
Un ive rsity of Wat e r loo STAT 220 –W. H. Che rry

#5.9

Figure 5.3. NORMAL DISTR IBUTIONS: Sel ected Are as Under the P. d.f.

The diagrams and equ ation sin this Fig ure show are as unde rthe standard nor mal p.d.f. [ f(z)] that are useful in probability
calc u lat ion sand stat istical met hods.

* The upper three diagrams illust r ate what is sometimes called the 68−95−99.7 rule; they inv olve in teg er numbers of stan-
dard dev iat ion sfrom the mean.

* The three diagrams at the bottom of this sid e of the Fig ure refe r to ‘roun d’ value s(viz. 90%, 95% and 99%) fo r the ce n-
tra l area (as a perc ent age of the total are a); they are relevant to finding a confid en ce int e rval, an idea int roduced in Par t6.
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Sh aded are a: mean ± 2 standard deviations

0.9545 =  95.45% –∼ 95%
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Sh aded are a: mean ± 3 standard deviations

0.9973 = 99.73% –∼ 99.7 %
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Other centr al (C) an d tail (2T) ar eas:

• me an ± 3 standard deviations:
C: 0.997 300

2T: 0.002 700 –∼ 3 in103

• me an ± 4 standard deviations:
C: 0.999 936 66

2T: 0.000 063 34–∼ 6 in105

• me an ± 5 standard deviations:
C: 0.999 999 4268

2T: 0.000 000 5732–∼ 6 in107

• me an ± 6 standard deviations:
C: 0.999 999 998 0268

2T: 0.000 000 0019732 –∼ 2 in109

Sh aded are a: centr al 90%
mean± 1.6449 standard dev iat ion s
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Sh aded are a: centr al 95%
mean± 1.9600 standard dev iat ion s
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Sh aded are a: centr al 99%
mean± 2. 5758 standard dev iat ion s
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The probability expre ssi ons equ ivale nt to the ce n tra l areas in the diagrams and equ ation sgive n ov erleaf are as fol low s,
where the random variable Z ∼ N(0,1) and the random variable Y ∼ N(µ,σ):

Pr (−1 < Z ≤1) = 0.6827

Pr (−2 < Z ≤ 2) = 0.9545

Pr (−3 < Z ≤ 3) = 0.9973

Pr (−4 < Z ≤ 4) = 0.999 936 66

Pr (−5 < Z ≤ 5) = 0.999 999 4268

Pr (−6 < Z ≤ 6) = 0.999 999 998 0268

Pr (−1.645< Z ≤1.645) = 0.90

Pr (−1.96< Z ≤1.96) = 0.95

Pr (−2. 576 < Z ≤ 2. 576) = 0.99;

Pr (µ −σ < Y ≤ µ +σ) = 0.6827

Pr (µ − 2σ < Y ≤ µ +2σ) = 0.9545

Pr (µ − 3σ < Y ≤ µ +3σ) = 0.9973

Pr (µ − 4σ < Y ≤ µ +4σ) =  0.999 936 66

Pr (µ − 5σ < Y ≤ µ +5σ) = 0.999 999 4268

Pr (µ − 6σ < Y ≤ µ +6σ) = 0.999 999 998 0268

Pr (µ −1.645σ < Y ≤ µ +1.645σ) = 0.90

Pr (µ −1.96σ < Y ≤ µ +1.96σ) = 0.95

Pr (µ −2. 576σ < Y ≤ µ +2. 576σ) = 0.99.

The cor responding (two)-tail probability expre ssi ons are:

Pr(|Z | >1) = 0.3173

Pr(|Z | >2) = 0.0 455

Pr(|Z | >3) = 0.0027

Pr(|Z | >4) = 0.000 06334

Pr(|Z | >5) = 0.000 000 5732

Pr(|Z | >6) = 0.000 000 0019732

Pr(|Z | >1.645) = 0.1 0

Pr(|Z | >1.96) = 0.05

Pr(|Z | >2. 576) = 0.01;

Pr(|Y | >µ +σ) = 0.3173

Pr(|Y | >µ +2σ) = 0.0 455

Pr(|Y | >µ +3σ) = 0.0027

Pr(|Y | >µ +4σ) = 0.000 063 34

Pr(|Y | >µ +5σ) = 0.000 000 5732

Pr(|Y | >µ +6σ) = 0.000 000 0019732

Pr(|Y | >µ +1.645σ) = 0.1 0

Pr(|Y | >µ +1.96σ) = 0.05

Pr(|Y | >µ +2. 576σ) = 0.01.

NO TES: 1. Unles scont ext dictates other wise, we write Pr(a<Z ≤ b), the probability the random variable Z (s ay) takes value s
between a and b, so as to excl ude the lowe ren d-poin t of the int e rval (a, b] and incl ude the(fin ite) upper end -poin t.

• This conve ntion maint ains consis ten cy when we use our defi nit ion of the cumu lat ive dis tribution fun ction F(z)
in Fig ure 5.9 to find a probability.

2. In the Six Sig ma proces sim prove men tprogram, it is said ‘6σ has been achiev ed’ when the defe ct rat edoes not
ex cee d3.4 defects per mil l io n opportun ities. Curiously, this value is the tail are abeyond 4.5 standard dev iat ion s
from the mean; i.e., Pr(Z >4. 5) = Pr(Y > µ +4. 5σ) = 0.000 003 398.

• The 4.5 standard dev iat ion sis the differen ce bet ween 6σ (the idea from which the program takes its name)
and an assume d1. 5σ sh ift of the process cen tre from the mean.

The ver tical axi s in each of the six diagrams shown ove r leaf is label led f (z); giv e both the name and theequa tio n fo r f (z).1

How wou l dthe va lues of the cen tral probabilit ies giv en above be affected if the < sig ns in the inequ alities were replaced by
≤? Exp lain brief ly.

• Answe rthe same que s tio n if the≤ signs were replaced by < sig ns.

2

How wou l dthe va lues of the tail probabilit ies giv en above be affected if the > sig ns in the inequ alities were replaced by ≥?
Explain brief ly.

3

Why are the absol ute value sig ns use din the two-tail probability expre ssi ons above? Rewrite one of thes eex pre ssi ons
withou t using absol ute value sig ns.

4

Wr ite the one-tail probability expre ssi ons corresponding to the two-tail expre ssi ons giv en above.5

Sk etch the diagrams and write the probability expre ssi ons corresponding to the cen tral 80% and 98% of the are aun d er the
normal p.d.f.
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