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Figure5.12. PROBABILITY MODELLING: Exponential Digributions

The «ponertial dstribution an ke wsedto model datasds whose dstribution $gpe B @ppoximatdy) tha of an expo-
nentid decay uch a hgpe may aise with daa stscongsting of lifetimes to &ilure; we haveseen an exanple in the Boang
aircraft air condtioning syseem filure imesin Figure 314

1. Shape The sige d the pd.f. of the exponerial dstribution is ha of an exporentid decay; its eudion and gaph for

the random vaiade T) are: f(t)
1
lgtle t>0 8
f(t) = {9 ————— (5121
0 ;. othewise
0 m e t

NOTES 1 Beaue® the exponetiial dstribution is sedto model falure

times, a omnon dace for the random vaale isT; the dstiibution hasone paamder, often cerotedé.

® The pd.f.reaches0 on he iight only at infinity.

@ If the random vaalde T has an eponettial dstribution with pammeer 6, we write: TLIEXp(@).

® The (continuoug exponettial dstribution is elatedto a discrete distribution called tre Poisondis-
tributon, which we lean aaut in Part10 d STAT 221, the mrameer d the Rissan dstribution is
often denoted A, and is the recipocal of 6 usal here. In stuaionswhere the comection beween
thesetwo distibutions reedsto be emphasized, you may e he a&ponertial dstribution parame-
terized with A in place of J/6.

2. Unlike the twopaameer rormal and @ntinwus uniform distibutions, the exponertial dstribution
has mly one patameer wtich, as $iovn below is bath its meanandits standad deviation.

3. ltcan e sown by integration hd, as equired for ary p.df., the aeaunde the eponerial dstribu-
tion is 1 the normalization requiremeny.

4. The pd.f. of the eponertial dstribution al® reminds us of ®me poperties fummalised in Tabe
591 & the ottom d the burth dde (page 524) of Figure 59 of al p.d.f.s; eg, its donain is oo,
o), its rarge is f(t) > 0 [hee, speifically: 0<f(t) <1/4, and f(-o0) =0, f(e0) = 0.

2. C.d.f.. The eudion and gaph d the ¢umulative) distribution fundion for the exponertial dstribution with pamameer 6

are: Fo)
t<0

O .
= R — 512.2
F() {1_6_% " 150 ( )

NOTE: 5. The cd.f of the eponeriial dstribution, like its pd.f,
reminds us of popertes omnon D all continuousrandom vaiades eg, the donain of the cd.f.
is (~o0,00), its rarge is 0< F(f)<1, and F(-o0) =0, F(eo) =1 Alsoremember that F(f) = Pr(T< ).
® The cd.f.reaches1 on the fight only at infinity.
o Also reall [from the furth dde (page 524 of Figure 59 that he cd.f.is the integal of the pd.f.
and the pl.f.is thedeivaive of the cd.f.

3. Mean: The mean éthe exponeriial dstribution with pammeer gis gven by:
u= 1 =EM) = Jﬂt-f(t)dt = Jt-ge-t/f’dt =6 (512.3

NOTES 6. Ths calcuhtion jwstfiesthe datenent in Note 2 above tha the maramder 6 of the exponettial dstri-
bution is ts mean

7. Themadian (m, say) of Tis gven by:  F(m) =0.5 which yields: m=6In220.69%; ----- (512.9
i.e, for the exponertial dstribution, the melian 5 ebaut 0% d the mean
bath mandég are markedon te two dagrams d the iight above.
(cortinued areled)
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To find the sindad deviation of he exponertial dstribution, we first find E(T?):

E(T?) :jz-f(t)dt:mz-%e‘”f’dtzzez; hene: o= o =s.dT) = JET) -[ET =6 -~ (5125

NOTES 8. Ths calcuhtion justifiesthe gatament in Note 2 overkeaf o page 531 tha the mrameer 6 of the e-

9.

ponential dstribution is ts saindad deviation.

® The &ponertial dstribution is uisudin tha its mean and ahdad deviation ae equal to eah

otherand ae hoththe Eng parameer d the dstibutian (hee, 6).

- A notewothy contast anong the hree amedcontinuousmodds we haveconddered— the ror-
md, continuobusuniform and eponertial dstributions— is the dfferen@ in the dgree d depen-
denceof thdr regective nears and sandad deviations; thesetwo chaacteistics ae indegpen-
dent for the normal and @ntinwbusuniform distibutions ut dependént (i.e., equd) for the expo-
nential dstribution.

Thevaiane of the exponertial dstribution is 6

5. Probability: If the random waalde TLIExp(6), then assuming b>a> 0:
b b
Prla<Ts<b) = [f()dt = [5e™"dt= g-er (512.6)

If a<0and b>0, Pla<T<h) is dotainedby integrating overthe |nte|val (0 g [becausePr(T<0) =0;
eg, if the random vdalde TLIExp(@=2.9: Pr(-4<T<6) If(t)dt J’ e dt =1-e2*1]0.9093.

NOTES 10. Probabilities can laobe burd as a dferene in cd.f values: Prla<T<b) = F(b)-F@.

1.

12,

The first and tird quatiles Q,, andQ,,, say) of the exponertial dstribution
with parameer 6 are gven hy: FQ,) =3 and FQ,)=3
from heseexpesins,we find hat:  IQR=6In3LL09%w; - (5127)

[which is ebaut 10% larger than the sindad deviatior.

The expresion (512.6) above for Pria< T<h), togetter with the resuts (512.3 and (512.5) for the

mean and ahdad deviation of he eponertial dstribution with paameer 6, show tha the ntevd u

+ ocontains 1- €2 L10.864 (.e, realy 8799 of the aeaunde this pd.f.

® This resut again reminds us he 68-95-99 rule (eg, e Fgure 53 applesony to the rmal
distibution.

In Note 3 overkaf o page 531, justfy the satenent tha the aeaunde the pd.f of the Exp(g) distibution is 1

Rekriing to Note 5 overkeaf o page 531, dbtain the cd.f. of the Exp(@) distibution from its pd.f. by integration, and is
p.d.f from its cd.f by differeniation.

Forthe resut (512.3) givenfor the meanof the Expl@) distibution nea the ottom d the mge oerkeaf o page 531, show
the cetals of the dgebraic manpuations.

Regriing to Note 7 overeaf ; page 531, obtain the esut (512.4) givenfor the median of the Exp() distibution from is p.d.f.

® Explain briefly the easm(s) or the relative positionsof the mean and nd@n d the exponertial dstribution.

For the resut (512.5) given alove for the gandad deviation of he Exp(@) distibution, $how the désils of the dgebraic
manpuations for E(T?) ands.d(T).

Verify the esut (512.6) for Pr(a<T < b) givenabovefor the Exp(6) distibutian.
@ Showhow the sameresilt is dbtainedfrom thec.d.f.(Note 10).
o \erify the esut for Pr(—4 <T < 6) givenatovefor the Exp(2.5 distribution.

In Notell dove, verify the esut (5127) for the IQR of e Explg) distibutian.
® Obfain the sameresilt by integrating the p.d.f.

Regriing to Note12 dove, find the aeas underthe p.d.f of the Exp(@) distibution in the ntevas p+ 2candy + 3.
o Compare and ontast the esuts or dl threeintervals with thosefor the normal and ontinubusuniform distributions
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