 9.
Before we purste an aalysis of the dda in Talde 631 ebove we rotefrom them mattes of gatistical inerest

1 1 1

NOTES: 1 The d#a %t stowsse/erd outliers (.e, dosevationsfar from the najarity of the dag and is a are ilustrdion
of thered performanceof a neasung process it illuminaes the dllowing ommentby NBS:
A maja difficulty in the gplication of datisticalmethods © the analsis of measuwement déa is tha of obtaining
stitable mllections of cata The poblem & nore dten adatedwith congious, o pethgps thaongious, dempts
to make a @ricular process feriormas one wuld like it to periormratter than aceping the atud performance
..... Rejection of dataon the tads of ahitrary perbrmancelimits seerely distats the edtmae d real pocess
variabity. Such procediresddea the purpose d the .... pioogam. Reaistic perfformanceparameers require the
acephanceof dl data that ama be ejectedfor cause
The invalisble gatisticallessan for us is ha, if this is the perormanceof a neasung process br which:
e the gpeaor(§ are hghly-trained professianals,
(continued avaled)
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NOTES: 1 e the measting nstument & of the highest audity,
(cort) e the quantity beingmeastedis relatiely straght forward,
we mustavdd urcritical aceptainceof the sated(or implied inacaurecy and/or impredsion of the pethoraof
curenty-acesble catawhosegererdion may havemet only some ¢r non@ of thesethreeconditions.

#0616

Assasnent d the nacauracy and impredsion of measung processe should beintegral to dda analysis kut, regetaly,

is eldomso n practice — e tle £ndparagrgph d Sedion 1 onpage H.38.1 in SatisticalHighlight #38.

2. The dagramoveleaf o page615 ilustraes the idea b maddling the gpe d a dstribution arising from vari-
ation in data— in this irstancewe ae wsing:
e a rorma ldistributon with mean 94.59 and sandad deviation 647 as a nodel for dl 100 dosevations;

e a rormal distibuion with mean 90448 Table 6.3.2
and sandad cbvatlon_388 a;_a_ nodel f9r Obsevations Sample Sum QUm of Average (Data)
the eentral94 dosevations omitting the $ omitted @ size sgares (ug)  Sd. (ug)
mostdeviant meaLrements Nore D0 40459 B,37344 40459 647
For thesemodds, rdevant nformation @lcu- 37504, 4376 98 39647 16041853 40456 478
lated fom the dda st and three sibstsof it 393y, 42339 96 3883 15708475 40449 428
are gven in Talde 632 & the iight 39263, 418877 94 38021 15,0087 4148 388

Looking d the histggramoveleaf o page6.15 with its two superimposel normal pd.f.s we e that:

o the N(40459, 647) modd doesnot fit the ditibution of dl 100 dosevations— mostnatably, it misrepresents
the etent o outliers;

o the N(40448 388 modd is a fair (but rot a god fit to the @ntral94 dsevations.

With datases ke the NB10 obsevationsoveleaf n Tade 631 an page615, hee is a empaion for investigabrs

nat to menfon discarding the $ outliers and to eport only the entral94 measwements, kau®:

* it is easerto model the $igpe d ther distribution,

* they mnformto the misconception that datafrom mast measting processe an ke fittedby a rormal model,

* it is widdy belevedthat the pesnceof outliers in a chtasd necessrily refleds unfavouably on the nvesigaor,

* they provide aless mpecseesimae d the mass 6NB10at the ostof ignaing the iisk of greater inaccuracy

3. In the urce dtedoverleaf o page615 for the NB1Odata and the NBS quatation, a Surprising) interval width of 22

g was hosen for the Hstagram only three (iat six) obsevations(numbers 94, 8 and 3) were then ecluded br
the central datase of 97 fiat 94) obsevations whichhasaveage 94.37ug and (lad standad deviation 441.g.

2. A Confiderce Interval for g Represerting the (true) Mass ¢ NB10
A confidence interval (@aloreviatedCl) is a widdy-usedstdisticaltool for quantifying the impredsion (eg, aisingfrom sam-
ple and/or meastement eror) of an esimate from sanple dataof (the value of) a popuation attibute the smple rumeical
attributecommanly of inteest & the 6tudy or reponden} popuation areraye . The (true) nass 6 NB1Q here cenoed M,
can fe thaught of as he aeraje of a erylarge (in prindple, a infinite number of measwements rack by a neasting po-
cess vith noinacaurecy. The bllowing cerivation of a @ for the mass 6 NB10 from the d#a in Tade 631 wses probabilistic
idea from Fgures51, 53 514 and 5l6and shtistical ides from Fgure 61 d theseSTAT 220 Cairse Materals.
We nocel in words an aitcomeof the process & measung the nass 6NBl0as
meastedvalue = tue value + taphazard measwement ¢ror, - 6.3)
meastement eror usudly chargesin value fom meastement to mesurement anglfor a @ricular measvement may be pos-
tive a negatve or, coneivably, zero) © the meauedvalue nay ke eove a below (or, coneivably, equd to) the tue value
As indicaed ly the aljective‘haphazad' in equaion (6.31), we asume hitially no inacaurecy in the NBS measting rocess
meaning tha, overa lamge £t d meastedvaluesof the nass 6 NB1Q the average meastement eror is Close b) zer.
Expresing the nodel in equdion (6.31) synbdically for the jth measwement ¢ a st d n =100 nmeastements, usg the
natation of egiation (517) on page5.6 in Fgure 51 d theseSTAT 220 Cairse Mateials, we have
Y=p+R, j=12..n ER)=0 sd(R)=o, indpendent EPS - 6.32
whee: uis the nodel mean- it repreents he (true) mass 6NBI1Q M, AND:
o'is the nodel (probabilistig standird deviation — it quantifies variation in he meauing process arisingfrom sources
like the meauing instument the geraor( and the enmronnentalconditionsunde whicha measvement s mack.
Equation (6.32) hasno kiasterm @ndR haszero mean becaus of aur initial assmption of ro inacauracy in the meauing
proess two aldtionalmodeling sssumptions(whosedisausdon is pursted in point 6 on mges 621 and 622) are:
* the £t d measwedvaluescan le treded & thaughit is a snple of sze D0 dtainedby equprobable €leding (EPS from
the (hypotheica) popuation of dl such values,
* the random vaialeswe wse b repreent the atcomesobtained underrepettion of he meauing process ae probabilis-
tically independentfor ary two different valiesof j — e tle dsausson on pageHL38.5 in SatisticalHighight #38.
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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals gortinued 1)

Adding he n gudions(6.32) and dviding each termby n we have
1ZY- 1Zu+1ZR OR Y=w+rR 6.33

Using the eslts in FlgLre 514 0n mge5. 3 for the average of n pobabilisticaly indgpendent random véales,togeherwith
the CentralLimit Theorem goproximation in egiaion (5165) on page5.3 of Figure 516 we rave

REIN(Q, o*/%) sothat:  YEHN(y, a/%) and o Ya/_ T 3| NG F— 6.39

the dcenomnaor of the ightmostexpresian is written in two forms to enphadze ther equivalence

Fora random vaialde Z with aN(0, 1) distibuion, we know from page511 d Figure 54 in theseSTAT 220 Caurse Mateials that:

Pr-196<z<196 =095, e 6.35
reall also he midde dagramof the tiree athe ttom d the first &le (page 59 of Figure 53
Using ejudion (6.34) in quaion (6 35), we have

— <Y < O
Pr(-196 7— <196) H095;

the probability of 0.95 i row anly approximae becauseof the gproximatenomaity in equdion (6.34).
[ Pr-1960/vn <Y -y <1960//n) H095;
U PrY-1960/vh < u<Y+1960/vn) 5095 (nwosepg. (6.36)

The ‘probability’ expression of equaion (6.36) differs from a nore wsua expressian like egudion (6.35) in that:
o itsend wints ae fochast (hat ‘fixed) quantties,  AND:
o its centre is afixed (nat a gochast) quantity;
to refled thesedifferenceswe darge he wading and the pesntdion of egidion (6.36) to:
an approximae 95% cafidence interval for yrepresetingM is (Y-1960/vi, Y+1960/vA). -=e- 6.37

The foregping lergthy derivation of he Q expressian of equaion (6.37) is gven to show the reasoring leading © this widely-
usel gatisticalmethod for esimating from sanple chta(the value of) a popuation attibute in this irstancean aerae To find
aredizedCl in practice we work with equaion (6.37) as dven, usingappopriatevaluesfor Y, oand n

an approximate realized 95% cafidence interval for u represertingM is (y—1960/vn, y+1960/vn). ----- 6.39
We will usualy omit the aljectiverealized becau®, dsewheee, he dsinction israrely mace between:
o equdion (6.37), thegererd Cl expression invdving a andom vaalde, herey, AND:
o ecudion (6.39), the epression for anunerical Cl basedon valuesarising from a paricular datass;
rather equdion (6.37) may be amittedand gudion (6.38) presentd & the (iIncudified) Cl for a nean epreening an aerae

Forthe NB10 massneastements i Tabe 631 an page615: Yy =40459 ug, s=6.47ug and n=100, so hat:
an approximae 95% cafidence interval for u represertingM is (40332, 405.86 g belowl0 gams, ----- 6.39
usng, a this point in the dsaus$on, the valie of s ér that of .

3. Understanding Confiderce Intervals for a Model Mean Representing a Population Average
To wse onfidene intewvals properly, there is nuch to uinderstanéboutthem disaus$on follows urdersix headngs(points).
1 Interpretation of a 4. A Clis an nteval o plausibk values,in light of the daa, for a ppuation attibute (ike ¥) rep-
reentedby a nodel parameter (like ).

2. The wvalue usedfor the mnfiderce evel The Os gven in equdions(6.37), (6.38) and(6.39) hae a onfidene levé of
95%; this is he nmostconmonvalue in pactice athoudh 90% and 9% ae dso enourtered. To charge the onfidene
level, we dharge e numeiical msficient as llustréed n Takde 633 kelow — the number in the first cdumn of this &alde,
and its dagndion &} is aly for completaness dter ud) laterdisaus$on of anather gatisticalestimating mettod alled a

ted of Table 63.3 ... GEAON . . .o e e cl
statisti- a 1-a Level Coeff. .......... 637..... ... 639.......... . (6.3.9 ... . width
cd signi-

010 Q90 906 16449 (\2—1.6449a/m, \Z+1.64490/m) (V-164490/vn, Y+16449%/vR) (40353, 405.65 212
005 Q95 986 19600 (Y-19600s/vn, Y+196000/vi) (Y—196000/vR, Y +19600/vni) (40332, 405.88 2.54
001 Q99 996 25758 (Y—-2.5B80/vn, Y+2.5B80/vn) (Y—2.5580/vn, y+2.5B80/vn) (402.92, 4086) 3.3

® The rumeical mdficient (now to four dedmd places) in the burth column of the &le is the adinae of the regative
and pstive ourdaries @ the certral 90%, %% and P% d the aeaunde the N(0,1) p.d.f. —reall the hree dagrans
at he ottom d the first &le (page 59 of Figure 53 in theseSTAT 220 Cairse Materals.

ficance

- Using thesevaluesin equdion (6.38) givesthe regpective 90%, $% and B% Qs in the ®ondlag columnof the tlde.
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e In prindple, ary value br a onfidene leve can ke chosen; for insince we muld use astie odficientary (except the
firsf) of the 64 valuesin the bwertable for the N(0,1) distibution on page511 d Figure 54 in theseSTAT 220 Cairse
Materials; inpractice levas aher than (the rourd number$ 95% 90% and D% ae rarely (if evel) used

e The lowertable on @ge511 gves slectedpacentlesfor the right-hand hdl of the N(0,1) p.d.f. —that is an F(2 value is
the aeaunde the pd.f. from —o to z  However a Cl invdves heceriral area fom —zto z, so ha
- the mdficientof 16449 br a 90% Cappeas or an F(2 value of.95,
- the mdficientof 19600 br a $% d appeas or an F(2 value of.975,
- the mdficientof 2.5758 br a ®% A appeas or an F(2 value of.995.
It is a @mnon nistake to breet his ninor conplication when ugg a ®-called onetailed table (like tha in Figure 54)
to lodk up mdficientvaluesfor calclatinga d. It is posdble to aoid this mmplication by reformatting to atwo-tailed
table, ut this oy trades a nmor conrplicaion in ore studion for ane n anather

® The lag columnof Tabe 633 overkaf rea the ottom o page617 is thewidth of each Cl — its ypper end minus itsdwer
end — andtiis dsaussd at he end bthe first lullet d point 4, with referenceto Takde 634, on te fadng page619

3. Interpretation of the corfidence kbvel We wse lere the idea brepeding over and @er implementd & a @mputer $mu-
lation of a fnee) DO repettionsof calcdatinga Cl and $owvn ggphically below at the iight.

@ The smulation requiresa value br
u, here aken & 405 g belowl10
grans; dso it uses N(4055) and
N(405 20) modds for the ‘central
and butying meastements 6 the
mass of NB1Q with repectve
weights d 96% and %%.

e Ead Cl in the dagam & $hown
as a brizontal line running from
the value of ts lowerend to ha of
its upger end; for exanple, he first
interval is (402.27405.03.

- For visud convenence thee is
exra horizontal white spae n
the dagramafter each ten ds.

® The ente and the vidth of these
hurdred ds dharge & dfferent $m-
ulatedsanples 6100 dosevations
yidd different ¢eaized valuesfor
the random vaaldesY andSrep-
reening the samle aerge ad
sanple @ag dandad deviation
unde repeition of he anpling
ang measting [rocesss.
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® The leve of a Cl is its covaage |

meaning hd, for a $% d, abaut |

95 d every hunded intenals tha ‘
would be dtainedunde repettion

wauld contan the valle of he |

modd parameer repesning the \

popuation attibute ad daut 3% |
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Computer Simulation of One Hindred Approximate 9% Confiderce
Intervals for the True Mass dthe US 10-gram dandard, NB10
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= If the $mulation with 100 repei-
tionswere to be @nefor a V%
or a ®% d instadof a %
Cl, we would exped to se
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T
about one Cl tha did not cover 4 02 403 404 405 406 407
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- When a Cis calcdated fom dataobtained in an nvestigaton, coverage is inempretedin terns of the ds tha would
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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals gortinued 2)

(hypothetically) be dotainedif the nvestgaton were to be epeded averand aerwith the same Ban

- The realworld analbgte of the smulation is he (dauntirg) task of lepeding one hundedtimes the pcess ¢ measw
ing the mass 6 NB10onehurdred tmes— tha is, naking 10,000 nmass neastements

The inherent wncetainty (due b sanple aror and meauement eror, for exanple) is refleded n not knowing, for the
daa from one actual invesigaton, whether the %% €3a)) Cl calcuated fom thesedda is:
o oneof the % or so @rcant o intewvals tha do covery, OR
o oneof the 5 @ so percent d intewvals tha do not cover.
We ae renindedthat gatisticalmehods ama renove uncertanty arisingfrom ane @ more of aur sx cate@ries @ error
(athouch ther proper tse @nredieeit) but raher gatisticalmethodsquantify the uncetainty remaning underthe Ran
e Coveraye is adrnalization of he chage in perspedive m page617 in writing equaion (6.36) as gudion (6.37).
o If we want to dsaussa Cl nmore genealy without spedfying the valie of ts mnfidene leve, we can efer b a100(1-a)%
Cl —for exanple, f a=0.05 this is a $% Q; this is ore way &’ i n the first olumnof Talde 633 an page617 is wsdul.
- In a gmilar vein,a symbotfor the CI rumeical odficienttakenfrom the N(0,1) table is Z;"» (€9., Z5ss =19600

4. Fadors affecting the width of a CI for the model mean u representing the population a/eragesf We reed b under
standfactars tha affed the width of a A beaus:
* anarower Cl detemines the ntewval d plausble valuesfor the popuation attibute wth smder impredsion;
* the Hanfor an nvesigaton may want to nanaye hesefactars in arder © dbtain a Cl d speified width.
Forthis dsausson, we write tre CI of equdion (6.38) as y+tZi,olm;, e 6.310
we e fom equdion (6.310 thatthreefactars dfed the width of a A for a nean epreening a puation arerae

e Theconfidence lewel, whichis deteminedby the odficientZ,- . — the higherthe confidene levd, the wide the CI and,

canvasely, thelower the onfidene leve, the narrower the A.

- The freedm d an investigabr t manpuate the onfidene leve to dter the width of (usualy, to make rarowe) a Cl
is condrained because oncedaa havebeen @llectedfrom the wiits d the sarple, he déa mntain afixed anourt of
information relevantto esimating a nodel parameer represening a ppuation attibute If the A calcdated fom the
daa is oo wide to meet the equiraments 6 the nvesiigaton, it can ke nmade rarrower orly by using a lower con-
fidene leve. While thewidth of the  may then le accepiilie, its confidence level may not be.

o This is he sameadeaas he Heiserbag Uncertainty Prindple in physcs —mae predseknowledye of o variabe (like
pasition) can aly be dtainedby lesspredse knowledge of aather variade (ike momentm). The fixed amaunt
of information tha must ke paritional between the meaurement d two such cananical vaiadesinvolves Rancks
constant whichis 9 gnallthat dfeds d the Lhcetainty Prindple ae wsudly only important & the atomicéve.

- A numeical ilustrdion of he dfed of confidene leve on Cl width is gven in the bg columnof Tade 633 an page
617 thesewidths, sipgementedby information for four higher confidene levds, are gven in Tadle 634 bdow. We
seefor insincethat:

o the S5% O is abaut Wweny percent wider Table 6.3.4: Confiderce Levek and Cl Widths for the NB10 Data

o . a 010 Q05 00l Q0@ Q00 Q000@ 00000a
than the 9% Q; _ Level %) 90 95 99 999 9999 99999 99999

o the D% QA is over thirty percent wider Codficient 16449 19600 5758 32905 38906 44172 4846
than the 8% Q; Width (1) 212 254 3.34 4.26 504 572 6.33

o the 9.999% Cl is nealy three imes S:!Ot 0% 100 ﬁg ig‘é %%ﬁ 213%;3 21716‘ 21-9%
as wide as he 9% Q. 1010 =% : : : :

o The gx ratios d swcaessve Cl widths in the £mnd-lag line of the Blde @nd in the bg ling the @tio of each Cl
widthto tha of the D% Q) shav thee is ro simplequantitative relatbnshipbeween leve and width for a Q.
® Thestanard deviation o — the larger g, thewide the CI and, corversdy, the smder g, the narrower the A.
- This restt is the kags of the ntuitive idea ha uncetainty due b sanple aror is likely to decreag with decreasng
variation in he egponsevariateove the denments 6 the 6tudy or regponden} popuation
o In the etreme(@ndextremdy rare) ase ba popuation with the samevalue of he eponsevariatefor all its ele-
ments, lheke is no sanpling uncetainty (zeo sanple aror) in esimating the aeraye fom ary sanple of sze n=1
= In the onextof aur introdudion © confidene intevals — esimating the nass ® NB10 from repeaed neastement
daa — te nodel gandad deviationo of equaion (6.32) on the bwer haf of page6.316 quantifies variation in he
measting process in this situaion, the magniude d o can to ome dgree be nanaedby the nvesigabr(§ by
mears of tha partof the Ranwhich dead with the measung process
More genedly, o repreents the dad standad ceviation S of the étudy or repondent popuation and © its valie
camot bealtered by the nvesigabr(9. _
Thus,o affeds the vidth of a A for x repreening the ppuation averagye but the value of S usualy camotbe dtered.
- Althoudh an nvesigabr usudly camat alter the value of § its efectcan ke reducedand a narower Cl obtained by
appopriatestratifying of the pppuation from whichthe sanple is €leded — eall Appendk 5 on pge612 in Hg-

2010-0620 (continued wvaled)
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ure 61 d theseSTAT 220 Caurse Materals. The ‘costsof such mangiement ¢ variation ae:

o the reed b use a mre omplicated snpling protocd, AND:

o knowledge br dl the popuation urits of the valiesof a siitable [fegponseor explanaory] variatgs on whichto statify.
A posdble (indesable) influene of the nvestigabr(9 on the valieusedfor Sis pursted n Note5 on page6.23.

® Thesamplesizen — thelarger n, the narrower the Cl and, conversdy, thesmadler n, thewide the C.
- This reslt is the kass of the ntuitive idea ha uncetainty due b sanple aror is likely to decreag with increasirg
sanple sze — nformally:
o alarge sanple is ‘betefthan asmd sanple becau® of the Ikely smder magnitude d sanple aror, OR
o the essimae from alarge sanple is Ikely to be clogr to the atud value of he ppuation attibute tkan the eghae
from asmdl sanple, PROVIDED THAT: the sanples ae dherwise guivalent
We reed b remgnize ha this proviso is met aly in excegional invesigatons— experienceshavs tha the hrgerthe
sanple sze, he nore dfficult it becomes to manaye irmcaracy and impredsion of esimaes dervedfrom sanple data
o An extremecasds a puation cersus like tha carried outquingquenialy in Canada the 206 @rsus mstabout $500
million, refleding the esurces needkd b try to manaye irmcaracy and impredsion when gneding a hige datasd.
- Equaion (6.310 ovealeaf rea the midde of page619 $ows tha the width of a A for a nean egreening a ppua-
tion averaye cepends on he scquare root of n © tha, to halve &g) the width of such a 4, the samle sze nust ke
increasedby a ador of four — reall also Appendk 3 on mges 68 1 6.100f Figure 61

A summary of the tiree fidors whichaffea the width of a A for i repreening the ppuation a/erageg is:

* onee the déa havebeen ollected thee is a tade-off between confidene leve and intewal width;

* the popuation dandard deviationS camat usudly be dtered but is dfed can e managedby a statified sanpling protocd;
* Cl width degeases with increasingsanple sze kut anly as he guae roa of n.

5. Cl numericd coefficierts from the t, instead of the N(0,1) distribution. One natterin our introduction © confidene
intenals reed to ke chargedto gve the wsud resut for a G for a mean epresening a ppuation arerge this natteris
the ise @ the sample dandad deviation § for the value ofo. In practice the chage irvolves medy looking up he A
numeical odficientin a differert table from tha of the N(0,1) distibution, dthouch the heory undelying this darge
which is gven in Appendk 3 on pges 628 to 630, is nore extendve; this is emhiscent d the ergthy daivaion on pages
616 and 617of equation (6.37) but s staight-forwardimplementdbn in equation (6.38).

Unde this dhargg equdion (6.310 becomes y+th_,siwm. - 6.311)
e Thet distiibuton, from whichthe rumeical mdficent t);-. in equaion (6.311) is dbtained is tabuated h Fgure 64 m
pages6.3B and 634 in theseSTAT 220 Caurse Mateials.
- Thet distibuton hasoneparameter (hele cenoedy, the Geeek leter nu) called is degreesof freedonfor histaical rasns.
o In a d for a mean epreening a ppuation arerge v =n-1 tha is, the dgrees of freedm ae oneless ttan he
samplesize— see gudion (6.312) at the ight. Vit .shn. e 6.312
o Thet, distibuion becomesmorelike the N(0,1) distibuion asv increass; the enties n the b line on the wer
leaf side (page 634) of Figure 64 for an infinite number d degees of reedm ae hase br the N(0,1) distributon
o The sx ggnificantfiguresfor entiesin Figure 64 for the t, distibuion abissasare gven for two reasns:
+ to improve the aaurecy o interpdating the talde for degees of freeadm (table rowg or probabilities ¢dumng
which ae rot gven — intepdatingis nore ecaurae for cegees of free@m than ér probabilities
+ to avoid the pactice of carrying many figuresin Cl calcuationsbut, at a btestaye usinga rumeical @dficient
from thet table with only three or éur significantfigures,although this €ardess) practice sddom afeds the @
in such a way & to havea practically important éfed on an Answvet
The gap dter threesignificantfiguresin each entry in Figure 64 is to make the enties eaie to read
- Like the N(0,1) distibuton, thet, distibuton hasa bell-shgped p.d.f tha is symmetiical ebaut zero and with doman
(-0, ); the two dstiibutions differ in tha thet, distibuion has(sightly) lesscentral area and rare tail area(sane-
times eferred b as laving heavie tails). A visud comparisan of the pd.f.s br the (dasied N(0,1) and édid) t, disti-
butons forv =5, 0, 25 and50 degees of free@m ae stownbdow; a the €ak d thesediagians, the two ditiibu-
tionsdiffer dnog imperceptibly whenv reachess0.

T T T T T
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

- The rotaion Y [1t, mears tha the mndm variable Y hasat distibution with v degees of free@nt in Figure 64:

o cdumn headngsare left-tail areas[asthey ae fr the N(0, 1) distibuton in Figure 54 m pages 511 and 512in
theseSTAT 220 Caurse Materals];
(continued)
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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals/(cortinued 3

o the degreesof freedomare sown in the Eft-hand ©lumn (@ndare repeded a intervals at he iight of the Blde to

assst with readng across a peticular line;

o the two italicized cdumns are hhase neded (ost cormanly) to find %% and B% mnfidene intervals;

o an llustrdion of e look-p is that if the random vaatde Y [t,, then Pr(Y< 21345 = 0.97 so hat:
Pr(-213145<Y<21345 =095 ad: P(Y<-21345 = Pr(Y > 21345 = 0.025.

® We use ecudion (6.312 for calcdatinga CI kut we reaognize ha, for sanple szes ha are genedly lamge enaugh (eg.,

n=50 to be wsdul, the dmilarity of the N(0,1) andt,-, distibutons mears tha the dfferencein width of the two Qs is

nat enaughto have a pactically important efed on the Arswerin mostinvesigatons. This is illustaed (vhen n=100

Table 6.3.5 Compari son ofG(0,1) and t, Cls for the NB10 Data

in Tade 635 & the fight, for sx
confidene leves, of N(0,1) andt,,

.......... GO,D.........| ... tee .| Width
Clsoru rep”eseping M basedon 1-a  Level | Coeff. Cl Width | Coeff. Cl Width | ratio
the NB1O data in Tabe 631 o 090  90% | 16449 (40353, 405.69 212 | 166039 (40352, 405.66 214 | 1009
page 613 athouch thets, Cls are 095 95 | 19600 (40332, 405.8p 2.54| 198422 (4033L 405.87) 2.56| 1012
wider the mtios d the two wdths 099 99 2.558 (402.92, 4086) 3.3 | 2.62641 (402.89406.29) 340 | 1020
in the g columnof the falde df- 0999 9% 32905 (402.4640672) 4.26 | 33915 (402.4040679 4.3 | 1031
fer from 1 by only a few percent. 09999 9999 | 38906 (402.0740711) 504 | 405504 (40L97 40721) 5.24 | 1042
[Theseratios are alcuated fom the 09999999999 | 44172 (40173 407.45 572 | 465675 (40L5B, 07.60 6.02 | 1054

numeical mdficientsin Tade 6.3.5 notfrom the aibdated widths which comefrom the ds rourdedto 2 deimd places]

6. Modelling assumptions underlying the CI derivation. Now we haveequation (6.312 on the fadng page6. 20 for finding

a Cl for u repreening a ppuation areraye equdions(6.37) and(6.38 on page617 ae manly of theorefical inteest to us

ther assunptions for reamable goproximate nomaity are those or the CentralLimit Theorem gvenin Sedion 1 of
Figure 516 near the mdde o page5.3 in the STAT 220 Caurse Mateials.

® The repmsemodd whichis the kass of equaion (6.312 for the Cl is he nodel o equdion (6.32) madified to:
Y=p+R, j=1,2..,n, RUNQ,0),

thus, br at,-, distibuton ClI for i represening the ppuation averaye Y, thee ae three nodelling asssumptions.

- Assunptionl The regponsevariate;, i=1, 2 ..., N, in the 6tudy or reponden} popuation has anormal distri-

independent  EPS

buion — reall the nodel shovn superimposel on he histaggramof the ppuation rponsevariatevaluesin the da-

gramat e kottom right of the first &le (page 63 of Figure 61

Unde repettion over and aer of the BPS ¢ Assumption 2 kelow the nodel reponsevariateY then ha a rormal

distibuion; we cenoe its mean by and ts (probabiistig standard deviation by . Thesetwo model parameers

repreent the epective (study or repondeny popuation attibutes¥ andS

o The @ssmned exad nomalty underying equdion (6.312) [andin the nmodel (6.313] is to be ontrastedwith the
approximae nomailty resiting from the GentralLimit Theorem gproximation urderying equdion (6.37).

Unde the pobabilistic indgendenceof Assumption 3 dsausse overkaf o page 6.2, the rormality of Yyields

nomalty of Y, the random vaalle represening the samle aeraye

To assess he rormality assumption for the popuation ¥, i=1, 2 ....., N, we ®uld use anormal quantile plot of the

sanple reponsevariate valuesy, j=1 2 ....,n; in practice to dlow for when hee is a nore gererd strucurd

conmpaonent thany in the nodel, we wse a namal quantile dot of theesimated resduals £ =y —4 from the eponse

modd, whee 1=V is theestmat of the nodel parameer 1 — see #s0 Appendk 2 on ge6. 27.

o ¥ and henceY are ot exactly normal in practice, of course so he A from equdion (6.312 hasa mnfidene levé
that will differ from its sated(or naminal) level (eg, %6%. How the «ze of tis dfferenceis relatedto the dgree
of depature flom rormality of the dstribuion of Yis called tre robustness of the A esimating process
+ Sud a pocess & [id to be pbust f its aitcome- here, he diferencebewean the atud and shtedcaonfidene

levels of the A —is relatively insensiive to dgarturesfrom the nodelling sssunption — fere, he rormality of Y.
+ The process lecomeslessrobust & the autcomebecomesnae senstive b depaturesfrom the asumption
Unde a depature fom rormalty tha leavesthe dstribuion of Y ‘'mound-shepedithe G esimating process is
robust; tha is, br a G calclated fom equaion (6.319, the dfferencebaween the atud and sttedconfidene
levels shauld have ro practically importent dfed on an Answer if the dstibuion of the is ‘mound-shgped.
Howerer undera cepature from rormality characteized by outliers or drong skewness ladk of robustness &
likely — the dfferencebaween the atud and satedcanfidene levds of the A may havea practically important
effed on an Answver— the atud leve will be Gppedally) lower than the sitedlevel.
Quantitative treament d lad of robusiness — a gurce d madd error — s beyand the sope of theseMaterials.

Disausson of the rextassunption dffers depending a whether the oniextis sanpling or measting

- Assunption 2 — smpling: The sanple of n wits yielding he egpomsevariatevaluesy, j=1 2, ...., n, which are

takenas \aluesof the random vaalle Y in the nodel (6.313, is sleded ty EPS (o, more genealy, by a prabability

sdeding procesg from the 6tudy or regponden} popuation
(continued avaled)
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We reall from Figure 61 that Assumption 2, in corjundion with Assumgtion 1 esteblishes the ormaitty of the
distibution of Y; in addtion the mean bthis dstribution is ¥ [equation (61.8)] and its sindad deviation is S r11 1
[ecuetion (6111)]. The ®ondtermunde the sjluae oo refleds lack of probabilistic ind@endencearising from
sdeding withoutredacement; his ermis alsent for sleding with redacement a process émog never usel in practice

(@]

@)

In the madd, the puation attibutes¥ and S are redaced ly the egective paameersy ando which represent
them asq the ¥N unde the sjuae oo is seldominduded.

The degeee b which Assumpion 2 is net in an hvesigatbn @n ke s&ssesedby examning the sarpling protocd,
with the avetsthat he nvesiigabr(9 provide an a@egqude desciption of the potocd and tha they adhered b it.

- Assunption 2 — measuing: The sanple of n meastements jelding he eponsevariatevaluesy, j=1,2, ..., n,
which ae teded & valuesof the random vaaleY in the nodel (6.313, is leded ty EPS from the (hypotheica)
popuation of d such meastedvalues.

(@]

The degee b whichAssumpion 2 is net when nvesigatirg a neasung process & difficult to assess le@ue:

+ the hypothdical naure d the ppuation makes t undea which possble measwedvaluesit indudes,

+ thee is ro explcit sanpling protocd which deermines which valuesfrom this ‘popuatiori formthe sanple.

It iswrong to think tha the haphazad naure d the pocess ha typically lead to he sarple of meastedvalues

males his processequvalentto EPS fom the ppuation of \aluesthat mighthave been abtained

® Haphazad sleding is uncontrolled wheeasePS § (tightly) controlled,  thinking theseare equivalent pocesses
is remniscant o anather wrong ideaabout probabilties, hat lack of knowledye of a grobability distribuion can
be modlled ky a uriform distibuion (see dsaus$on of the Ali Baba ‘paracbX i n SatisticalHighlight #46).

Invesigatirg a neasung process ly repeded neasung — ke the NB10 investgaton —may yidd a ugfu Answer

from a Cl @lcuated fom equdion (6.312) but its bass in gatisticaltheay ladks justfication for Assumption 2

- Assunmption 3 The resduds R areprababilistcally indepeédentrandom vaialdes

(@]

@)

A summary of the dsaus$on of the tiree @sump-
tionsis gven in the £hama athe ight; the deasstat

with the

This assumption is net if the sarple is ®leded euiprobaly with redacement; underthe BPS ithout redace-

men} usa in pracice Assumption 3 lemmes ser D being me as he sarple sze bemmes a pgressvely

smdler proportion of the ppuation sze. Thus,violation of Asumption 3 urder EPS &auld have ro practically

important éfed on an Answverfrom a Cl @lclated fom equdion (6.3129 on page6.20 provided n<N.

A graphical chek, if needed of Assunption 3 is 6 make a sdter diageam d the estmaed resduds § =y -4 in

the order in whichthe datawere llected

+ apatern in the dagam €g., one & more goups in whichthe points ae dose to each athe)) suggestsAssump
tion 3 nay notbe net;

+ lack of a @tten g, the dagiam $ows a laphazard satterof pointy suggestsAssumgion 3is me.

In a measuing process nvesigaton (ike the NB10

invesigator), meding Assumption 3 @n e

hdped ty a Ranwhich tries to emare from a

Summary of Modelling Assumptions
e Normality e EPS e Probabilistic ndependence

I
measted value any influence of a previoudy _ Red WO”‘?' : Model
meastedvalue — eall the dsaisson on page Pepuiation f’f”a“‘ =1 ... N —:—-—> nomaly  Repmse
5,60 in Appendi 5 of STAT 231 Figure 57 |/_Y.s wosrecvu—< |
+ An illustréion of sich influene, when Meér? | S 3 e ——— Meanu S/”"’

making meastements m duplicate, is if the EPS \
Ind d
operdor recordshe samevalue br the £¢ S S
ondmeastement & for the first,regardess Sa ot dl fm
,reg possble Sampk

of the £ondvalue dtained samples ~ MomMalys nomalY  ZGre
of 9ze n kN 5 ¥is represemecby,u

| >

Mean¥ sd. 1 | Mean) Sd.a/%
LS is repesentecbycr

..., 10, hasa wiform (nota rormal) distibuton in

popuation rponse ¥, i=1, ..., N, at the - ¥, i=1,

pe left and flow downand to theight acrass he €£heama. the illustraive dagrans on mges 68 and 69 d Figure 61

NOTES: 4. Thee ae dfferencesof emphass anong introdudory statistics murses in reentng a Cl or a model mean(like

2010-06-20

1) repreening a popuation averaye (like ¥).
o In these STAT 220 Caurse Materals with a nore cetdled Fgure 64 d thet distibuion up b 5000 cgees
of freedm, equation (6.312 on page6. 0 is the only Cl expressian to be sedfor 4 repreening ¥.
® Elsevher, a dstindion is ®mdimes nace between two ceases:
- Sknown and the ue of equdion (6.38) on page617 invdving thenormal distibuton, AND:
- S‘urknowribut esimated ky sand the us of equdion (6.312) on page6.20 and thet,_, distibuton.
Ou assgnments invdve only the latterand Exanple 631 i page6. 23 is induded soldy to illustrae the former
Some peentdionsof the dsindion mnfuse a mdel parameer with a ppuation attibute ad refer © ‘oknown
e Anotherunnecssary saurce of onfusian is to darge fom thet, -, distibuion [ecuaion (6.312] to the N(0,1)

(continued)
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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals gortinued 4)

NOTES: 4. e distibuion [ecuaion (6.38) for calcuatinga feaized CI when the saple sze exceed sme nunber ike 0.

(cort)

- Itis true, fowever tha, for reasnaltte sanple szes, t seldomhasa practically important efed on an Answer
albout¥ whetter the Cl rumeical odficent is taken fom thet, -, or the N(0,1) distibuton.

- The wsdul rule of thumb is that a %% A for a nodel mean epreening a ppuation arerae isrouchly
the sanple averaye pls and minusraundtwicethe sanple dandad deviation dvidedby the guae oat of
the sanple sze.

o Elsavher, {g/vii may be @lled tre standird error and gvi the estmated standad error, dthoudh the al-
jedive ‘estimaed (which disingushes the mdel quantty from its esmae) is, unfortunaely, oten omited

5. The histagramon te first &le (page 619 of this FAgure 63 $ows thee ae eved posible ouliers anong the

100 measwements 6the nass 6NBIO; the nostolvious ae the valiesof 375 #94) and 87 #86) ug belowl10
grans, hut yp to four othermeastementsmay also ke autiers. As simnmarized n Tade 632 m page616, if
thesesix deviant dosevationsare progress/ely omittedin pairs from the déa t, the aerae is elatvely un-
affeded but tle (ad standard deviation seady deaeases — Pr the 94 dosevations it is 388.g, doout 60% &
its value of 647, for dl 100 meastements

Outliers in datasds ae canmon and, as descibed in Note 2 on he pper half of page616, deaing with them
poses a demna for invesigabrs; for exanple, nvesigabrs may:

* usethe enire daa %t © calcdate awide Cl, leadhg b amae impredse Answer,

* document the atliers kut amit them when catuatingthe d, leadng © alessimpredse Answer

* syppres the autliers without documerihg them and ayain calcdate the A leadng © alessimpredse Answer
The lag of thesepassbilities & wnethical but tempting for the rrasnsgivenon pge616 a the end BNote 2.

As indicaed n the quaation rom NBS gven at he ottom d page6.15 in Notel, anitting autiers may under-
esimae the real vaiation in a neasung pocess ad © the adual confidene levé of the A basedon a
truncded datase may be far enaughbdow its satedlevel to have a pactically important efed on an Ansver
Treatnent d outliers is an mportant areaof datisticalmethods tut there can ke dsagreement &aut which o the
avalabe grategiesshaild be wsedin the onextof a mricular invesigaton
® An illustrdion, from the NB10 data et

. Table 6.3.6
on mg_e_615, d.the éfeq on (.:I width Obsevations Sample s Coeff. 95% ClI Width Ratio
of omitting autiers & gven in Tade omitted @  size () (ug) t.ee  (ugbelov10 g (ug)
6.36 & the ight; the dereasen width Nore DO 647 198422 (4033L 405.8) 2.56 1
of the %% Q calclated fom equaion 37504, 43769 98 478 198472 (403.6040552) 192 075
(6.312, as pséble autiers ae amitted 393, 42339 96 428 198525 (403.62, 4056) 174 Q68
cauld be lage exaughto have a pact- 39263, 487 94 388 198680 (403.6940527) 15 062

cally important efed on an Answer

- This illustation dso reminds us of he limitations on the Arswerabout-M, the (true) nass & NB1Q, im-
posedby madd error from two urces, whichmay compromise int 6 Assumption 1 aad Assumption 2
o the lad of normeiity and the #ed of the aitiers a the robugnessof the Q;
o the haphazad naure d the sarple ®leding process br repeded neastements

Example 6.31: An egg fammerknowsfrom long experiencethat ter rers produceegqgs whose veights vay with a gandad

deviationof 30 gams She b required by an Ejg Marketing Board ingectar to producestdisticalevidence
of the aeraje weight of the ggsshesdls. If a sanple d 100 gggssdeded euiprobally from those po-

ducedby he hers overa alitable period d time shavs an averaye veight of 56.2 grans, find a 9% a %%

and a 9% onfidene intewval for the average weight of al eggsfrom the fam.

Answers. We ae ld that he samle arerage basedon n=100 egs,is Y= 56.2 grams; dsq S repreentedby o'is

knownto be 30 gams i this (inusid) situaion. Then if ¥ is the aerae weight of al eggsfrom the farm
and ugg equdion (6.38) near the midde o page617 we have(@pproximately):

a 0% A for x repreening ¥ is: V+164497 = 562:+16449% % = 56.2+ 0493 =(557, 567) grans;

a %% A for u repreening ¥ is: 3711.9600% = 56.2+19600% % = 56.2+ 0.88 =(55.6 56.8) grans;
a ™% A for u regreening ¥ is: Vi2.5"68% = 56212.5758><% = 56.2+ 0773 =(55.4 570) grans.

Example 6.3.2: Five hausand ple regster b compee in a @mmunity maratton un A physical eduation reseacher

2010-06-20

wishesto invesigake an ndex of vital capaity anong theserunners. Hesdeds by BPS 50 ames fom the
regigraion ist and & ale to neaswe the \tal capaity for dl 50 of thesepemle; the aerae is B.0 and

(continued wvaled)
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Example 6.3.2: the dandad deviation is150 in suitable wits. Find a100(1-a)% confidene inteval for the areraye \ital
(cortinued)  cgpacity of this popuation of 5000 unners, br o = 01Q 0.05 0.02 and QQL

Answers. We ae ld that he samle arerage basedon n=50 runness, s y= 68.0 wnits, asq the puation @ad
standad deviationS is unknown (asis usud) and ® we se ts esimae, the sample gandad deviations=15.0
unts, @ the valie of he nodel (probabilistig standard ceviationo. Then if ¥ is the aeraye \ital capaity
of dl 5,000 wnness in the maratton and usng equdion (6.312 on rge6. 20, we have

a 0% QA for u repreening ¥ is: 711‘676554% = 68.0+ 167655% % = 680 + 3.56 = (64.4 7L6) unis;
a %% O for yrepreening ¥ is:  y+ 2.00958% = 68.0+ 2.00958< % =680+ 4.263 =(637, 72.3 unis
a B% d for urepreening ¥is: Y+ 2.40489% = 68.0% 2.4048% % = 68.0 + 5102 = (62.9 731) unis;

a ™% A for yregeening ¥is: Y+ 2.67995% = 68.0% 2.67995¢ % = 680+ 568 = (62.3 737) unis

4. Modelling a Measuing Process which has Inaccuracy

The cerivation of a @ foru in Sedion 3 on pges 616 and 6L7exdicitly excluded measung inacaurecy; we row extend
the dsaus$on to indude i, in part because measing processe ae rarely without inacauracy. We imit disaus$on to the
(simpler) case vhee inacauracy is condant— its valie dbes not charge with the magntude d the meauedvalue Realling
Exanrple 61.20n page67 in Figure 61, we dstinguishtwo types d investigaton

1 Calibrating a measuing process to quantify measuing inaccuracy. The datanee@d b calibrae a neasung process
are dbtainedby making m 6a) indgpendent mesuements ® a standird for the quantity underinvesigaton — eall the
disausgon on page615 4 the sartof this Agure 63 To analyze such data we write tre nodel (6.313 as gudion (6.3149:

Ww=r+3+R, j=12..m, ROUNQ,g,), indgpendent EPS (6.314
wheee: te siffix M on the random uéale Y emphaszes hd its valiesare & measured,
the subgript M on the @ramder g,, reminds us it epreentsmeasuring proessvariation
ris the valie of he sandad — &truévalue
dis the (neasting) bias— biasin the nodel represents kneasting) inacaurecy in the real wdd.
If we take the eponsevariateasy =Y —r, the difference beween the eponseas neasredand the riue value
Y=0+R, j=12..m, RLN(Q,g,); indgpendent EPS - (6.319
this is row the nodel o equdion (6.313, except tha the stucturd component isdingead d i. Hence a Cl r the Haso
representng the meauring inacauracy is alcdated fom eguaion (6.312) rewritten & eguaion (6.316):
Ve 2 th-11-aSy/vm  [The sibript ¢ eminds usyis the samle averaje ofcaibration dta] -~ (6.319

2. A CI for the mean urepresenting the population a/erageF{calmlated from inaccurate measuremens. Ou verbal
and gmbdic modds in Sedions2 and 3 o pages 615and 621 for a neasting rocess wth noinacaurecy ae:

meastedvalue = tue value + taphazard measwement eror, 6.31

Y=u+R, j=12..,n, RLNQO0), indpendent Ers 6.313
When meauing inacaurecy is induded, thesemodds beamme

meastedvalue = tue value + gseemdic meastement eror + haphazard meastement eror; ----- 6.317)

Y=p+5+R, j=1,2...,n, RUNQ0), indpendent EP s (6.318

If the estnating process ha lead to he A expresion (6.312 from the nodel (6.313 is now goplied to the nodel (6.318,

it is aly posdble to estmate the corrbination i+ of the two parameters tha make up he stucturd component d this

modd; we @an edmaey — the mrameer d inteest —only if we havean edtnae d Jfrom clibraing the meauing

proaess, usugllin a epaate nvesigaton @ FPDAC subcycld as ascibed in Point 1 ébove

* Itis ®ldomrecagnized tha usinginacarae measwement déa — which ae the le, not the exception — to calcuate a G
for u from equdion (6.313 indudes the dfed of meastng inacauracy unlessdis esimated ly calibraion and emared

A classt dsaus$on of urrecaynized measting inacaurecy is tha of Youden n Enduring \alues sumrmarized in Sdistical
Highlight #15 or see gure 212 of theseSTAT 220 Cairse Materals)

NOTES: 6. Different rotdion is sedfor represning the tue value of a neasted quantity — in Sedion 2 on pge615
andr in Point 1 above— for two reasns.

e The purpose d Sedion 2 garting from the ,esponsemodd (6.32), is to reach egudion (6.312) on age6.20
for calcdatinga Cl for the nodel parameer that is wsudly denoed y; this mndraint, togeher with aoiding
charging notdion duing Sedion 2 dictated doodng y, ratrer than the rore evocdiver, to represent-M.

@ In Sedion 4 alove, useof r in Point1, repreening the (true) value of astandrd, helps us &oid confusing
this r with i, whichrepresents thefudy or regpondent popuation arerae, in the nodel (6.318.
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NOTES: 7. For calcuatinga ClI for 4 repre®ening ¥ from datagereraed ty an inacairae meastng process we dstingush
two gproaches
* Leavethe inacaurage neasung pocessunadusied and u the esmae d the basfrom the cabrdion invesiga-
tion, togeher with ejuaion (6.319 bdow, to calcuate a CI br u without (esimaed measting bas— this bigs,
represening measung inacaureacy, is thus(modly) removedat the Anaysis dage of he (han) PPDAC cyde.

=%t ti-a/S + S, wheevis the ntegerclosest to [ %)2/(% G+ &), 6.319

the ymbds here ae from equdions(6.312 on page6.20 and kelowand(6.316 on the fadng page6. 4.

* Usethe esimae d the basfrom the cabraion invesigaton b make the dfed of measung inacaurecy nagligible
in the nvestigaton @niext by gpropriateadiugment of the meauing ocess Datafrom such acalibrated
measting rocess would usudly be sedin equaion (6.312) to catuate a Cl bru without measting bdas—
the measung inacauracy has in prindple, keen (mosly) remaedby ajustng the meauing process

y £ th.,-.5/VA, whichcan ado ke written as: y + trf_l,l_g/%. ----- 6.312

We e fom eguaion (6.319 that manajing measting inacaurecy incus two ‘costs
o the reources reeckd for the alibration invesigaton, AND:
e increasd impredsion in the estnating process — heke is an additional termunde the guae roa in equdion

(6.319 conparedwith equdion (6.312.

- Stiictly, equdion (6.312), usedwith datafrom a @libraed measung process ignaesthe unertainty in es-
timating the basin the cabraion invesigaton; i theefore underestimates the width of the G for i with-
outbias. The CI from equdion (6.319 avddsthis difficulty and an nvestigabr who uses egudion (6.312
hasa repongbility to ched whether tre dff erencein width of the two Gs would be hrge enaughto make
a practically important differencein an Answer aboutY.

o The rumeical odficientt};-, in eqiaion (6.319 will be dightly smder thant;_,,-, in equaion (6.312
becausev >n-1; this will conpensde dightly for the largerestmaed sandad eror in equaion (6.319
conmparedwith egudion (6.312.

Equation (6.319 illustraes how, often a‘cog’ of manajing inaccurecy is increase imprecsion.

8. Lnits whichinvolve humans— individually or in a goup ike a fimiy, busness @ insttution — can ntroduce dffi -
cut measwment ssies an illustrdion is neasung a eponsevariatelike wlf-esteen, for which a qiestbnnaire
like the ae athe iight belowmight be wlsed Measting dfficulties with hurman wits indude:

e there may o standrd for calbraing a nmeasting process o inaccuracyis dfficult to quantfy;

e repeded nmeasung d the sameuntt is equivocal — a dtermeastement nay ke influened ky an wit remem
baing a previous eponse— L, like inacauracy, imprecsion can ke dfficult to quantify;

o different meauing pocesses

—for insencediferent qes | Gauging Self-Esteem
tionnaires br measung lif- - -
estem — ae dfficult to com- The Rosenberg Sdf-Egean Scak is kasedon D questdns. Repondents &
pae beaue of incetainties akedto strongly agree agree disagreeor strongly disagreewith theseitems.
in quantfying inacaurecy 1 On the whde, | am satidied with myséf.
and mpredsion; 2. Attimesl think I am no @od a dll.
e a nits reaction to Mpoents 3. |fed tha | havea numbe of good qudities
of the meauin rr%cess 4. lam dle to do hings & well as nostotherpele.
mav influene theg (/glue of 5. |fed | do not have much to be poud d.
thg)/ epmse such ONo- 6. | certanly fed usdess at tmes
S% dee' mp 7. | fed tha | am a persan of worth, at leasthe equd of others.
nents ndude: . 8. lwish | caild have nore repect for myséf.
- the persm admiisteing 9. Allin dl, I am ndined b fed that | am a filure
the questbnnaire, 10. | take a postive dtitude tavard myséf.
- the questbnnaire — a unit's Half the questbnsare phrasedpositively and hall negatiely
badkgrourd may dfed how Forthe postively phrasedjuestons — rumbersl, 3 4, 7 and 10 — scoreas
(9he intepretsa cueston; follows: Srongly agree 4 points, agree 3; dsayreg 2; strongly disagree 1
e differencesin environmenal For negdive quesions — rurrbers2, 5, 6, 8 ad 9 — revase the oiing so ha
conditions may have greder strongly agree § worth1 poirt, c. The naxmum is 4D points, the nimum?10.
influene on he (alues of) Mog pegole in the gened popuation <orein the -t0-40 mrge A
reponses from a ersal than mud snalker rumber are in the Ds A scoe of 10 to 20 is fien aoaated
frosrgl a inanmaemmit' with dinical deores$on, accordng to Timathy Owers of Indiana Whiversity.
. i Saurces: Concaving the Sé by Morris Rosernbag (Basic Bocks 1979;
e it may ke mdeq to wha dg— Timothy Gwens
gree tle measting processis
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NOTES: 8. @ measting te (intended repansevariate— this is in part,what is @lled construct validity in the ®dal sdenes
(cort) Ou disaus$on only draws atenfon to such mattes — dealng with them s beyand the sope of theseMaterials.
[The cuestbnnaire overkaf @ the lottom right of page6.25 is taken fom Figure 88e d the AT 220 Caurse Mateials]

5. Calculating a Sample Sze in the Han for an Investigation to Estimate ¥
The Hanfor an nvestigaton may wishto indude alcuatinga sanple sze tha will (undercertan assumptiong achieve:

* a Pecified total costfor the sanpling — for _ total budget- fixed costs
exanple, £e gudion (6.320) at the ight; OR N= —ost per unit sampled 6.320

* a Pecified leve of imprecsion for esimating a wi2=h
popuation attibute — a averaye inthis disausgon. .

Disais$on bdow of the ®mnd appoac dlows for impredsion to be eci- : ¥ Zeesdly)

fied in ore of three vays — nteval width (w), inteval half-width (h) or the
standrd deviation of Y [sd(Y)] — see tle dagramat the ight. The intewval in
this dagramhasthe popuation aerayg ¥, as ts @nte — it is heefore aprabability (not a cnfidene) intewval, a Pl rot a G;
the apropriatenumeiical wefficent is thusZ;”,, not ty_,,a.

100(L- a)% PI.

Spedfying impredsion by interval width: w=2h ®: h=w2. 6.321)
Spedfying impredsion by interval half-widith: h=zf,sd(Y) so sd(Y)=h/zZ},. - 6.322)
— — a4
Spedfying impredsion by the standard deviation of Y:  sd(Y) = S/% - % sal % = (%(Y)) + %. ————— 6.323
: . _(_ S _V_(SZ~N_ (252
If n <N, an approximae sanple sze is: n= (i) = ( - ) = ( 2 ) ----- (6.324)
. N . . No _ n
Without appoximation usingeguaion (6.323): % = nio + % = ni0(1+ N) so n= nO/(1+ N (6.325)

Forary of the hree apresians m the light-hand &le of equaion (6.324), we reed a alue b use br S, the 6tudy or repon-
den) popuation fag standard deviation whichis usudly unknown at the Ran staye of he FDEAC cyde. Possbilities hdude:
* udng a \alue dtainedin aprevousinvesigaton of he sameof a gmilar) popuation;
* usng a \alue fom dataobtained in the pilot survey of the curent nvesigaton;
* if thee is hformation on herarge of reponsevariatevaluesin the ppuation and if approximatenomalty can ke assuned
this rarge ould be aiken & kS, whee k can e aken & 4, 5 or 6 —eall the first &le (page 59 of STAT 220 Fgure 53

A sanple sze alcdated in the Ran shauld be sedwith due eagntion of ts imitationsimposel by:

® whether itis n, or n that has lee calcuated,

@ uneertanty in the valie wsedfor S,

o the likely respane rate — for ganple, a 5% regponserae (vhich is aurrenty optimistic for a political poll, for insancé
would ental an actud sanple sze fourtimes argerthan the caluated \alue

and when mpredsion is spedfied by w a h:

® useof Z;",in the sarple sze alcuation mmparedwith the Glightly lamge) t},-, or ti_,,_. in the A calcuation

NOTES: 9. The gproximatesanple sze n, is the gjuae d the atio of the ppuation ag standad deviationSto the san-
dard ceviation of Y — see tle first expression on he iight-hand &le of ecuation (6.324) ahove.

10. Non-reponse— the usid ternindogy when the lements nvdve tumans — @, more genedly, missng dataare the
sairce d non-respn® aror which imposes imitationson an Ansver This ate@ry of error is nore easly over
lookedwhen as in he dsaus$on of Sedion 5 almve, conventional ternindogy o samplesizeis uised The di-
cusn would be béter framed usng the ermindogy o equdion (6.326) bdow, which is speific to these
Materials and dstinguishes the lements @r wunitg sebcedfrom the dements ¢r unity which respanc

sdedion =sanple +non-repondents AND:  sledion sze fi5) = sanple sze f) +non-reponse(ny,).  ----- 6.326)
Using from the shrtthis termndogy, whichis esocaive d a penasve saurce of aror, would be keter than first
usng conventonal termndogy and then mking gad its ddicieng/ by introdudng non+egpaonselater in the dis-
cus®n— e #s0Sedtion 5 on pges 524 to 526 in Fgure 57 d the STAT 231 Course Mateials.

6. Appendix 1 t, Distribution History

Thet distibution wasdeveloped ey this enury by William Seay Gosset(18761937), who was lornin Canterbuy,
Emngland and educatecat Winchesteiand New Collegg Oxford, whee he dtainedfirst-dassdegees in matlemdics and na
turd scien@. On leaving Oxford in the fall d 1899 he pined the fanmpusbrewing firm d Guinnessin Dubin; he remaned
with Guinnessall his life, bkecoming in 1935 dief brewer at Rark Royal the fim's rewly-estdlished bewery in London

2010-0620 (continued)
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In the ealy 1900s scientfic methods and laboraory deteminaionswere begiming © be rioudy applied to brewing and
this led Gossetto recgnize he reed for adquae nmethods to ceal with smdl sanples when xamhing relatonshig anong
the qudity of raw materals for beer such as ladey and hes the ®ndtionsof produdion, and the fiishel produd. The
importanceof contaling the qudity of barey also bd Gosseto sudy the defgn of agricuturd fieldtrials.

Gossé was ace destbed by Sr RonaldFishe (consdderedby mary to be he father d modernstdisticalmethods) athe
Faraday of datistics beau® he vas nd a profound mattemaicianbut had agperb ntuitive faaulty tha engbled hm to grasp
gererd prindples and ee tleir rdevanceto practical end.

In his work at the lrewery, Gossehadbesn stuck by the mportanceof assesisg the gedsion of the esaor repreen-
ted ly the aerge of a mallsanple. The usid procedure d the tmewasto catuate the sarple arerge /) and sample gan-
dard deviation €) and to poceed a thaugh the orreponding mndom vaialde Y hada rormal distiibuton with the ame
aveage & the ppuation from whichthe sanple was sieded and with standed deviation gvn. The dfficulty is tha s is anly
anestmat of S the ppuation (ag standard deviation and Cosset intuition bld him tha, for snall sanples, his procedire
ower estimaes the pedsion of Y as @ esimator of the popuation areragge¥. This firally led hm to devdop the t distibuion
for usein place of the rormal distibuion whenS representedn the nodel by g, is esimaed ly s

Gosse is knovn mainly by the peudonym student underwhich he mbished nost of his gaisticalwork beau® hs
emplyerregarded hs findingsas poprietay information and dd not wishto kring it o thar compsditors' atention by the us
of Gosset real name andid dfiliati on with Guinness

More information almut Gasséis mntibuions to Tien@ and to shtistic an e dtainedfrom pages 409-4130of the Inter-
nationa Encyclopeda of Satistics, Volume1, edited ky W. H. Kruskd and JM. Tanu (The FreePressNew York, 1979 [DC
Library call number HA17163 1978 mostof the desription aloveis taken fom this surce

7. Appendix 2. Leag Squares Estimating

Ou disausson of Cls in Sedion 2 on pges 616and 6l7useshe aanple arerge yas & esimae d the nmodel meanu rep-
resening the ppuation aeraye¥ and on page6. 20, the sarple (ag standad deviation s & an stimae d the nodel (prob-
abilistig sandad ceviationg, repreening the ppuation flad standad deviationS In this Appendk, we dsaussa process—
the mehad of leas squaes — for dbtaining expresions br estimaes and esimators of parameers in the stucturd component
of the nodel, for the eponsemodd (6.313 on page6.2., the stucturd component takes the ginples} formy. As simma-
rized in Tale 637 d the iight below we introduce adlitionalnataion for a neaste d location and d varation:

% a hat on a rodel parameer cenoes anesimate (hee, 2 or

5) — avale likey ands; .Table.6.3.7 Location _ Veriation
* aflde on a nodel parameer cenoes arestmabr (hee, 7 or Papuation attibute AergeY (Dad Sd.S
Edimée — a alue xoru sorg

We st ait the esimaing process h numbered stgs br wo
eguvalentdetivationsusng calcdus and inear dgebra. The rame
least gluaesis meant to eokethe mettods centralidea minimizing he sun of e guaedresiduals (sieps 4 and 5 telow).

Y=p+R, j=12...,n; RLNQ@, 0); indpendent EPS

Edimaor — a random vaiadle Y or [ Sorg

Stepl Y=u+R, j=12...n Stepl Y=p+R, j=12...n
Step2: y=pu+t, i=1L2...n. Step2: y=pu+t, i=12...n.
Step3: =y -4, i=L2...n. Step3: ﬁ:@ﬂﬁ whele:m: A A At
Step4: g(y) :irjzzi[yj—y]? Step4: The leastsquaes yz l rz
= estmae d uis Vi i r:n
Step5: % = —zzl[y—u], determined by the
IS

vedorf, the \edor

WhICh is zero when Z[y ) =0; of minitnum lergt
i.e, zy ng =0, this ocaurs wheni
or: zy, y, theedimate of u. \egct%?ndlswolaretgt he dot
Step6: di/fz = —2121[—11 =on, ©or '””E% prOd“_‘I ElﬁtTo 0.
which is posttive, as StepS: =0, e, fy-fp) =0,
requiredfor aminimum. ie, ETM_ET 71 =0,

/7 /Z[y ,U] /%[y]_y]z or. u= (@@‘1(@ — n—lix =7, theedimate of 1.
Also: 0= _ /A . n
n-1 _ —
Also: & /F{flfl &~ EF) Qﬁ i) _ 2%Vl |

NOTES: 11. Thesedeiivationsinvolve random vaales q ]
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NOTES: 11. (Step ) and her values(Step 2 awards) in the oniextof a iepansemadd; valuesare theefore repreentedoy
(cort) italic letters ikey. The hree nodelling assumpions (disaussé in point 6 of Sedion 3 on pges 621 and 622)
provide psffication for regading the measuredreponsevariatevaluesy, j=1 2, ...., n, of the n sarpled wnits &

valuesy, j =1, 2 ...., n, of random vaaldes)Y, j =1, 2 ...., n — eall also he t@ of page6.4 in Fgure GL

12. The estae o of the nodel paramder o is not a keastsquaesesimae The esdtae 2 is an unbiase esimae
of § butg is not (quite) unbiasal for S [eg, e tie op and bottom o page8.33 of Sedion 5 ad Appendk 3
on mage8.57 of Fgure 811 of theseSTAT 220 Caurse Materald.

13 In the daglam oerkaf d the bwerright of page6.27 in Sep 4 of the the ihear dgebra kastsquaesdeivation,
the esimated esdud vedor f lies in the sibgpace perpendiclar to span<1>; tha is, f lies in the athagoral
conplementof a ore-dimersicnal sibgace whichis a sibgpace with n—-1dimersions — his is o eplanaion
of the -1 denomnétor in four expressons for o overleaf & the mottom d the @age6.27.

14. A genearl form for a eponsemodd — a reponsevariateexpesedas astructural componert plus astochas-
tic componert (or‘nois€) — is shown in two versians in equdion (6.327):
Y=g+R, ) j=12...n, RLN(@,0), indpendent EPS
m: X%+B‘ Hi= X+ ... +OXt ... t05Xq  [explandory variates X, ..., X, ..., Xql;
e in the wper \ersian, the stucturd component y; is a Inear @mbinaton of g gnknowr) parameers 6, and
(known) explanatory variate valuesx;y;
e in the bwerversian, the eplanaory varate valuesform the nxg matix X and the prameers ae te gx1
cdumn vedor
- ¥jandR are nx1 cdumn vedors with n>q; i.e, thee ae many moreobsevationsthan hee ae para-
meers 1o be simated.
- Thetrangaoseof X, X! in the deivation kelowis a ox N matiix.
The reponsemodd (6.313 on page6.2L is the smplest cae ¢ the @ned model (6.327) above.
The mettod d leastsquaesinvolves mhimizing ||B||, whichmears tha R mustbe perpadicuar to every column
of X, so we st the dot podud X-Rto zer; tha is, we t: XTB = 91

Thus X4~ =g or X¥-XX@=p or XXG=X¥ sa G=XX)'XY -~ (6.329)
In equdion (6.328), we refjace by X+ R from the mocel (6.327) to dbtain:
% = (XTX):lXT(X% +R = (X'X)'X"x0 + ()(Tx)‘leBI —O+ (xTx)‘leﬁ ----- (6.329

which shows ha e is © plus a inear @mbinaton of esduds.
In the dagam br R'at he ight, R mustlie in the atho-

goral cmmplementof the pan of the olumrs d X, a ¢ = E
dimersional sibpace epreentedby the dipse its atho- XQ
goral mmplementthe sibgace n vvhichB lies) has dmen

sion n—q, whichis the diisor in the Eftmosttwo expresions X8

for o oveleaf a the ottom d page6.27.

8. Appendix 3: t, Distribution Theory
Ou derivetion of het, distibution in this Appendk 3 on pages 627 to 6.30 invdves hree dher dstribuions:
* the normal distibution which we ae dread famiiar with, AND:
* two distibutons we tavena yet encourtered - the x> distiibution,
- theKdistibuion;
as vell as eading tere to het, distibution, thesetwo distiibutions will have dher wses in the STAT 221 Course Mateials.

The x2 distribution: If Z,, Z,, .....,Z, are probébilisticaly indgoendentN(0, 1) random vaiades,the sum of her squares the

random vaiade X of equation (6.330), has ax*distiibuion with v degees d X= 724724+ 472 . 6.330)
freedbnt symbdically, we write equation (6.331) and ve sayX is ‘chi squaed e v '
with v degees of freeani (chi' r hymes vith‘hi' — it is pronaunced ki'). A 6.33)

Beaug it invdves sauares of N(0,1) random vaialles, the x* distibution takesorly non-negative values; its p.d f., for 5, 10,
25 and 9 degess of freeam, is shown & the pper light of the fadng page6. 2. In thesediagans:
e the fourvettical axis scaks hae the sameuni sze, & do he burhorizontal axis sa@les
e we e that thex*distibuion in unsynmerical daut its Hghest pint (unlike the ymmetiical normal andt, distibutons)
but t beames nore ymmetiical assv increases.
Two otherproperiesof the x*distibution are;
@ itsmeanis v; it ZON©,D, [sd@)’=E@) -E[2)]* and ®: E@Z) =1
henceusingequation (6.330): E(X) = E(Z}) +E(Z)) +.....+E(Z)=v. - 6.332
We e n the burdiagams tha the mear(indicaid ly)) lies a litle to therightof the highest mint () of each p.d.f.

2(10-0620 (continued)

#06.28



#6.29
University of Waterl®m STAT 220 -W. H. Chery

Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals gortinued 7)

e its standrd deviation (and correpandingly, its spread) increasesisy increses;

e two probabilisticaly indgoendent random wizaldes X L1x; andW L7 have sim X+WILXC.,; - 6.333
i.e, the aim of two probabilisticaly independentx? randan variabesis dsox?and the dgrees of freedm ald — we
16 estalish equaion (6.333) by writing X andwWas her sums of sjuaesof N(0,1) random vaialdes
14 H Thex?distibuton is used(eg, in STAT 221 in two shtisticalproesses
o * atest dfit of a probability model g, in Fgure 2.24, AND:
ol s ] | * a ontingeny tade test br probabilistic ind@endenceeg, in Fgure 2.26.
' Xs ¥ Thex*distributon is tabdatedin STAT 221 Fgure .25
.08
06-] 1 X].% T ' |
04 4 )(225 04 ,
A PN
0 5 b 15 0 5 D % 2 25 0 5 i 15 20 25 3 35 Wds % 0 5 I 5 20 25 30 35 W45 % % 6o b5 70 % g0
The K, distribution: If the random vdalle X is x*with If X2 and U= é then UK, - (6.334)

v degees of freedm, and f the random vdalle U is the
squae roat of X divided ty v, thenU is K with v degees of freeddm — e gudion (6.334).

i.e, aK, random vaiale is the guae oa of ax; random vaialle dvidedby its dgrees of freeadm.

Like thex*distibution, theK distibuion takesorly non-negatve values; its p.d f., for 5,10, 25 and 5 degees of freedm, is
shavn below In thesediagans:

e the fourvettical axis saks hae hesameuni Sze, & do he burhotizontl acis sales

o we e that heasymnety, paricularly forv =5 and D, is lessapmrent thandr the x*p.df; |

o Wwe dsoseethat he meanis aroundl — it is actudly alittle belov, 1 A
e in contrast to he x*distiibution, the standird deviation @@nd 51
correpaondingly, the spread) decreasesisy incresses; A } a0
TheK distibuton is tabuatedin STAT 220 Fgure 66. A ! 25 Kso
} b Kes 20
" ' r Ko 1 159
10 ! Ks . 104
0.5 4 0.5+
0+ T T T T T T T T T +— T T T T 0 T

T T T T T
0 1 2 0 1 0 1 0 1

The dstribution of &: the random vaale & (which can ao ke cenoed ) is the estmabr of the nodel paraméer o, the

(probabilstiq standard deviation of he rormal model for the resduds in eaqation (6.313 on mge6.2L It is gven as wo

expesions n equdion (6.335); the first & basedon the hird expression for & at the bwer left of page6.27, except tha the

lowercaseys repreening values have been redaced ly uppercase . _

leters repreening the orregponding random vaiables The ond / Zl[\i(—\?]2 / Zl[R -RJ?
1= — 1=

n-1 n-1

expessian in equdion (6.335) follows from the first raueY =1 +R 0=
andY = u+ R - reall equdions(6.313 and(6.33).
Beau® R =nR the nuneratorf the £mndexpesian in equaion i[R -R)* = ﬁRZ— nR> - (6.336)
(6.335) "“éxpands as in quaion (6.336). o7
Dividing equdion (6.336) throughby o2 we dtain equdion (6.337). { 1[R R _ 2 /RY R Y

o ved T -G —eaw
Beaue R LIN(, 0), the random waalles which are he two erns g 1= agjvn
on the RHS d equdion (6.337) have repectively, X2 andx? distibuions, ® tha from egudion (6.333) above, the random
variale on its LHS has ax;_, distibuion, assuming @s & actudly the c&¢ tha the two RHS random vaialesare probabi-

M=

listically indgpendent Dividing the LHS by n—1 (the n 2

degees of freedm d its x* distributor) and king he JERR P o s 0ok o 6.339)
squae oot, we havefrom equaion (6.334) above n-D)gz ~ 0 1t or. o LIoRn- ’
The t, distribution: If the random vaalle Z is If ZONQ@,D), UK, and T= % then TLK,. - (6.339

N(0,7) and the random vialde U is K with v degees
of freeam, and f the random wvaale T is the quatient d Z andU, thenT ist with v degees of freedm — &e gudion (6.339).

i.e, at, random vaiale is the quatient d probabilisticaly indgpendentN(0,1) andK, random vaiades
The dstribution of Z: the random vaiade 7 (which can ao ke cenoedY) is the estmabr of the model parameer y;, the

2010-06 20 (continued aveled)
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structural component o the egponsemodd (6.313 on page6 2; uis dsothe mean the rorrral nodel for the dstribution
of theys. Fom equa ON©, o), YON(u, 0), 7 =YON(y ofvm) so: e = N A— (6.340
tion (6. 313, we have R g O, # 0 ‘ol a/r

Alsg equdion (6.339) is: a/a Ky - 6.339
Dividing the two random w@abeson he LHSs of equadions };— U _

(6.340 and(6.338) and usg equaion (6.339), we dotain: Hn = T A ©.34)

Equation (6.34)) is the kass for the expressian (6.312) on page6. 20 for a (eaized Cl for u repreening ¥

NOTES: 15. de 638 a the iight gives the mean Table 6.3.8: -
and sandad cevition of hex; K and of v 5M eanlo % 5 Vsandgrd d]%vatugg 50
t.dlstpbunons, bothas agneii expres e » 5 1 5 2 316 447 707 D
sion in terms d vand brv= 5 10, 2rwv+D/2
25 and . Thesevalues(roundel to K/v=rwz - 095 0.98 0.99 .00 /i-meardi 031 022 Q14 010
2 dedma places in four of the ®t$ are t 0 0 0 0 0 -2 12 112 104 102
of interest h relatbn b the hree gtsof four p.d f. diagrans at e ottom d page6.20 and overkaf ; page6. 9.

9. Appendix 4: A Confiderce Interval for o represanting ‘S (and for o representing )

We dbtain the A expression for the (probablistlo standad ceviation of he nodel (6.313 on page6.21 from the heory in_
Appendk 3, singthe samereasming & in equadions(6.35) to (6.39) on page617 in the deivation of a G for u repreening ¥.
Fora random vaiale U with aK,_, distibuton, we @an write <l) < —1—r .
equation (6.342), whee the valiesof K-, -, and ks, are PrlKn-sa-a SU < Kiosima) =1-a 6.342
lookedup from the Blde d theK distibuton in Figure 66 and ter suffices land r efer b the Eft and right tails of the
distiibuion — if & = 0.05 the RHS pobability is 095 and hek's ae he 25 and 97.5peacenties ¢ theK,,_, distibution.

Using egudion (6.338) in equation (6.342), we have Pr(ki-11-a < Tfo < Kh-11-0) =1—a. - 6.343
Reararging the erms of egquaion (6.343 and chaging the wading to tha appropriatefor a G, we dotain equdion (6.344):
a (redized 100 )% CI or orepreseting Sis (0/k}_11-a, OhKa-11-a) = & Ki-11-ar SKn-11-).  -=--- (6449

Thesmdler lower limit of this A invdves helarger k* in its demingor, thelarger uppe limit invdves hesmdler k*

As n ircreasesthe width of the A of equdion (6.344 decreasesvith the deaeasing standad deviation of heK,,_, distibu-
tion, refleding [as vith the Cl for  of equaion (6.312] deceasing estmating impredsion with increaing sanple sze.

Stdistics' unfortunae tradtionalemphass on \aiian@ father than sandad deviatior) mears tha, dsewhee, he A for o
of equation (6.344 albove may inseadbe dven as a Cldr o2 repreening S The heory ovaleaf in Appendk 3 lead to he
S e (BIyhsseo STy I Xh 1) = (NS s ST asn) o (6.349
but, inseadof theK,_, distibution of ecquaion (6.339), it is basedon te x2_, distibuion of the LHS d equdion (6.337)
written in terms d Y nat Rusing equdion (6.335); the valiesof | x;-.,-, andx;_.,-, are lockedup g, in the Blde o pages
12.59 and 2.60 n STAT 221 Fgure 22.25 as he elevantpearceniles fom the Eft and right tails of the x2_, distibuton

Example 6.3.3: In an automobile assenbly process windows whichdo not @en invdve a fiee i
of gass with a flexble salng ring aoundit, beingpressd into the orrepand- m\

ing opening in the méal vehile body. For an dficientprocessihe fit in the dy

opening d the dassplus iing is aiticat Day Cab rea opening height (inche3 1499| 8
an owersize dassmay be dfficult to fit, 1 1505 15066 5046 15044 15066 5026 Do &
i 2 15038 5028 5042 15048 15040 15070 -

an undsiz dassmay leak when he 3 15028 5046 155068 %998 5024 5006 1502) Q1466 88
finishedveticle is exposel to rain. Mary 4 15034 5040 55064 5050 5032 BOI6 1503 2248
dimersions d the dass ring and gening 5 15024 5026 5032 5046 15020 5018 1205 | 08

are aiticalfor a proper fi; the déa @nd her stempld) at the iight are for onesud dmen 1506/ 4668
sian for a ea window of a gckup truck — he dstancdrom the ottom d the cé rea opening 15071 0

to the lighest wint in the midde d its tq dde The 3 cabsin the sarple were dotained ove a 5-day
week (when daout 7200 \ehcleswere poduceg‘)i by sleding 6 per day —oneaboutevary hour ove one ift.
Forthesedaa: sum = 451144, aeraye =y=/=15038 Bin., [Z[y y] = 0009863

sum of uaes= 6,784.373 488 (daad standad ceviation = s= & = 0,018 442 333in.

Calcdating (realized Table 6.3.9: | CI for [quaIlon 6.312]..| ...... Clforo [quamon (6 349 .. ...

Cls fr x and o from 1-a Level\ trei-a Width | rkig1-a  1K3g1-a Width
thesedda is own in 090 906 | 16993 (15032, 5044) 0012| 12140 078430 (0.012, 0.0236 0.0084
Talbe 639 & the ight. 095 95 |2.04523 (1503l 15045 0.014 | 155 64 0743 873 (0.0147, 00249 0.0101
USING X o0 = 457223 099 99 | 275639 (15029 15047) 0018 | 1343 38 067264 (0.0137, Q027 00137

and,; X%, oss =16.0471from the x2 distibuion in STAT 221 Figure 2.25 equdion (6.345 givesa %% QA for o2
as(0.000 257, Q0006 #66) in., whose guae oa is the $% A for o in Tade 639 @pat from rourding eror).

2010-0620 (continued)
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Figure 6.3. QUANTIFYIN G UNCERTAINTY: Confiderce Intervals gortinued 8

DATA SOURCE: R.JMacKgy and RW. Oldford. 2004 Caurse Notesfor Stdistics 231, Chapterl3 page?2.
The mean and sindad deviation of heK distibutfon in Tade 638 m the fadng page6.30 were kindly
providedby Prof. MacKgy, who ako @lcuated the nore extendve valuesin Talle 6310 bdow.

Table Df Mea Df  Mem Df  Mem Df Meam  Df Mea Mean
6-3_103 1 07978% 1L 0977559 21 098870 3 Q9A %Y 4 0993922 Moee
Kdis- 2 o8s227 12 0979406 22 0988715 32 099229 & Q994066
tribu- 3 00228 B 098097 23 0989B3 33 0992464 43 0994203
tion 4 0939986 14 098236 4 0989640 34 Q9926F 44 0994335
5 09553 B 0983484 25 0990052 35 0992884 45 (994460 .
6 0959369 16 0984506 26 0990433 36 0993080 46 0994 BO
7 0965030 17 Q9840 7 0990B6 37 0993267 47 (0994695
8 096931 B 098624 B 099NU3 B 0993443 48 0994 806
9 0972659 19 0986934 29 Q9448 P 099341 H 099491 0
10 0975350 20 098783 30 099703 40 099370 50 0995013 0
Df  sd. Df  Sd Df  Sd Df  Sd. Df  Sd. o
1 060280 1 02060 2 01836l 3 01649 4 01000 A
2 046323 12 Q201903 22 0149878 R 014503 42 0108780
3 038881 B %152 23 04661 B QWRE7 B QO7E5
4 034124 14 Q187230 24 0143569 34 012085 4 0106294
5 030754 15 01898 25 0140699 35 0119089 4 010613
6 028255 B 01A349 26 013794 36 0117436 46 0103970 T
7 0262B8 T 010197 27 0135440 37 0115849 4 0102865
8 0245839 B 0166474 B 01B022 38 0114325 48 0101 B3
9 0232237 19 Q16123 29 010730 39 0112860 49 0100755
10 0220663 20 Q157099 30 0128552 40 OLL49 50 0099 A7 0

10. Appendix 5.

The Internationd Refererce Kilogram

The aticle EM0303 eprintedbdow provides adgrourd information for the introdudory disaus#on on page615.

EMO0303: The Globe and Mail, May 27, 2003,

Shrinking kilogram ws mass onfuson in labs

[agesAl, Al4

Quest br exact kilograminvolves ourting aoms

BY OTTO POHL
BRAUNSCHWEIG GERMANY

he klogramis geting lighter scien
tists sg, owing potental confusion
ove a rarge of sientfic endeaours.
The kilogramis defined ly a gatinum-ri-
dium g/linde, cag in Englandin 1889 No
oneknowswhy it is shedding weght, & least
in comparisa with otherreferenceweights,
but the dharge has pured a inteinaional
search for a nore gable definition

"Its certanly not hdpful to have a $an-
dad that keeps charging;' said PeterBecker
a <ientst at the Federd Standards Labora-
tory in Braungshweig, an insttution of 1,500
sdenistsdedicded entirely to improving the
ability to measee hings predsdy.

The kilograns gopaentloss of 50 micro-
grams (less than the wight of a grain of saff)
is enaughto distott scientfic calcuations.

Mr. Beder is leadhng a €am & inter
naional reeaches ekng D recefire the
kilogramas a mmbe of eoms of a elec
ted dement Other s@enistsare devdoping
a onmpding technique b defire the weight
usng a onplex nechansm knowvn & the
wattbdanc.

The final rommendton will be nmace

2010-0620

by the htemaional Committee o Weights
and Meastes,creded ly intenaionaltreay
in1875. The @eny kegs he ntenaional
referencekilogramin a reavily guarded sife
in a hateau ousde Pais.

It i s visited oncea yeq,

under gri ct searity, by

the anly three pegple to
have keys to the sfe.

..... geating reliable
measuremerts is auch
painstaking work.

It is vsited one a ea, under stict seau-
rity, by the aly three ole to lavekeys ©
the safe. The weight charge tas keen noted
on the acasons it has leen remwed for
meastement

The race is well unde way © detemine a
nev standad, dthoudh & a measwed pace
since geding reliabde measwements $ such
pangaking work.

The kilogramis the ally one d the ven
base uits d meastement ha ill retans
its 19%th-century definition. Over the yeas,
sdenists hae redefined wits such as he
mare (first basedon the eath's drcumfer
encg and the soond (concaved & a fac-
tion of a @&y). The mére is row the ds-
tance light travels in 4299792,48th o a
seond and a eondis the tme it takes br
a @3um abm to \vbrae 9192,63,770
times Ead can ke meastedwith remak-
alle predsion, and, equdly important, can
be eproducedarywhere. The klogramwas
conceved as he nass 6a litre of watey but
measting tha acauraey proved vey dif-
ficut. Insead an English gddsmth was
hired b make a patirum-ridium g/linde
that would be sedto ddinethe kilogram.

A total of 80 copesof the eferencekilo-
gramhave keen aeded and dstibutedto
signdories of the méric tredy. The ®me-
time olourfu histay of thesesmdl meta
cylindels indescoes hev long the wald
has usé the same dmition of he klogram.

Some 6 the med plugs were issied b
caunties ha later vanshal, such as ®rF
bia and e Dutch Eag Indies The &pan-
esehadto aurrendertheirs dter tre Ssond
World War Gernmary has &quired sved,

(continued weled)
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induding the me Bsed b Bavaia in 1889
and the oe ha belonge to Eag Germary.

To ypdatethe klogram,Germary is work-
ing with sdenists from oourtries nduding
Austdlia, Italy and &pan to producea per
fedly rourd onekilogram silicon aystal
The idea § tha by knowing eactly wha
atons ae in the aystal how far gpart they
are and the e of the kall, the number d
atons in the ball can b @lcdated. That
number tren kecomes e dénition of a
kilogram.

To spaae tre three sotges of dlicon,
Mr. Beder and lis team @ turning to dd
nudea-wegons fdories from the brmer
Soviet Union, whee @ntifuges ace usel
to make Hghly enricheduranium ae dle o

2010-06-20

produce tte required purity of silicon

"We reed ® mary nines, Mr. Beder
sad, and the Swiet uranium procesors ae
oneof the ally places to get hem. "With
the Russars, were ceting eout four of
them' — 99.99 pe cent pure dicon 2.

A test cystalhasbeen poduced and Dr.
Arnold Nicolaws, amther sdentst at the
Geaman sandads laboraory, is regponsble
for measting whether t is perfedly rourd.
He has neaswed the aystal in a half-
million places to deermineits shae.

Its probably the ourdest fem ever mack
by hand "If the eath were this ourd,
Mount Everest wailld be bur meres all;
Dr. Nicolats said.

An intriguing characteiistic of this snooth

STAT 220 -W. H. Chery

bdl is tha thee is no vay D tell whetter it
is spnning a at rest Only if a grain of dust
lands on he arface is hee smehing for
the /e b track.

But sdenists from the Llhited Sates,
England France and %vitzeland sy the
challemge of @lcuatingthe exact number of
atons in a dicon aystalis o mpredse
with todays technology, 0 they are rdining
a tednique b calcdate the klogramusng
voltage

"Measung enegy is easer than ®urting
atons, said Dr. Richard Sene;, a sienist at
the Nationallnsitute d Standards and Tedch-
ndogy in Gaithersbug, Md.

NewYok Times Srvice
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