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Figure5.9 CONTINUOUS RANDOM VARIABLES Sdected Characterigtics

The normal dstribution is a sdul model (or idedization) for the tgoe d datasds for which the dstibution g, as
shavn by an gpropriate stemplot or histogam) has a entd peak with a rougly symmetiica falling avay on dther sde.
Before we bBan éaout continwous probability models for othe distibution shgpes, we dsausssix chaacteistics d all suh
modes: * Shae (p.d.) * Mean * Probability

* Nomdization * Standad ceviation * Shae €df).
Thec.d.f. cumulative dstribution fundion), like the pd.f (probability dersity fundion), descibes the shapeof a dstribution
but is dsausse lag in this Fgure becaue it is the nostdifficult of the $ characteistics to nanpuate; Fgures511 and 512
alsoded with thesesame cheacteistics kut, in thesetwo Hgures,the cd.f. followsimmedatdy after tre p.d.f.

1. Shape This characteistic is deseibed by the prabability L o
(Pd.f) dersity fundion (p.df.) of the random v@abe; fy) = €2t ;| —o<y<o - (599
a p.d.f can ke aly non-negative {.e, zer or pos-
tive) values. For exanple, tie normal p.d.f is as dven in equdion (5.91) at he iight above; its gaph is the
famiiar ‘bdl-shgped’ curve repreening non-negative \valuesof f(y) overthe whde red axis.

2. Normalization: The aeaof a hstogam is 1 6r100% and ve e & gpropriate « _
p.d.f to model the igpe d a histogam of datafor a mntinwus sz(y)dy—l """ (59.2
variate (eg, measuementy;, hene, he aeaunde a pd.f. must
alsobe 1 6r 00%). Beau® aeaunde a arve is fourd by integration, the epresian (5.9.2 at he
right above nust hdd; it is called tre normalizing @ndtion [for the p.d.f. f(y).
Soméimes, a pl.f. is writtenas a fudtion which invdves a ongant (k, say); our tak may ten be ©
usethe normalizing condtion © find the vlue of k

Example5.91 If we write tre rormal pd.f as:  f(y) = ke Myl g <y<a,
then eting:  [f(y)dy = lie-%[w-#)/ﬂlay =1 yelds: k=1/vZro.

Example 5.92: If the random va@alde V hes the pd.f. shown & the kv ; O<vsl
right, we an ug the rormalizing condtion (5.9.2 ) = 0 : othemise
to find k= 2. ’

3. Mean: This characteistic, a messure d the bcation of a dstribution, is de- o
fined in equdion (5.9.3 at the ight. We se fom eyudion (5.9.3 H=E(Y) :ly-f(y)dy """ (5.9.3
[and (5.9.9)] that he meansd the centoid of the dstibution and ©
repreentsits pant of balance for asymnerical distibution, the meand the @nte d symmetty (or mid-pant).

The wsud notaion for the mean & i (lower case Geek mu) o E(Y), the btterrefleding the wads expetaion
(or expeted vdue of the random uaalle Y, which ae gynonyns for ‘mean

Example 5.93. Forthe normal dstribution, N(, o), the means:
i.e, the mean fithe rormal dstribution is ts ppraméer p.

NOTE: 1 We reedto distingushtwo uses bthe ymbol v
e a parameer d the rormal dstribution, N(x, o), which hapensto be its mean

e a ymbd for the mean & ary distibution —if thee is nore than me andom vaale in a par-
ticular mniext, an alded sibsaipt aoids anbiguity (eg, 1 is the mean bY).

Example 5.94: If the random vaalle V hes the pd.f. shown & the ight, . v @ 0<v<1l
1 =
U {O othewise

the mean & Vis: E(V) = J;v-f(v)dv = tl‘v-2vdv =£

As descibed overkaf n Secton 4, & extersion of the idea bexpectaton is irvolved n both cdculating and
defining the sandad deviation of a dstribution — £e d&s0 Note 7 overkeaf o page 522.

Anothermeasure d the bcation @r ‘centre’) of a dstribution is ts median; finding the melian & dsausse on he
third and burth ddes(pagess. 23 and 524) of this Figure in Exanples 59.9 and 5910 of the tgpic Probability.
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This characteistic, a meassue d variation for a dstribution, is - .

found & hown & the fight in equaions(5.94) and (5.9.9. [it o =s.d(Y) = JENV?) - [EY]* - (594
may be an @ to memay to think o the wpper expresion &s: n

the square root d the meanguae ninus he suaed mean the whee:  E(Y°) =_Ly2-f(Wdy ----- (59.9

type d opeation repeened ly theseterns is emniscent
of the cakculation formulae br the sandard deviation ofdata in Section 5 of Fgure 48 d the Gourse Mateials]

The wsua notaion for (probabilistic) sandad deviation is o (lower case Geek Sgma) a sd. (or oneof its euiva-
lents such as sd. or SD) followedby the random vé@abe in brackes.

Example 5.95. Forthe normal dstribution, N(y, o), we @n find hat:
E(YZ) :J;yz.f(y)dy = ‘/27% y2.e_1/2[(y_#)/l7]ay = g2+
hence s.d(Y) = VE(Y) - [E(Y) = [(o2+12) = [U] = o;

i.e, the shndad devdion of he rormal dstribution is ts parameer o.

NOTE: 2. As with the mean h Notel overkeaf we dstingushtwo uses bthe ymbol o
e a paramder d the rormal dstribution, N(y, o), which happensto be its sandad deviation;

e a ymbd for the dandard devdion of ary distiibution — if thele is nore than me andom vaalle in
a paricular onext, an alded sibsaipt avoids anbiguity (g, oy is the sandad deviation of ).

Example 5.96: If the random vaalde V has the pd.f. shown & the ight: ) = {2\/ : O<vsl
E(V?) = J;vz-f(v)dv = J’vz-2vdv =1 0
Hene:  s.d(v)=JEV)-[EV)] = [1-[Z°=JL =L Do.2357

18~ 372

othewise

NOTES 3. ltisstrongly reconmendel tha the céculation of dandad deviation ke dnein threedisinct steps:
(D find ECY); @ find E(Y?); (3 finds.d(Y).
Daing more than me $ep smultaneoudy makes the ppcessmuch moreproneto mistales

4. Asa meassue d varation, the sandad deviation is nost uséul for symnetical distibutions for
unsymmetricd (or skaved distibutions,a measure d varation ke the nteiquatile rarge 6r IQR) is
usudly more gpropriate

5. For the normal distibution, ane interpretdion of the sandad deviation is ha the twopants of in-
flection of the pd.f lie ane sandard deviation éther sde of the mean i.e, they lie & y+o. How-
eve, in gened, thee is no gnple a ‘naural i nteipretdion of he vdue of a $andad deviation, such
as he vdue of ¥3v2 for the pd.f. in Exanple 596 @ove, dthouch when we conpare the gandad
deviationsof two distiibutions,we @n s tha the dstibution with the larger standad deviation has
greder variation — ts pd.f. will (usudly) gppea more dspersed(or spreal auf).

6. Althouch gandad ceviationsare wsudly calcubtedfrom the presions (5.9.4) and(5.9.5 above (as
illustrated n Exanples 595 and 59.6 abwe), the anly-
tically equivalert (see Exercise 5 on he ffth sde of this o=s.d(Y) = JE[Y-E(Y)]* - (5.96)
Figure) defiition (5.9.6) of the sandad ceviation of a -
random vaiale (Y, say) is thesauare root d the eyected = { ~t[D,_E(Y)]Z.f(y)dy _____ (59.7)
scuared devation (or diffeence of Y fom itsmean sym-
bdic versiins d this cefintion ae gven at he ight, whee E(Y) cauld be writtenas u or 1. Two
exgesians piz. a dfintion (5.9.6) and its cleulational equivdert (5.9.4)] for the sandad deviation of
arancbm vaiableis the pobabilisitic andogueof the guaion for data in Secton 5 of Rgure 48.

® The dsaus$on in this Secton 4 is abut'probabilisic’ (not ‘datd) standard deviation — eall Note
1 nea the mdde o page 5.4,he ®ondsidce of Fgure 51

7. The dénition of $andard deviation in Note 6 invdves a w
spedal cae of the esut (5.9.9) at the ight for the e Elh(Y)] = J’qh(y)-f(y)dy ----- (5.99
pectaion or mear) of afundion [h(Y), say} of a random
variale (Y). Equaion (5.9.8) enaltes us to esiHish two usful expresians br the nean and sin-
dard deviation of alinea fundion (a +bY, say whee a ad b ae caonsant3 of the random vaale:
E(a +bY) = a+bE(Y) : s.d@+by) = |b|s.dty). - (5.99

8. Tre guae d the sandad ceviation is hevaiang; ie, var(Y) = [s.dY)" - (5910

(cortinued)
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Figure5.9. CONTINUOUS RANDOM VARIABLES Sdected Characterigics (continued 1)

5. Probability: In a listogam, proportion ©r relative frequery) is repreented ly areaand ve se @ gopropriatep.d.f to

04-06-20

modd the $igpe d a histogam of continlbusdaa €g, measuwementy;, becaus probabilities ae esti-
mated ly obsened poportions it is areaunde a p.d.f. tha b
representsprobability. Thus,as $iovn & the iight in equdion Pra<Ys<h) = J’ f(ydy ----- (5.919)
(5.9119), probability for a @ntinwbusrandom vaiate (Y, say) is

found byintegiating the pdf. of Y between gpropriate imits (a and b say, whee a<b).

2

Example5.97 If the random vaade Z [IN(0,1), so hat:  f(2 = %e-éz o —w<z<w,
b b
then: R@<zs<h) = If(z)dzz + J'e-:/zzzdz_

This integral can aly be e/duated nurrerically (e.g, using Simports rule) or gven values

of a and by thus,we now understand:

e why we dtain probabilities br the sandard normal dstribution in practice by talde
look-up rather than by htegration;

e how the vduesare dtainedin a tlde o standard normal probabilities (like Figure 54
of the Gurse Mateials).

Example 5.98: If the random vdale V has the pd.f. shown & the ight: 0 = {2\, - O<vs<l
06 06 o othewise
Pr0-3<V'0.6 = [fdv=[2vov = 0.27, 0
.3 3
0.6 0.6 T L] ‘ IV
Pr(-1<Vv<0.9 :J’f(v)dv:szdv: 0.36; 1 i 1
o
the dagrams & the iight show the pd.f. with ,

shaledaress repreening the two pobabilities ) A i

NOTES 9. The oond probabiity calcubtion in Exanple 598 reminds us ha only those @art6) d a
p.d.f whee the fundion takespodtive vduescontributeto a pobability; thus,for the p.d.f.
in Exanple 598, the pobaility for the intewd from -1 to 0.6 mmesorly from the
stb-interval O to 0.6, wheee this p.d.f is non-zero.

10. We know, from knowledge of inegration, tha as tie imits d integration @ and b gppraach
each ober the aeaunde a gven p.d.f. getssmdler; in the Imit, when a=b, the aeais
zao. Hene, Pbr any continuousrandom vaialde, the pobability it takes @ any particular
vaue iszao. [Thinking d this anather way, a @ntinbusrandom vaialde can ke on @
infinite number d valuesso te gobahility of any one of thesevduesis zer ]

Three conmentsaboutthis property of continuousrandom vaialdesare:

® \We ae ramindedthat matlemdicd models of the ed world are aly approximations —
vaduesof mary quantities we nodel by continousrandom vaiales (sich & messure-
ment$ havenon-zeo probabilities d ocaurrene.

® Beau® thee is zeo probability asodatedwith ather endpant of an intevd, when we
find the probability a @ntinwbusrandom vaiale liesin an intevd from a to b With
a<h, for any continuousrandom vaialde we rave
Pr@<Ysb) = R(asY<b) = A(@a<Y<b) = R(@syYs<h). - (5912
® The zer probability of any particular value of ay mntinubusrandom vaiale is why the
word dersity is part of the namev{z. probability dersity fundion) of the fundion tha
descibes the sigpe d a continwusdistibution; smilarly, the £de o the \erticd axis of
a histogam is adersity sale, propartion pe unit or pecent gr wnit, the ‘unit’ being that
of the vaiateon te haizontd axis.

Example 5.99: The malian of a dstribution is he vdue of he mndom vaale tha divides the eaun-
derthe pd.f in half Becau® the rormal dstribution issymnetical, its melian & equal
to its mean —eall the eentd diagram in Section 8 of Agure 41 d the Gourse Mateirals.

Example 5.910: If the random wvaalle V has the pd.f. shown & the iight,

_[2v ; O<v<l
the medan (m, say) of V is gven by: V= 0 : othewise

(cortinued vveled)
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Example5.910: 0.5=(f()dv=[2vdy, which yelds: m= L EHo7071
(con‘t)inued) i X J / v ' )
we e ha, for ths dstribution, the melian & f
a little largerthan the meanfc = 0.6 J0.6667 ‘ s v

(recdl Exanple 59.4 an the first &le of this Agure). 1 0 bt

6. Shape Insteadof descibing a @ntinwusprobability distribution by its probability dendty fundion, an equivdert dter
(C.df) naive i to gve its cumukative @listibuiion) fundion [the word y
distibuion is optional in the namp alkbreviatedcf. or c.df; F(y) =Pr(Ys<y) = J:f(t)dt ----- (5913
the cefintion of his fundion (for the random vaalde Y) is
givenas gudion (5913 at e iight. [This defirition wses a @ummy) varale o integration €) to dstinguish it
fromy, the agumentof the cd.f. and the ypper imit of integration]

Example 5.911:  If the random wdale Z LIN(0,2), so hat: (2 = ﬁéﬂe‘éz ;
the cd.f. of Zis:: F@Q=Pr(z<2 :J:f(t)dt = ‘/z%ie—vztat_

This integral can anly be evduated nunerically (eg,

usng Smpsa's rule) or a gven value ofz; hene:

e this integral expresian is the ymbdic form of the ;
standad normal aurrulative dstribution fundion;

o vduesof 0.5 and geder d this fundion ae gven in the bwerright-hand &cton of te
first sde of Figure 54 d the Gurse Materals jprly the vduesfor the uppe half of the
fundion ae gven in this talde becau® F(-2 =1-F(Z]; its graph is siowvn eove d the
right — the fundion orly reaches O on e Eft a —o and 1 o the iight at +oo.

Example 5.912: If the random vaale V has the pd.f. shown & the iight, v 0<vs<l
the cd. dof Vis: , , V= {o . othemvise
for—o<v<0:  FW=Pr(V<v) =J:f(t)dt =_L0dt: 0;
v 0 v 0 ; vso0
for o<v<i Fy=Pr(Vsvy) :lf(t)dtzlodwt"ztdt:vz; FM=<v2 ; o<vs<i
;o vl

\Z 0 1 v
for 1<z<oo: FM =Pr(V=y) =if(t)dt =i0dt +J2tdt +JOdt =1
FO

The dagram at he ight shows the cd.f. of V.

T T T T \
-1 0 1

NOTES 11. A probability can ke fourd as he difference beween values
of a cdf,; for exanple, br the random vaialde Y and gven congants a and b

Prla<Y=b) = [f(y)dy=[f()dy~ jf(y)dy: F)-F@ (5914

as a illustrdion, the cd.f in Exanple 5912yidds: R (0.3<V<0.6 =F(0.6 -F(0.3 =0.27,
as dsoobtained by intgyrating the orreponding pd.f.in Exanple 59.8 averkaf o page 523.

12. Atthemaian (m say) of a dstribution, F(m =05 - (5.919
13. The following Tade 591 simnarizes some perties d p.d.f.s ad cd.f.s:
'Iéaglf Property Pd.f. C.df.
7 Domanadrrge | (-, ; f(y)=0 Cow,m) ; O0s<F(y<1
Values at nfinity f(rw)=0 ; f(0)=0 F(0)=0 ; F(o)=1
y
Rehtionslips f(y) = dAyF(y) F(y) = J;f(t)dt =Pr(Ys<y)
Probability Area underf(y): , Differene in valuesof F(y):
Prla<Y<h) :J'f(y)dy Prla<Y<b) =F(b)-F@

All c.d.f.s arenon-ceaeasing fundions; we @n jstfy this gatement in two ways:
e becauseF(y) = Pr(Y<y) and pobabilities @e ron-negative;

® becausd(y) is theslgpe of the cd.f. and f(y) is non-negative.
(cortinued)
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Figure5.9. CONTINUOUS RANDOM VARIABLES Sdected Characterigics (continued 2)

7. Appendix: The Gamma Function, I'(a)

Theganma lundion of a is defined a: MNa) = J’ Xaexax. e (5919
Three poperties @ valuesof the gamna fundion ae d inteest h the pesentcontext:
o a)=@-I-I. W e (5.917)
® a)=(@-1 if ais a wstive integer, eg,re= J’xf’e‘xdx =5=120. e (5919
elW=ym ; ie, J’ X*eXdX=y7T ; as a On'QeEnE: J;e*‘/zzélz =v2r. e (5.919
8. Exercises
In Exanple 591 an page 521 d this Figure, show how the ntegral aising from udng the rormalizing condtion (5.9.2

N

(v]

(=]

o]

[

yields the vdue of Jv2ro for k.

In Exanple 592 an page 521 d this Fgure, show how wsingthe normalizing condtion (5.9.2) leads b the vdue k= 2.
In Exanple 593 m page 521 d this Fgure, show how the ntegration lead 1  for the mean @ the rormal dstribution.
In Exanple 595 a page 522 d this Figure, show how the ntegration lead to e vaue of 12 + o2 for E(Y?).

Egablish the gjuivdence d the defhition of the sandad ceviation of a andom vaalde [equaion (5.9.6) in Note 6 on
page 522 d this FAgurd and the calkulational expesian [ecudion (5.9.4) at the ta right of the same age

Showwhy, in Exanple 596 m page 522 d this Fgure, the first integration oer (-, ) becomes integration over (0, 3 in
the ond inegd.

Edablish the two esuts (5.9.9) givenin Note 7 nea the ottom d page 522 d the Fgure for the mean and sindad
devition of he Inear fundion @+bY) of the random vaale Y.

If E(Y) =u ands.d(Y) =g, show tha the standrdized varialde Z = (Y- y)/o has a nean ¢ 0 and a sandad deviation of L

e Combired with the fad tha if Y is normally distributed Z alsois normal, theseresilts ae te kass of the pocess ¢
standrdizing for obtaining probabilities br N(x, o) random vaadesfrom theN(0, 1) table in Fgure 54.

Give a tear and mndsestaement o the Commaon) meanng d the two raes
o the standrd devation of a random vaiable and: e the standrd devation of a dstibution.

Jusify the satement in Exanple 5911 on page 524 d this FHgure tha, for the dandard normal cdf.: F(-2 =1-F(2.

On te dagam of the cd.f. in Exanple 5912 on page 24 d this FHgure, show the two pobabilities céulatedfor this
distibution in Exanple 59.8 o page 523 d the Fgure.

The term'othemwiseépermits moreconpad presatdion of he guaionsof some pd.f.§ as ilustrded n Exanples 592,
5.94, 596, 5.9.8, 5.90and 5912 Write tte pd.f. in theseExanples withoutusng ‘othekvise

® Explain briefly why ‘othemviséis not similaty usdul for c.d.f.s.

Using the esut given in Notel2 rea the tottom d page 524 d this Fgure, find the mdian d the dstiibution in Exanrple
5912, chedk tha your ansveragreeswith that dotainedby integration of he p.d.f. of this dstribution in Exanple 5910at
the op d page 524.

Using integration by part, \erify the first poperty (5.917) givenahovefor the gamna fundion.
Using mattemadicd induction, prove the fondproperty (5.9.18 givenabovefor the gamna fundion.

If you havean alequde alculusbackgourd, verify as bllowsthe resut given ebove in equdion (5.919): J:e‘%zzdz =21
- write the integral in terms o x andagain in terms d v

- write the productof the two §ingl@ integgrals & adaouble integd;

- chamge from Catesanto pare polar coordinaies, emenbeing tha dxdybecomesdrdg;

- evduate te esuting dubleintegd.

Then $iow, by the chage of \aliadle v=x* that: (%) =v7&

[ 0
Using an gopropriatecharge of \ariake, find the elationslip between: J’x”e”‘dx and: J:x”exdx.
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