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Figure 6.2. PRO BABILITY MOD ELLING: The Sample Ave rage and Contro l Charts
Prog ram 18 in: Ag a inst All Odds: Inside Sta tis tics

Sa mple cou nts and pro por tio ns, whi c h are dis cus s ed in Progr am17, are impor tant sample statis ti cs. This progr ampre-
sents the facts about another ver y im por tant statis ti c, the sample ave r age y−. Sup pos ewe hav ea sample of size n obtaine dby
equiprobable (or sim p le random) selecting [abbrev iat e dEPS (or SRS)] fr om alarge popula t ion wit h av erage (or model mean) µ
and standard dev iationσ. Some essentia l proper tie s of the sampling dis tributio n of the random variable Y−, repes enting the
av erage y− of the sample obtaine dby EPS (or SRS), are:

• Me an: µ(Y−) ≡ µY− ≡ E(Y−) = µ;

• S.d. andVa rianc e: σ (Y−) ≡ σY− ≡ s.d.(Y−) = σ 1
n and σ 2(Y−) ≡ σ 2

Y− ≡ var(Y−) = [σ 1
n]2

= σ 2

n ;√ √

• Distribution: If the popula t ion dis tributio n is nor mal,Y− ha sa normal dist rib u tio n ; i.e., Y−∼ N(µ,σ 1
n)

√

• Distribution: Regar dless of the popula t ion dis tributio n, the dist rib u tio n of Y− is
appr oximately normal when the sample size n is large, as a con -
sequ enc eof theCentra l Limit Theorem.

i.e., Y−∼.. N(µ,σ 1
n)

√

The first pro per ty says that the sample ave r ageY− is an unbi ase d es tim ator of the popula t ion ave r age (or model mean) µ; the
se con dproper ty says that the variation of a sample ave r age (or model mean) decrea s esas the sample size increa s es. The thi rd
and fou rth pro per tie sboth con cer nthe fo rm of the dist rib u tio n of Y−. It tur nsou t that any sum, differenc eor ave r age of(proba-
bilis ti c a l ly) in dep enden t normal random variable salso has a nor mal dist rib u tio n. This lea ds to the thi rd fact: if the popula t ion
ha sa nor mal dist rib u tio n N(µ,σ), thenY− ha sa N(µ, σ/√n) dis tributio n. What if the popula t ion doesnot have a nor mal dist ri-
butio n? The con seque n ce of the Cent r alLi mit Theorem is that, for large n, the sampling dis tributio n of Y− is appr oximately
N(µ,σ/√n) for any popula t ion wit h fin ite standard dev iationσ ; this is true even if the popula t ion dis tributio n is discret e .

In the video, the Cent r alLi mit Theorem is appli ed to playi ng rou lette in a casino. Becau se the standard dev iationσ of the
payoff on a si ngl e play is large, the standard dev iation σ/√n is stil l large for n= 50 or so bet s. Gambling is exc iting for the
ga mbler becau se the outco m eof an eve n ing’s betting is unc e rtain. By con trast, the casi no bet sa very large number of tim e s;
henc e, σ/√n for the casino is sma l l and the ave r age pay off y− will be clo se to the popula t ion ave r age (or model mean) µ. This
av erage fav o urs the casi no a lit tle so, in the long run, it makes mon ey at apre dicta b le rate.

Thes efact sabou t the dis tributio n of Y−are appli ed in sta tis tical pro ces s control to help mon ito r and improve the quali ty of
ma n ufacture dgoods. The idea is to wat ch the manufactur ing process to cat ch change searly rather than waiting to inspect the
product at theen d. A proces sthat can be mea s ure dov er tim e is said to be in con trol if i ts patt e rn of variation (it s probability
dist rib u tio n) is the sa m e at all times. A proces sthat is in con trol is operating unde r st able con d ition s; i.e., it is said to be a
sta b le pro ces s.

A y− (o r x−) control chart (a lso called aSh ewhar t char t or acontrol chart for average s) is a graph of sample ave r age s plo tted
ag ain st the tim e order of the samples, to show whether the lev el of the process is changi ng ove r time. The chart has a soli d
ce ntre lin e at the targe t value µ of the process ave r age and dash ed control limit s at µ ± 3σ/√n. The con trol lim its inclu de the
rang eof variation in y− we expect to see in a nor mally operating process. A value outsi de thes eli mit s suggests that the process
ha sbeen distur bed by some addit ion a lsour ce of variation that shoul d be locat e dand fixe d. In this way, a y− chart hel ps us
de cid e if a process is in con trol wit h av erageµ and standard dev iationσ. In practic e, an out-of-cont rol sig n a lre sul ts when:

• any one poi nt falls outsi de the con trol lim its; i.e., bey ond 3 standard dev iation son ei ther si de of the cent re lin e; OR

• two of three con secutiv e poin t sli e between 2 an 3 standard dev iation son thesa m e si de of the cent re lin e; OR

• fo ur of five con secutiv e poin t sli e between1 and 2 standard dev iation son thesa m e si de of the cent re lin e; OR

• there is arun of 8 (or, sometimes, 9) cons ecu tiv e poin t son thesa m e si de of the cent re lin e.
In the video, you wil l se econt rol charts bei ngus ed to mon ito r the salt con tent of pot ato chips.
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The symbols y− andY− (o r x− andX−) are use din a number of places in the sum mar y of the video con tents giv en above.
Explain caref ully the (st atis ti c a l) dis tin ction(s) between the lowe rand upper case symbols and their use(s) .

1

The first sent enc eof the secon dparagr aph above refers to an unbi ase d es tim ator; exp lain the meaning of this ter min you r
ow nwo r ds.

• From what sou rces doesinaccurac y aris e? Exp lain brief ly.
−− Which is usually of gre ater con cer nin practic e: estim ating bia sor the sou rces of inaccur acy you identifie d? Exp lain

briefly.

2
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In you row nwo r ds, exp lain what theCentra l Limit Theorem says ; ma ke cle ar whether it is an exact or an appr oximate re sul t.3

The first sent enc eof the thi rd parag raph of the sum mar y of the video con tents giv en ove r leaf on pag e6.13 states that ....
th e Centra l Limit Theorem is app lie d to pla ying rou lette in a casino. Explain the pre cis esens ein whi c h the Theorem is
being appli ed.

4

Explain brief ly to what theappr oximation refe rs in the lo wer of the two symboli c ex pre ssi ons for Y− give nov erleaf on pag e
6.13 at the upper rig ht; distinguis hcle arly bet ween what is, and is not, approxi mat e, and indicate the assumption(s) inv olved .

5

The secon d-last parag raph of the sum mar yof the video con tents giv en ove r leaf on pag e6.13 states ... the idea is .... to catch
change s early ra ther than wai ting to inspect the pro duct at the end . What are theadva ntage (s) of the for mer approach (chart-
ing) ov er the latt e r(inpectio n) as a met hod of quali ty assuranc e?

6

The secon d-last parag raph of the sum mar y ov erleaf on pag e6.13 defi nes a process that is in con trol; show this defi nit ion
in pi ctorial (o r gr aph ica l) fo rm.

• Cons truct a corresponding picto ria l display for a process that is ou t of con trol.

7

What does n repre sent in the con trol lim its of µ ± 3σ 1
n, giv en in the thi rd lin e of the last parag raph of the sum mar y ov er-

le a fon pag e6.13?
√8

Fo ra stable process, find the probability of an obs ervation (i.e., a sample ave r age) lyi ng ou tsi de the con trol lim its of µ ± 3σ/√n.
Sh owyour met hod of calcula t ion and stat eany assumption(s) inv olved .

• Re peat the probability calcula t ion for a run of 8 and of 9 con secutiv e poin t s on the sa m e si de of the cent re lin e; aga in
sh ow you rmethod and assumption(s).

• Re peat the probability calcula t ion for each of theoth er two out-of-cont rol sig n a ls des cribed near the bottom of the sum -
mary of the video con tents giv en ove r leaf on pag e6.13.
−− On the basis of you rcalcula t ion s, arrange the fou rou t-of-cont rol sig n a ls in order from mos tto lea stsensit ive.

9
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