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Figure 5.1 5. PRO BABILITY MOD ELLING: Linear Com b inations Examp l es

The fol low ing problems illust r ate the use of lin ear combin atio ns (in par ticular, sums, differen ces and ave r age s) of proba -
bilis tically independent nor mal random variable sas probability model s . A sele ction of the problems wil l be dis cus s ed in class;
yoush ould try to sol ve theoth ers, rem embering that the clarity of the pre sen tat ion of your sol ution may be as, or more, impor-
tant than the final answe r. Als o remember to giv e any final nume rical answe r(s) to an appro priat enumber of sig n ific a n tfig ure s
in lig ht of the approxi mat enature of all mathem atical model sof real phenomena .

Example 5.1 5.1: A passeng er elevato r has a load lim it of 10 people or 1,7 50 pou nds. If the weights of the people who use
the elevato r can be model led by a nor mal dis tribution wit h a mean of 165 poun ds and a standard dev iat ion
of 10 pou nds ,fin d the probability the load lim it wil l be exc eeded by a randomly-chosen group of 10 people.

Example 5.1 5.2: Copper pipes produced by a cer tain machine hav eexternal diameters that can be model led by a nor mal
dist rib u t ion wit h meanµ1 = 0.498 in c h e sand standard dev iat ion σ1 = 0.005 in c h e s.Anot he rmachine pro -
duces the cor responding pipe sle eve sor jun ction s, for which the in ter nal diameters can be model led by a
normal dis tribution wit h meanµ 2 (fo r which the value can be set by the machine’s operato r) and standard
deviat ion σ2 = 0.00 4in c h e s.
(a) If µ 2 = 0. 510 in c h e s , fin dthe probability a randomly-sele cted pipe wil l fit insid e a randomly-sele cted

sl eev eor jun ction wit h a tot al cle aranc eof not more than 0.02 inches.
(b) To what value should µ 2 be set to maximize the probability a pipe and a sle eve or jun ction wil l fit to-

ge the ras speci fi ed in (a) ?
(c) Com ment brief ly on your value ofµ 2 in (b) in relat ion to a suitable combin atio n of two othe rqu ant ities

give nin the problem statement .

Example 5.1 5.3: In a facto ry which manufactures beam balanc esfrom components, each balanc eis assemb led by att aching
a randomly-chosen pan and pan -holde r to each end of the balanc earm. The dist rib u t ion of pan weights in
grams can be model led by a N(50,√0.0005) dist rib u t ion, and the model for the weights of the pan -holde rs is
N(10, √0.0003). A bala n ce is unacceptable if the combin ed weights of the pan and pan -holde r on each sid e
of the balanc ediffer by more than 0.075 gm. What pro por tion of the balanc esma n ufactured in the facto ry
will be unacceptable?

Example 5.1 5.4: Three par ts – two A’s and one B placed end -to -en d– are nee ded to make up a machine shaft assemb ly;
the lengt hs of the par ts can be model led by nor mal dis tribution swith respect ive means of 6.00 and 35. 20
cm and standard dev iat ion sof √0.0003and √0.0004cm. The assemb ly must then be placed in a case for
which the insid e le ngth can be model led by a nor mal dis tribution wit h a mean of 47. 35 cm and a standard
deviat ion of√0.0006cm.
(a) If speci fi cat ion scall for the shaft assemb ly to fit insid e the case wit h a cle aranc eof bet ween 0.1 and 0.2

cm, find the pro por tion of the final product sthat hav ethe pro per fit.
(b) From your answe r to (a) ,what do you con clu de about component tole r anc esfo r assemb l ing multi-com -

ponent sys tems successfully? Exp lain brief ly.
(c) Ident ify whe re an assumption of in dep enden ce is involved in your calc u lat ion sin (a) and discus sbriefly

in each case how well the assumption wou l dbe likely to be met in pract ice.
(d) Recalc u lat ethe probability of a cor rect fit [as in (a)] if t he ave r age for the insid e le ngth of the case is (i)

47.30 cm; (ii ) 47.40 cm. Assuming this ave r age lengt h can be adj ust e din the manufacturing process
fo r the case, dis cus sbriefly the matt e rof general int e rest thes etwo probabilit ies illust r ate when com -
pared with that in (a) .

Example 5.1 5.5: The random variable sY∼N(10, √2. 5) andZ ∼ N(12,σ) are probabilis tically independent; if Pr(Y>Z) = 0.85,
fin d the value ofσ.

Example 5.1 5.6: If the personal incomes of people liv ing in a par ticular city can be model led by a nor mal dis tribution wit h
mean $37,200 and standard dev iat ion $800, find the probability that, in a sample of 64 people sele cted
equiprobably from the city, the ave r age inco m eex cee ds$37,400.

Example 5.1 5.7: The exa m ination sco res obtaine dby a large group of students can be model led by a nor mal dis tribution
with a mean of 65% and a standard dev iat ion of10%. Usi ngthis model:
(a) find the probability the ave r age sco reof a randomly-chosen group of 25 students is gre ater than 70%;
(b) find the probability the ave r age sco res of two dist inct randomly-sele cted groups of 25 students differ by

mo rethan 5 marks.
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Example 5.1 5.8: Suppos ethe pH of rain in Muskoka can be model led by a nor mal dis tribution wit h mean 5.8 and standard
deviat ion 0.3 units.
(a) Fin d the probability the pH of theaver ageof four rainfal ls sele cted equ iprobably lie swithin 0.1 units of

the (tr ue) mean.
(b) How many rainfal lsmu s tbe sele cted equ iprobably to be 95% sure their ave r age pH lie swithin 0.1 units

of the mean.

Example 5.1 5.9: The random variableY−, repre sen ting the ave r age of the respons evariat eof a sample of ele men t sobtain ed by
equiprobable sele cting , is to be use das an est imate of the meanµ of a nor mal dis tribution whose standard
deviat ion is known to be 8 cm. Fin d the size, n, of the sample so that, wit h a probability of 90%, the esti-
mate (y−) dif fers from the true value (µ) by at mos t1 cm.

Example 5.1 5.10: The measurement error of a process for measuring leng th can be model led by a nor mal dis tribution wit h
mean 0 and standard dev iat ion σ. The process is to be use dto measure the lengt hs of two (differen t)
obje cts, a total of only twomeasurements bei ngal lowe d.
(a) If each obj ect is measure don ce, what is the impre c isi on of the process for measuring each lengt h?
(b) Alt e rnative ly, if the two measurements are thesum and thedi ffere nceof the two lengt hs, show that the

im pre cisio n of the process for measuring the individual lengt hs is decrea sed.
(c) Dis cus sbriefly whether the procedure des cribed in (b) repre sen t sa pr act i cal method for decre asi ngthe

im pre cisio n of the measuring process for a quant ity like lengt h.

Theanswer sto the problems ove r leaf and above are as fol low s :

Example 5.1 5.1: 0.000 7827−−∼ 0.08%.

Example 5.1 5.2: (a) 0.8637−−∼ 86.4%.

(b) µ 2 = 0. 508in c h e s (the cor responding probability is 0.8816).

(c)

Example 5.1 5.3: 0.06079−−∼ 6.1% .

Example 5.1 5.4: (a) 0.7 8870−−∼ 79%.

(b)

(c)

(d) 0.494 614 −−∼ 49½%.

Example 5.1 5.5: σ = 1.1 06 328 −−∼1.1 06.

Example 5.1 5.6: 0.0228−−∼ 2. 3%.

Example 5.1 5.7: (a) 0.00621−−∼ 0.6%.

(b) 0.07710 −−∼ 7. 7%.

Example 5.1 5.8: (a) 0.49500−−∼ 50%.

(b) 34. 574 −−∼ 35 rainfal ls.

Example 5.1 5.9: 173.165 −−∼ 174 obser vat ion s.

Example 5.1 5.10: (a) The impre cisio n is σ.

(b) The impre cisio n is now σ 1
2√

(c)
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